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EDITORIAL

Dear Readers,
after one year from the first publication in October 2013, we

are glad to introduce you the Fall 2014 issue of Argo Newsletter.
It has been a year full of satisfaction for our newsletter both in
terms of readers (more than 5,000 viewers per issue) and in terms of
prestigious collaborations. We would like to thank everyone that has
given a precious contribution to the fulfillment of these great results.

Focusing on this issue contents, we begin with an impor-
tant research by Antonio Castagna in the Banking & Finance sec-
tion: a comprehensive study on the demand and the supply
of collateral internally originated by the banking activity and
on the tools in order to manage both. We continue through
the section with an article by Giuseppe Mammana that ex-
plains the change in bond settlement procedures due to the
introduction of the CSDR (Central Securities Depositories Reg-
ulation) and its implication on overnight market practicality.

The Energy & Commodities finance segment comes up with two im-
portant contributions. Viviana Fanelli and Alberto Lesca investigate
the existence of statistical arbitrage opportunities in the long-term re-
lationship between natural gas futures prices and a portfolio of repli-
cating assets traded in the equity markets. It follows the crash course
put forward by Lionel Lecesne and Andrea Roncoroni: in this third
part Lionel Lecesne introduces the class of "convex" measures of risk.

We conclude as usual by encouraging submission of contribu-
tions for the next issues of Argo in order to improve each time this
newsletter. Detailed information about the process is indicated at
the beginning. Thanks again for downloading Argo: it has been
a great year and we hope to continue on this path in the future.

Enjoy your reading!
Antonio Castagna
Andrea Roncoroni

Luca Olivo
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Collateral Management
Processes, Tools and Metrics

Collateral management will be a cru-
cial activity in the financial indus-
try. Antonio Castagna introduces
a framework to analyse the supply
and the demand of collateral inter-
nally originated by the banking ac-
tivity, the tools to manage both and
the targets that should be aimed at.

Antonio CASTAGNA 1

We start by giving our definitions for the
collateralisation of a contract and for the
collateral.

Definition 1. We define collateralisation the liquidation
of the negative Net Present Value (NPV) of a contract
from one party to the other, for whom the NPV is specu-
larly positive. The liquidation can be total (100% of the
negative NPV is liquidated to the other party), or partial
(only a fraction of the NPV is liquidated).

When a financial contract provides for the exe-
cution of the obligations to be performed, by one
or both parties, on a single future date or several
future dates, then one or both parties are exposed
to the counterparty credit risk. This is the risk that
the counterparty defaults and the contract has a
positive NPV to the survival party. The NPV is
the expected net present value of the future obliga-
tions stipulated in the contract. This is the typical
situation for OTC derivative contracts.

The collateralisation anticipates the realisation
of the net present value of the future obligations by
the liquidation of the NPV to the party for whom it
is positive, so that, in case of couterparty’s default,
the surviving party is able to replace it by entering

in an equivalent contract with another counterparty,
suffering a limited (possibly nil) loss depending on
the fraction of the NPV on default that has been
already liquidated by the defaulting party. Hence,
collateralisation is one of the possible counterparty
credit risk mitigation techniques.

The liquidation is in practice operated by post-
ing collateral, which we are going to define as fol-
lows:

Definition 2. Collateral is the form in which the NPV
is liquidated in the collateralisation process. It can be in
cash or in some other liquid assets that have to fulfill a set
of predefined requirements so that they can be considered

“eligible”. Cash is the simplest and most certain form of
liquidation; when eligible assets are posted as collateral,
rules to convert them in cash equivalent are employed
(e.g.: haircuts).

The reference to “liquidation” immediately sug-
gests that the collateralisation activity is tightly
linked to the liquidity management of a bank: this
is true for at least two reasons. Firstly, the bank can
receive or deliver cash (or alternatively liquid eligi-
ble assets) due to the collateralisation agreements,
so it has the problem to effectively invest or re-use
the incoming liquidity (if this is possible, as we
will see below), or to fund the outgoing liquidity.
Secondly, the collateralisation strongly affects the
liquidity policy of the bank and the set up of the
counterbalancing capacity by means of the liquidity
buffer.

As explained in Castagna and Fede [9], ch. 7,
one of the three causes of the necessity to build
a liquidity buffer is the collateralisation activity;
depending on the existing collateralised contracts
and portfolios, the expected (or even unexpected,
as shown below) future needs for collateral posting
imply a suitable amount of cash and other liquid

1We would like to thank Andrea Bugin of Banca IMI for pointing us some errors in an earlier version of the paper. Any other error
is solely ours.
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COLLATERAL MANAGEMENT

assets to be held. Beyond in a trivial fashion cash,
these assets coincide most of times with the eligible
assets that can be delivered, as provided for in the
collateral agreements. Hence the liquidity buffer,
in its dimension and qualitative composition, is af-
fected by the existing collateral agreements. On a
broader scale, the links between collateral on the
one hand, and the liquidity and funding on the
other hand, will hopefully be clearer at the end of
the article after the discussion and the analysis we
will present.

Following the definitions and the considerations
above, the collateral management can be defined as
follows:

Definition 3. The collateral management is the optimal
management of the collateralisation activity in terms of
reduction of credit exposures, funding costs, liquidity
and market risks, across the entire banking activity, i.e.:
all products and business units.

This definition refers only the front-office as-
pect of collateral management, which is also the
“modern” aspect not particularly important in the
past. Actually, the collateral management used to
be mainly a mid- and back-office activity, with a
faint attention to the economic and financial effects
on the more general banking activity; it used to
focus only on the operational, execution, documen-
tation and legal aspects. Obviously all of them are
still part of the collateral management also today,
but the attention on the costs, the risks and more
generally the economic repercussions of the collat-
eralisation activity is definitely a new perspective
started only in the last few years.

This article provides a general overview of the
collateral and of the collateralisation according to
said “modern” point of view: after a brief discus-
sion of systemic issues related to collateral, we in-
troduce a general framework to analyse the bank
internal demand and supply of collateral. Then we
dwell on some of the components of the framework,
which also are the main tools for the front-office to
manage properly the collateralisation activity. The
final part is devoted to the organisational changes
that the “modern” collateral management implies.

Aggregated Supply and Demand for Col-
lateral

The main focus of this work is not the study of
the systemic mechanics and risks related to collat-
eral operations. In any case, before analysing the
bank’s internal supply and demand of collateral, it
is worth having a quick look on the factors affecting

the aggregated supply and demand of collateral at
a systemic level.

Aggregated Demand for Collateral

The current financial environment is experiencing
an increase of the demand for collateral mainly due
to three factors:

- there is a constant shift from unsecured to se-
cured funding, mainly driven by updated and
refined risk evaluation models, economic cap-
ital assessment, and a general deleveraging in
the financial industry;

- centrally cleared and bilaterally margined
derivative contracts require more initial and
variations margin.

- the new international regulation Basel III and,
in Europe, the directive CRR/CRD IV, are rais-
ing the requirements for the amount of liquid
assets that banks must hold on their balance
sheets;

It should be stressed the the increased demand
for eligible assets due to the international and Eu-
ropean regulation are not strictly originated by re-
quests to post collateral by counterparties. The
regulations pose constraints for the banks on the
minimum amounts of cash and high quality liq-
uid assets to hold (liquidity buffer): these assets can
possibly be used as collateral when required by
counterparties or by the terms of the contracts in
any case. But they can also be sitting in the liquidity
buffer and never be posted in collateral since the
bank could never have to match requests to post
collateral.

The increase of the collateral demand was es-
timated between $100 billion and $4 trillion, de-
pending on the different studies conducted by inter-
national organisations, consulting companies and
banks.2

Aggregated Supply for Collateral

The aggregates supply is basically provided by the
issuers of eligible assets. They are:

- governments and supra-national entities;

- corporates;

Clearly, where it can be assumed in most cases
that governments’ and supra-national entities’ is-
suance are characterised by high credit quality and
by a liquid secondary market, it is less obvious that
corporate bonds and stocks have these features, so

2For a quick overview of the several estimations made by different organisations, see the ICMA report authored by Hill [13].
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that only a limited number of private issuers can
actually provide eligible assets to the market, and
they are very likely backed up by a government
guarantee.

The supply does not depend only on the total
outstanding amount of eligible assets, but it mainly
depends on the amount actually offered to the mar-
ket by the holders, so that the use as collateral is
possible. If holders of the eligible assets are not
keen to supply them to the market, due to a va-
riety of reasons that we will shortly see, then the
actual supply is much smaller than their outstand-
ing amount. So the total outstanding amount of
eligible assets represents only a theoretical limit,
but this limit can be broken in any case (even if
the total amount is not actively traded), since the
same asset can be used more times as collateral ev-
ery time the re-hypothecation is allowed. Then we
need to introduce the velocity of collateral, which is
somehow strictly linked to the supply of collateral.

Aggregated Velocity of Collateral

The concept of velocity of collateral was analysed
by Singh [15]. He defined the velocity of collateral
as the ratio of the total collateral posted (PC) during
a given period, to the primary sources of collateral
(SC):

VC =
PC
SC

(1)

According to Singh’s estimations, the ratio moved
from a level of 3 in 2007 to 2.4 in the end of 2010.
This decline can be explained by two factors: the in-
crease of collateral haircuts and the general delever-
aging of the financial systems.3 In more detail, the
velocity of collateral is affected by several factors:

- the infrastructure (or, plumbing, to stress the
fact that we talking about liquidity): limita-
tions in the settlements, lack of standardisa-
tion and poor tri-party operations hinder the
velocity;

- well organised and efficient Fund-
ing/Treasury desks in banks increase the
collateral velocity, via market-making, asset
lending, collateral transformation;

- international/national regulations may cre-
ate incentives or disincentives to increased
velocity, e.g.: higher liquidity buffers inhibit
the circulation of eligible assets that will be
sought to match regulatory ratios;

- monetary authorities’ policy can be positive
for velocity of collateral, e.g.: Federal Re-
serve’s Reverse Repo Program (RRP) and
Bank of England’s Special Liquidity Scheme
(SLS).

Once the velocity of collateral is considered, the
supply of collateral (AS) is given by the actual sup-
ply of assets that can be used as collateral (ACS)
times the velocity of supply (VC): this has to match
the demand for collateral (CD):

CD = AS =⇒ CD = ACS×VC

Hence, the total aggregated supply of collateral cru-
cially depends on the velocity.4 Given an increase
of the aggregated demand for collateral, a fixed ag-
gregated (actual) supply can be compensated by a
higher collateral velocity. We can safely affirm that,
starting from now and surely in the future, the col-
lateral velocity will play the main role in ensuring
a smooth working of the financial markets.

Towards an Integrated Collateral Man-
agement

The evolution of collateral management from a legal
and operational process, has required financial in-
stitutions, mainly banks, to raise their awareness of
the need for an Integrated Collateral Management
(ICM). The areas that are involved in the process
of designing and implementing an ICM process
are essentially: IT Infrastructure, Risk Management
Analytics, and Organisation. In Figure 1 we sum-
marize the main problems for each of the areas.

The technological infrastructure must be able to
directly connect to the CCPs (or to Clearing Bro-
kers in case of indirect clearing), and, possibly, with
any counterparties with which the bank has a CSA
agreement. The above is the minimal structure nec-
essary to automate:

- margin calls (mainly of cleared transactions)
on a daily basis;

- reconcile changes in value of collateralised
contracts;

- pledge, receive and segregate collateral;

Obviously the integration of the ICM with other
existing internal systems that will deliver relevant
information is required to work seamlessly. In par-
ticular, the creation of central repositories of collat-
eralisation agreements (i.e.: the contractual terms

3For more details, see Singh [15].
4In the above mentioned ICMA paper, Hill [13] prefers to use the term fluidity, instead of velocity. The two quantities clearly are the

same: for a thorough discussion of all the factors affecting the velocity (or fluidity) of collateral, we refer to Hill [13].
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FIGURE 1: Integrated Collateral Management System.

defining how collateral must be exchanged) and of
the corresponding the directories of eligible assets,
are essential for achieving ICM.

Closely related to the technology aspect is the
methodological one: the value change of collater-
alised transactions and the consequent reconcili-
ation and exchange of collateral are possible only
relying onto precise and validated valuation models.
Furthermore, new metrics must take into account
the collateral value. In fact, in addition to Counter-
party Credit Value Adjustment (CVA), which mea-
sures the expected losses originated by the credit
risk of the counterparty (accounting for the risk mit-
igation by the collateral), other measures such as
the Liquidity Value Adjustment (LVA), which takes
account of the difference in performance between
the collateral and a risk-free security and the Fund-
ing Value Adjustment (FVA), which incorporates
the cost of funding, inclusive of the collateral cost,
will be the new metrics to consider when valuing
primary and derivative contracts and manage their
risk.5

Conversely, whenever the collateral is repre-
sented by securities, a bank must have models that
value such security, also simulating its future value
inclusive of the haircuts.6 Both aspects, within the
ICM paradigm, should be integrated in order to
forecast (as an expected, or stressed, value) the need
for collateral, thus allowing the design of strategies
for locating it. It implies therefore the creation of
tools for margin simulations (initial and variation)
for cleared and bilateral transactions.

The ultimate goal is to optimise collateralisation,
subject to the constraints applied by the main vari-
ables involved (funding cost, haircut, asset volatil-
ity, evolution of supply and demand for collateral,
etc.). The ability to use a wide range of assets
to manage liquidity and to cover margin calls on
derivatives, originates from the margining require-
ments for both, transactions cleared through a CCP
and bilateral transactions, in addition to the cap-
ital charges imposed by the Basel III regulatory
framework. Collateral held towards OTC deriva-
tives transactions is very likely to increase in near
future. In this scenario, there will be a significant
reduction in the availability of "eligible" securities
in the face of a significant increase in the cost of
raising them.

Collateral transformation7 will become then a key
strategy for banks. In fact, Market Makers and
Institutional Clients will be required to hold a sig-
nificant buffer of collateral to meet margining de-
mands, both as initial margin (IM) and as variation
margin (VM). There follows that also collateral
optimisation will become a significant strategic ac-
tivity. As the cost of the collateral will increase,
collateral management and its optimisation will be
the guiding criterion for efficiency.

Those banks that can efficiently manage cleared
and bilateral margining will enjoy a significant com-
petitive advantage. On top of this shakeup of the
technology infrastructure and methodology poli-
cies, there must be a full revision of the bank organ-
isation. In other words, another integration must

5See Castagna [6] and Castagna and Fede [9] for a discussion of how these adjustments have to be included in the valuation of a
derivative contracts. For a thorough formal treatment, see also Brigo, Morini and Pallavicini [4], even if we do not fully agree with all
the adjustments they consider, namely the DVA. For the definition of relevant adjustments, see Castagna [8].

6We will discuss about this in more details below.
7We will analyse later on collateral transformation strategies.
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FIGURE 2: The building blocks of the Integrated Collateral Management.

take place within the departments involved in the
collateral management: Treasury Department, Risk
Control, Legal and Back Office.

It seems straightforward to think that, in the
design of a new organisational model identifying
responsibilities, the pledging activity should be the
responsibility of the Front Office. We outline here
two possibilities, although not necessarily alterna-
tive and non-exhaustive:

- Responsibility assigned to the existing Trea-
sury or Repo Desk, in both cases by extending
the job description by virtue of the new ICM;

- Creation of a Collateral Management Desk,
with a job description defined in the ICM,
and with a strong emphasis on collateral man-
agement skills.

The first option plays on the efficiency of such
choice as it simply extend activities already carried
out by the departments and the ability to leverage
on the clear interdependence of ICM with liquidity
and funding management and Repo transactions.
However, despite these advantages, the second so-
lution allows for the creation of a department that
has a precise focus on collateral management and
the necessary skills in order to achieve an effective
collateral management optimisation. In any case, it
will be a desk with strong ties to the Treasury and
Repo Desk. Actually, if we mean with Treasury the
desk that manages the liquidity and the funding of
the bank, then we strongly support the set-up of a
new macro-desk, the Treasury, which includes the
Repo, Collateral Management and Funding Desks:

we will dwell more on this in the last part of this
work.

The Back Office will be certainly affected by the
change due to an increase in the number of col-
lateral exchanges and the Legal Department will
be likely required to advise on a growing number
of disputes in valuations and assessments. Risk
Control/Management, to a different degree, will
have to monitor credit exposures, the valuation of
the collateral mitigating the credit risk, the cost of
funding and in general costs related to locating and
segregating the collateral. Also, aspects related to
the liquidity of the bank will be measured and con-
trolled in the context of collateralisation. Finally, a
dramatic increase of transactions will translate into
higher operational risks (and consequent monitor-
ing).

Last, but not least, banks should design a sys-
tem of internal transfer pricing for collateral, to
supplement existing systems, allowing for a proper
allocation of costs among the relevant departments.
FVA and the LVA should constitute the essential
tools for the design of such a system of internal
transfer pricing.

The Structure of the ICM

The building blocks of the ICM are shown in Fig-
ure 2. In short, one has to consider, on the one
hand, the supply and, on the other hand, the de-
mand of collateral, both produced internally by the
bank’s activity. Hence, we are not talking here of
the systemic supply of collateral, in terms of avail-
able eligible assets and their liquidity in the market;

Fall 2014
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nor are we analysing here which are the causes
for a global variations of collateral demand: both
systemic demand and supply were examined in the
previous dedicated chapters. In this section, we are
rather interested in understanding which are the
causes strictly related to the bank’s activity, which
induce a demand of collateral by bank’s counter-
parties; and we are also interested in studying how
this demand can be fulfilled by the internal abil-
ity of the bank to generate a sufficient supply of
collateral.

Internal Demand for Collateral

The demand for collateral for a single bank is origi-
nated by:

- the collateral agreements embedded within
typically derivative, but not only, contracts;

- the collateral requests for received loans;

- collateral for asset backed securities.

Clearly not all the causes of collateral require the
same type of collateral. If collateral for contracts
can be posted in cash and High Quality Liquid As-
sets (HQLA), the collateral for asset backed security
can be made also of illiquid bank assets, such as
mortgages.

Internal Supply of Collateral

The internal supply of collateral is made of the to-
tal amount of eligible assets, owned by the bank
with different possible titles. In more detail, we can
identify the following sources providing collateral
to the bank:

- assets’ purchases;

- reverse repurchase agreements (repo);

- buy/sell back agreements;

- collateral (or liquidity) swaps;

- security borrowing;

- received collateral by other counterparties, if
re-hypothecation is allowed.

Assets purchased by the bank can belong to the
different portfolios (trading, banking book, avail-
able for sale (AFS)). The important feature they
need to have is being unencumbered, which means
that they have not been pledged yet for collateral
purposes; moreover, eligible assets are usually, but

not necessarily, issued by an issuer with excellent or
good credit standard and they are actively traded
in a liquid market. Purchased assets are the only
source linked to the existing balance sheet: they can
be immediately used to match collateral requests
by counterparties and no operation is needed other
than pledging the available security that is accepted
for collateral purposes.

Assets can be also received via reverse repo or
buy/sell back agreements, via security borrowing
and, finally, via collateral swaps: these are the main
collateral management market instruments.8 In all
these cases, eligible assets are not already present
in the balance sheet of the bank, but they are added
on it by closing one or more of the mentioned con-
tracts, which all allow the re-hypothecation of the
assets by the party that receives them.

Another form of supply is the collateral received
by counterparties with which the bank closed con-
tracts providing for some form of initial and/or
variation margining. In these cases, the collateral
has to be re-hypothecable according to contracts’
terms.

A monitoring and management tool is linked
to each of the two elements of the ICM. In more
detail, the collateral supply is monitored by the
Term Structure of Available Assets (TSAA),9 and
the collateral demand is managed by the Allocation
Tools (AT). We will examine them below.

The Term Structure of Available Assets

The The Term Structure of Available Assets (TSAA)
shows the amount of a security (and, on an ag-
gregated basis, of all the securities) available for
collateral purposes and the corresponding collat-
eral value on each date within a predefined time
horizon. The TSAA can be seen as an enhanced eli-
gible asset inventory, since it does not only record
all the available eligible assets in the balance sheet
at present time, but it also keeps track of all the
movements during the specified horizon, and it as-
signs a value and a haircut to each asset for each
date within said horizon, so as to assess its value
as collateral. As such, the TSAA cannot be consid-
ered just as database: it relies also on modelling
tools besides a capillary monitoring of the trades
of several desks, which may produce a variation in
the available eligible assets.

In more detail, the TSAA is affected in several
ways by the following operations:

8These market instruments deserve a detailed analysis of their own, which cannot be included within the scope of the present
article and which will be left to future research.

9A thorough treatment of the TSAA, is in chapter 6 of Castagna and Fede [9].
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FIGURE 3: An Example of TSAA for a bond.

- Asset’s purchase and sale: TSAA is affected by
a purchase, since it records an increase of the
security for the amount bought. When the
asset expires, the TSAA records a reduction
to zero of its availability, since it does not ex-
ist anymore. During the life of the asset, the
availability is affected by the total or partial
selling of the position.

- Utilisation as collateral: when the asset is deliv-
ered to match collateral request from a coun-
terparty, the TSAA records a reduction for a
corresponding amount. If an asset is received
by the bank as collateral from a counterparty,
and if re-hypothecation (or, more in general,
re-use) is allowed, then the TSAA records an
increase for the corresponding amount.

- Repo and Reverese Repo: The TSAA of the as-
set is reduced for an amount equal to the
notional of the repo agreement. When the
asset is repurchased, the TSAA records an
increase of the available amont to the level
before the start of the contract. In a reverse
repo, at the start of the agreement the bank
receives the asset, which can be used as col-
lateral by for other transactions until the end
of the agreement, when the obligation that
it has to be returned to the counteparty has
to be honoured by the bank. The TSAA of
the asset is increased for an amount equal to
the notional of the reverse repo agreement
until the end of the contract, and then TSAA
changes accordingly to the use as collateral
the bank may decide to make.

- Sell/buy back and Buy/sell back: similarly to a
repo transaction, the TSAA of the underly-
ing asset is decreased for an amount equal
to the notional of the sell/buy back contract.
Sell/buy back transactions produce a commit-
ment for the bank at the end of the contract,
so that the amount of the asset comes back
to its starting level after the asset is repur-
chased. In a buy/sell back, similarly to a

reverse repo transaction, the TSAA of the as-
set is increased for an amount equal to the
notional of the buy/sell back agreement; the
asset can be re-used as collateral, thus mod-
ifying further the TSAA. At the end of the
contract, the TSAA record a reduction in the
asset’s amount.

- Security lending and borrowing: similarly to
a sell/buy back transaction in terms of ex-
change of the asset, in a security lending
the TSAA of the asset is decreased for an
amount equal to the notional, since the bank
cannot use it as collateral or sell it until the ex-
piry. Conversely, and similarly to a buy/sell
back transaction, in a security borrowing the
TSAA of the asset is increased for an amount
equal to the notional, since the bank can use
it as collateral, until the expiry of the contract,
hence producing additional modifications of
the TSAA.

- Collateral (Liquidity) swap: the TSAA records
either an increase of the amount of the “up-
grade” asset against a decrease of the amount
in the TSAA of the lower quality asset; or,
if the lower quality asset is not eligible and
then was not been included TSAA, there is
a just increase of the available amount in the
TSAA of the “upgrade” asset. Clearly, since
the re-hypothecation is allowed in collateral
swaps, the TSAA can be modified until the
expiry of the contract by the utilisation of the
asset as collateral.

An example of TSAA is in Figure 3, where, over
a period of 2 years, the availability of a bond is
shown considering the movements originated, in
this case, by its purchase, repo and reverse repo op-
erations, and the final reimbursement by the issuer.

The example shows a TSAA with minimal fea-
tures: it just indicates the available amount at
each date (with the related operation producing
the change) and the expected collateral value that
can be extracted from it given the (expected) price
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and haircut. There is no attempt to take into ac-
count the future volatility of the bond’s price and
haircut, although the future value of the collateral
may be strongly affected by both. A robust ICM
should aim at building a TSAA that includes the
stochastic nature of the value of the eligible assets,
and also of the applied haircuts. In practice, it
should be possible for the bank to have a view of
the expected and stressed movements and value
(net of the haircut) of each eligible asset. The final
step is to consistently aggregate this information
at a portfolio level, so as to capture the potential
diversification benefits.10

The Collateral Allocation Tools

By “allocation tools” we do not mean all the tech-
nology infrastructure needed to mobilise, post and
receive the collateral: it obviously is very impor-
tant and it must unavoidably be set up if the bank
wants to make sure to properly run all the oper-
ations. Allocation tools rather are, at least in the
present work, the kit of all methodologies and the
applications which allow to monitor and manage,
in a timely and precise fashion, the risks inherent
to the collateral transfers related to agreements in-
cluded in the existing contracts and which allow to
efficiently mobilise the collateral trying to reduce
the related costs.

Besides having a complete and detailed view
of the collateral requests by and to counterparties,
the tools should also make possible to have a view
in projected trajectories of collateral, so as to let
the bank to set up an informed and convenient
collateral provisioning plan.

Foreacasting Tools

The forecasting tools for the collateral absorption
are of paramount importance to manage the collat-
eral agreements with central counterparties (CCPs)
or other counterparties (via CSA agreements). In
this respect, initial and variation margins’ projec-
tions, at a portfolio and netting set level, take on a
preeminent role.

To estimate future collateral requests, the bank
needs to properly model the initial and variation
margins originated by the collateral agreements em-
bedded in the live contracts. In the current (but very
likely also future) financial environment, derivative
contracts are the primary cause of collateral move-
ments between counterparties: for this reason, we

will briefly hint here at how to model the initial
and variation margins.

Initial and Variation Margin Mechanics and Modelling
The initial margin (IM), despite the name, is often
updated by the CCPs on a frequent basis, usually
daily. It is a margin added to the variation margin
(VM) and it is meant to protect the Clearing House
from the default of one of its members, assuming a
given margin period of risk to redistribute the con-
tracts on the surviving members. Every member of
a Clearing House has to post the initial margin and
it is held in a segregated account and it cannot be
re-hypothecated, differently from the VM.

At the time of this writing, the initial margin is
requested only by CCPs, in centrally cleared trades.
The new Basel III regulation requires that, start-
ing from 2015, also bilateral margined OTC deriva-
tives must have an initial margin: this too will be
deposited in a segregated account and cannot be
re-used.11

The VM is daily computed for each clearing
member, or counterparty in bilateral collateral
agreements, based on the variation of the NPV of
the contracts. Clearing members’ portfolios are typ-
ically netted per currencies; no specific rules exist
for bilateral agreements.

EXAMPLE 1 As an example, we show be-
low the set of rules for the IM for inter-
est rate swaps of the LCH, which is a major
Clearing House worldwide in the OTC market.

- Initial Margin (IM), is daily computed for
each clearing member based on a proprietary
model (PARIS, which is basically a Filtered
Historical Expected Shortfall).

- Clearing members’ swap portfolios are
netted per currencies.

- The IM can be posted in:

- Cash:

- Same currency as the notional of
the swap netted portfolios.

- It is remunerated at corresponding
O/N rate (e.g.: EONIA for EUR),
minus 30 bps. For major currencies,
this means that the remuneration is
negative, at the time of this writing.

- Bonds:
10One possible approach to include the volatility of prices and haircuts is sketched in chapter 8 of Castagna and Fede [9]: they try

to model the future liquidity generation capacity of a portfolio of bonds held in the liquidity buffer. The liquidity can be extracted
either by directly selling the bonds (in which case, only the expected future prices matter) or by repoing out the bonds (in which case,
both prices and haircuts matter).

11For more details, see BIS and IOSCO [3].
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- Same currency as the notional of
the swap netted portfolios.

- There is no remuneration.
- A haircut is applied depending on

the type of bond and on maturity.
- Limits to wrong way risk (for

example a bank cannot post more
than 20% of Treasury bonds of the
country it belongs to).

- Coupons are usually cashed in by
the bank since posted bonds are
replaced by other equivalent bonds
some days before coupon payment.

LCH’s variation margin rules are:

- Clearing members’ swap portfolios are
netted per currencies.

- VM can be posted in:

- Cash:

- Same currency as the notional of
the swap netted portfolio.

- It is remunerated at the
corresponding O/N rate (e.g.:
EONIA for EUR).

Contracts centrally cleared are assisted by a net-
ting agreement, and this is true in most cases also
for bilaterally margined agreements. Assume we
have ij = 1, ..., Ij contracts included in the netting
set j = 1, ..., J. Let Vij(t) be the value of the i-th con-
tract in the j-th netting set at time t. The exposure
to the CCP, or more generally to the counterparty,
is the (net) sum of the values of all the contracts, if
it is positive, included in each netting set:

ECPTY(t) = ∑
j

max
[(

∑
i

Vij(t)
)
− Cj(t), 0

]
where Cj(t) is the market value of the collateral for
netting set j at time t. The collateral is set equal
to an amount such that the exposure is reduced to
zero; to simplify the notations, we will consider a
single netting set, so that:

ECPTY(t) = max[V(t)− C(t), 0]

where V(t) is the portfolio value for the netting set
at time t:

V(t) = ∑
i

Vi1(t)

Since collateral covers the exposure of a party
to the counterparty, when V(t) < 0 the bank has to

post collateral, otherwise it will receive collateral.
Then, the net collateral received to bank at time t,
is given by:

C(t) = max[V(t), 0] + min[V(t), 0]

The collateral can be disentangled in two compo-
nents:

- max[V(t), 0] ⇒ C(t) > 0: the bank receives
collateral;

- min[V(t), 0] ⇒ C(t) < 0: the bank posts col-
lateral;

Given the margining frequency,12 the bank will
post or receive collateral depending on the varia-
tion of the NPV ∆V(t) of the netted collateralised
portfolio. This collateral posted or received is the
variation margin. The variation margin at time t is

VM(t) = VMR(t) + VMP(t) =

= max[V(t), 0] + min[V(t), 0]
(2)

.
Suppose now that that at time t we have collat-

eral C(t) and that the netted portfolio value to the
bank is V(t). The amount ∆C(t+ δt) that should be
posted by the bank at time t+ δt to the counterparty
is:

∆CP(t + δt) = min[V(t + δt)−V(t), 0]

On the other hand, the amount that should be paid
at time t by the counterparty to the bank is:

∆CR(t) = max[V(t + δt)−V(t), 0]

The bank has a potential credit exposure of ∆CR(t+
δt), if this amount is not paid by the counterparty;
the specular exposure suffered by the counterparty
is that the bank does not pay ∆CP(t + δt). To en-
sure an orderly replacement of the contracts of the
defaulting members, during the period δt, both
parties should post an amount of collateral equal
the potential exposure ∆CC(t + δt), with C = P, R.
The interval δt is defined margin period of risk (or
close-out period).

It is not possible to know with certainty which
is the future amount ∆CC(t + δt), given the volatil-
ity of the portfolio value. So, the exposure is re-
duced to zero with a given confidence level 1− α,
given the assumptions made on the distribution of
the relevant risk factors. Assume that 1− α = 1%:
then, with probability 99% the ∆CP(t+ δt) the bank
should pay is fully covered at time t by an addi-
tional collateral posted, which is defined as initial
margin.

12Nowadays, the frequency is daily for bilateral collateral agreements and more times a day for centrally cleared contracts.
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Given the netted portfolio value V(t) to the
bank, the initial margin requested at time t by either
the other counterparties or by a CCP is:

IMP(t) = min[Vα(t + δt)− E[V(t + δt)], 0] (3)

where E[V(t + δt)] is the expected value of the port-
folio at time t + δt, and Vα(t + δt) is the level of the
portfolio such that Prob[V(t + δt) < Vα(t + δt)] ≤
1− α.

It can be easily recognised that the initial mar-
gin is a Value-at-Risk (VaRα

δt) of the netted portfolio
over the margin period of risk at a confidence level
of 1− α. In more general terms, we can have that
the IM is some function of the risk associated to
the netted portfolio, linked to VaRα

δt, with addi-
tional parameters and variables set by the CCP or
agreed upon by the counterparties in bilateral col-
lateral agreements. Let us generally indicate with
VaR(V(t)) this function; the initial margin that the
bank has to pay is then:

IMP(t) = VaR(V(t)) (4)

where it should be stressed that VaR(V(t) is neg-
ative or zero. Analogously, the initial margin re-
ceived from the counterparty is:

IMR(t) = −VaR(−V(t)) (5)

Equation (5) is the risk measure provided in con-
tract terms, calculated on the net value of the port-
folio to the counterparty (−V(t)): also IMR(t) is
negative or zero and the negative sign means that,
seen from the bank point of view, the collateral is
received. The total initial margin is simply the sum
of the two paid and received margins

IM(t) = IMP(t) + IMR(t)

The rules for initial margins normally provides
for a margin period of risk from 2 to 5 business days
when trades are centrally cleared: international reg-
ulators are setting a minimum at confidence level
at α = 99%.13 In bilateral agreements, the mini-
mum is set at 10 business days and confidence level
α = 99%.14

The total collateral received or paid by the bank
(i.e.: posted by counterparties or by CCPs) is then:

CT(t) = VM(t) + IM(t) =

= max[V(t), 0] + min[V(t), 0] + IM(t)
(6)

The collateral amount in equation (6) is not use-
ful for management purposes, since, firstly, it does

not allow to identify the actual net position in col-
lateral of the bank, taking into account the possible
re-hypothecation, and, secondly, because it does
not consider the existence of more netting sets. We
will focus then on the bank’s net negative collateral
position by expanding the analysis conducted so far.
This position represents how much the bank needs
at a given time t to match the collateral requests
by the CCPs and the counterparties. Basically, we
will determine the net demand for collateral, gen-
erated internally within the bank, which cannot
be matched by the received collateral (one of the
components of the internal supply, as seen above)
and which needs to be alternatively covered by
means of some other forms of supply of collateral.15

For these reasons, the net negative position will be
named collateral gap.

Let jRVM = 1, ..., JRVM be a netted portfolio
belonging to a subset of the total number of
J netted portfolios: each jRVMv portfolio refers
to a collateral agreement that allows for the re-
hypthecation of the collateral received as variation
margin. The netting sets not allowing the varia-
tion margin’s re-hypothecation are denoted with
jNRVM = 1, ..., JNRVM, so that J = JRVM + JNRVM. It
is quite common that the collateral agreements, ei-
ther with CCPs or with other counterparties, allow
the re-hypothecation of the variation margin.

Moreover, let jRIM = 1, ..., JRIM be a netted
portfolio belonging to a subset of the total num-
ber of J netted portfolios whose agreement allows
the re-hypothecation of the initial margin: this is
much less common as usually the IM is deposited
in a segregated deposit or in a third-party cus-
todian bank. The netting sets not allowing the
initial margin re-hypothecation are indicated with
jNRIM = 1, ..., JNRIM, so that J = JRIM + JNRIM.

Once identified the netting sets that allow the
re-hypothecation of the two margins, we can gener-
alise and refine equation (6) to determine the bank’s
net collateral position:

CBP(t) = ∑
jRVM

VMjRVM (t) + ∑
jRIM

IMjRIM (t)+

+ ∑
jNRVM

VMP
jNRVM

(t) + ∑
jNRIM

IMP
jNRIM

(t)
(7)

Assuming that the entire collateral amount re-
ceived by the bank as initial margin cannot be re-
hypothecated (as it is very likely the case in reality),
then JRIM = 0, JNRIM = J and equation (7) simpli-

13See BIS and IOSCO [1], Prinicple 6.
14See BIS and IOSCO [3].
15We remind that we are limiting the analysis to the collateralisation of derivative contracts, although the concepts we are introducing

can be easily extended to all kinds of contracts with a collateral agreement.
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fies:

CBP(t) = ∑
jRVM

VMjRVM (t)+

+ ∑
jNRVM

VMP
jNRVM

(t) + ∑
j

IMP
j (t)

(8)

Equation (8) is the net internal collateral position:
a negative value means that there is a demand for
collateral that the bank has to match by the inter-
nal supply of collateral, after having exhausted the
collateral source of the received collateral that can
be re-hypothecated. The net collateral position de-
pends on what the collateral agreements provide
for:

- the netting and the re-hypothecation of the
collateral;

- the rules to post and receive initial and varia-
tion margin.

The collateral gap at time t can be now formally
defined as:

CGap(t) = min[CBP(t), 0] (9)

Once the time horizon the bank needs to moni-
tor is set, the Term Structure of Collateral Gaps
(TSCGap) can be built by computing the CGap(t)
for any t:

Definition 4. The Term Structure of Collateral Gaps
(TSCGap) is the collection of the collateral gaps spaced
at specified intervals ∆t = ti − ti−1 (e.g.: 1 day) during
a given period [t0, tb].

It is possible to have several types of estimation
of the collateral gaps at each relevant date: the first
type we show refers to the expected collateral gaps’
levels, so that the TSCGap is:

TSCGape(t0, tb) =

= {E[CGap(t0)], E[CGap(t1)], ..., E[CGap(tb)]}
(10)

The second type refers to collateral gaps com-
puted at a given percentile α, corresponding to
a confidence level of 1− α (say, 1%), such that for
any t CGapα(t) is the level of the gap such that
Prob[CGap(t) < CGapα(t)] ≤ 1 − α. The corre-
sponding TSCGap is then defined as:

TSCGapα(t0, tb) =

= {CGapα(t0), CGapα(t1), ..., CGapα(tb)}
(11)

To project the future evolution of VM and IM,
one needs:

- A scenario generation engine, to simulate
scenarios for future levels of relevant vari-
ables (e.g.: interest rates). We would like to
stress that the scenario simulation should be
operated under the real measure, and not the
risk neutral measure, since we are interested
in producing risk metrics rather than pricing
quantities. In any case, as a starting point, one
can use market data, by neglecting any link
between the risk neutral and the real world
measure.

- An aggregation engine, to calculate at a net-
ting set level, the net negative collateral po-
sition in each scenario. This engine hinges
on the centralised inventory of the collateral
agreements, which is one of the components
of the ICM we have already examined in the
previous pages.

- IM and VM simulation: variation margins
are quite simple to simulate, once one has
proper models to simulate the future evolu-
tion of the value of the netted portfolios, as we
have seen above. The initial margins are more
difficult to simulate for two reasons: firstly,
they are a function of the risk of the NPV
of the netted portfolios, and are not directly
linked to their value, like variation margins
are. Secondly, the rules to compute this func-
tion may not be fully disclosed to the bank,
as it is the case when contacts are centrally
cleared and initial margins are determined
by the Clearing Houses. It is possible, any-
how, to reverse-engineer the model adopted
by the Clearing House with a reasonable de-
gree of accuracy, based on publicly available
information.

The TSCGap can be calculated, either at the
expected or at the α-percentile level, by projecting
in the future the evolution of the relevant financial
variables affecting the value of the portfolios and
hence of the collateral that should be posted or re-
ceived by the bank. The dynamics of the financial
variables can be defined in two ways:

- risk-neutral dynamics: they are consistent
with the dynamics used for pricing and eval-
uation purposes. This allows to exploit some
methodologies, such as the American Mon-
tecarlo, which reduce the computation times.
The problem with adopting these dynamics
is that they are not very effective in terms of
risk management, since the bank is interested
in which could be the TSCGap in the real,
instead of the risk-neutral, world;
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Time Eonia Fwd Spread Fwd Libor
0 0.75% 0.65% 1.40%

0.5 0.75% 0.64% 1.39%
1 1.75% 0.64% 2.39%

1.5 2.00% 0.63% 2.63%
2 2.25% 0.63% 2.88%

2.5 2.37% 0.62% 2.99%
3 2.50% 0.61% 3.11%

3.5 2.65% 0.61% 3.26%
4 2.75% 0.60% 3.35%

4.5 2.87% 0.60% 3.47%
5 3.00% 0.59% 3.59%

5.5 3.10% 0.59% 3.69%
6 3.20% 0.58% 3.78%

6.5 3.30% 0.58% 3.88%
7 3.40% 0.57% 3.97%

7.5 3.50% 0.57% 4.07%
8 3.60% 0.56% 4.16%

8.5 3.67% 0.56% 4.23%
9 3.75% 0.55% 4.30%

9.5 3.82% 0.55% 4.37%
10 3.90% 0.54% 4.44%

TABLE 1: Market data for interest rates

- real-world dynamics: they can project the col-
lateral needs in a more realistic way, although
the bank loses in the possibility to exploit the
time-saving techniques mentioned before. It
should be stressed that, in any case, it is just
the evolution of the relevant financial vari-
ables that follows the real-world dynamics.
In any point of future times, and in any sce-
nario, the value of the portfolios that have to
be collateralised are computed with the clas-
sical approaches, or: under the risk-neutral
measure.

We will show below two examples: the first one
maps the TSCGap, limited only to the variation
margins, of a swap; the second example shows sev-
eral TSCGaps including only initial margins of a
swap portfolio. In reality, the TSCGap condenses
both the initial and the variation margins, as seen
before: the separation we show below is just for
example purposes only.

EXAMPLE 2 We show a simple example of the
evolution of the variation margin required for a
single 10 year swap. In Table 1 we present the
market data for the interest rates used to price
a 6M floating vs. 1Y fix IRS. We also calibrated
a market model to the volatility market data for
caps&floors, showed in Table 2, and to volatil-
ity market data for swaptions, showed in Table 3.
Figure 4 plots the TSCGap, or the projections of the

collateral needed to match the margin calls, both
for the average and stressed (99th percentile) levels.

EXAMPLE 3 We will simulate the TSCGap of the
IM for selected portfolios of swaps with maturities
up to 10 years, assuming that the portfolios are cen-
trally cleared and that IM is calculated every day
by a Filtered Historical VaR Approach, over a time-
window of 1265 days (5Y history), taking as risk
factors the swap tenors from 1Y to 10Y and com-
puted at 99th percentile for a time horizon of 5 days.
We will forecast the expected, 1st and 99th percentile
TSCGap for each day until the expiry of the last
swap (approximately 2500 business days = 10 years).
First, we generated a sample of historical swap
rate term structures, with maturities from 1Y to
10Y for 1265 days (≈ 5 years): those are the risk
factors used in the Filtered HVaR. In Figure 5
we show the time series of the term structures.
Secondly, we chose 6 portfolios of 10 swap con-
tracts each, with different maturities and no-
tional amounts. Figure 6 sketches the main fea-
tures for each of the portfolios. They could
be considered as representative of possible pro-
files of the total bank’s swap portfolio. Each
swap starts at par on the reference date t0 = 0.
To build the TSCGap(0, 10Y) one has to compute
the HVaR: on the first date t0 = 0, the historical
time series is sufficient to determine the IM, which
we are assuming to be just equal to the 5 days-99th-
percentile HVaR. On the second date t1, one day
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Caps&Floors
Expiry Volatility

0.5 30.00%
1 40.00%

1.5 45.00%
2 40.00%

2.5 35.00%
3 32.00%

3.5 31.00%
4 30.00%

4.5 29.50%
5 29.00%

5.5 28.50%
6 28.00%

6.5 27.50%
7 27.00%

7.5 26.50%
8 26.00%

8.5 25.50%
9 25.50%

9.5 25.50%
10 25.50%

TABLE 2: Market data for caps&floors.

Swaptions
Expiry Tenor Volatility

0.5 9.5 27.95%
1 9 28.00%

1.5 8.5 27.69%
2 8 27.09%

2.5 7.5 26.61%
3 7 26.32%

3.5 6.5 26.16%
4 6 26.02%

4.5 5.5 25.90%
5 5 25.79%

5.5 4.5 25.68%
6 4 25.57%

6.5 3.5 25.46%
7 3 25.37%

7.5 2.5 25.28%
8 2 25.22%

8.5 1.5 25.21%
9 1 25.34%

9.5 0.5 25.50%
10 0

TABLE 3: Market data for swaptions.
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FIGURE 4: The TSCGape (purple, upper line) and α = 99th percentile TSCGapα (blue, lower line) for a period spanning the life of a
10Y swap.

FIGURE 5: Time series of 1265 entries of the swap rate term structure with tenors from 1Y to 10Y.
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FIGURE 6: The maturities and the associated notional amount for each swap in the 6 test portfolios.

after, the historical time series will contain one date
less than the starting one, since the farthest past
date is discarded. On the other hand, the last date
of the historical sample has to be integrated, so as
to restore a time window of 1265 dates. This can
be done by using a stochastic model to generated
the swap rates tenors (the risk factors), by which
it will be possible to simulate a distribution of pos-
sible IM. By repeating the same reasoning going
further into the future, simulated data will be more
and more numerous: after 5 years the historical
sample will be made only by simulated risk factors.
This process we have just described is illustrated
in Figure 7 for the risk factor 5Y swap: the 5-year
historical sample is included in the moving win-
dow framed in red. The window moves to right
and it will include simulated time portion of the
total time series (four in the figure), whose length
increases every step the simulation takes into the
future, with respect to the observation date t0 = 0.
We used the stochastic interest rate models,
that have been both calibrated to the 5-year
time series of the swap rates. Their dy-
namics and the value of the parameters are:

- a one factor Cox, Ingersoll, Ross (CIR) [11]
model, which satisfactorily captures parallel
shifts of the term structure of swap rates:

drt = κ(θ − rt)dt + σ
√

rtdZt

r0 0.72%
κr 0.5
θr 4.50%
σr 7.90%

- a stochastic volatility CIR model (see Fouque,
Papanicolaou and Sircar [12]), which
satisfactorily captures parallel shifts and
volatility changes of the term structure:

drt = k(θ − rt)dt + f (yt)
√

rtdWt

dyt =αrt(m− yt)dt + β
√

rt(ρdWt+

+
√

1− ρ2dZt)

f (yt) =
√

yt

r0 0.72% y0 0.62% ν 0.1
κr 0.5 α 1000 β 4.47
θr 4.50% m 0.02% ρ -0.5
σr 7.90%

In Figure 8 we show the TSCGap at the expected,
1st and 99th percentile levels, up to 10 years, pro-
duced by the CIR model. In Figure 9 we show
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the same TSCGaps produced by the stochastic
volatility CIR model. A comparison between the
TSCGap by the two models is shown, for port-
folios 2 and 3, in Figure 10: it is quite manifest
how the choice of the model to generate future
scenarios can have a huge impact of the final result.

Cost Measurement Tools

The allocation tools do not only estimate the fu-
ture needs of collateral, but they also measure and
monitor the associated costs. The concepts we have
introduced above on the netted portfolios and on
the re/hypothecation are useful also in this case.

There are two metrics related to the collateral
costs that have to be computed and monitored: the
Liquidity Value Adjustment (LVA) and the Fund-
ing Value Adjustment (FVA). Both quantities have
been discussed in Castagna [6] and in chapter 12
of Castagna and Fede [9], although the analysis
was limited to their computation for a stand-alone
contract, without considering any portfolio effects.
Along the ideas outlined in Castagna [8], we will
focus on the valuation adjustments computed on an
incremental basis: this means that the for each trade,
its margin contribution to the aggregated LVA and
FVA has be assessed, since the stand-alone contri-
bution can be misleading and not indicative of the
actual costs paid by the bank.

We start with the definition of the LVA.

Definition 5. The LVA is the discounted value of the
difference between the risk-free rate and the collateral
rate paid (or received) on all the collateral accounts’ bal-
ance, over the entire life of all collaterlised contracts. It
is the gain (or loss) produced by the liquidation (due to
the collateralisation agreements) of the NPV of the sum
of the netted portfolios of derivative contracts, without
taking into account the possible re-hypothecation of the
collateral received.

Given this definition, the LVAC(t0, tb) referred
to a period between the observation date t0 and the
expiry date of the longest maturity contract tb, can
be formally written as:

LVAC(t0, tb) =

EQ
[ ∫ tb

t0

e−
∫ v

t0
rvdv
(

∑
jIM

[r(u)− cjIM (u)]IMj(u)+

+ ∑
jVM

[r(u)− cjVM (u)]VMj(u)
)

du
]

(12)

Equation (12) deserves a detailed description:

- we considered all the collateral agreements,
possibly referring to netted portfolios, which
provide for an initial margin. They are de-
noted with jIM = 1, ..., JIM: the bank receives
the rate cjIM (t) at each time t0 ≤ t ≤ tb, if the
collateral is posted, and pays the same rate
otherwise;

- we also considered all the collateral agree-
ments, possibly referring to netted portfolios,
which provide for a variation margin. We
denoted with jVM = 1, ..., JVM: in this case
the bank receives the rate cjVM (t) at each time
t0 ≤ t ≤ tb, when the collateral is posted, and
pays the same rate otherwise;

- the separation between the two types of mar-
gins is due to the fact that the same collateral
agreement my differentiate the treatment of
the initial margin from the variation margin,
in terms of rates and types of eligible assets
that can be posted (see the example );

- both the risk free rate r(t) and the collateral
rate cj(t), for the agreement j, can be time
dependent;

- the netted portfolios are not algebraically
summed even when the agreements allow for
the re-hypothecation: the reason for this is
that the balance of each collateral account
should be multiplied, at any time t, by its
own difference in risk-free and collateral rates
[r(t)− cj(t)].

Definition 6. The FVA is the discounted value of the
spread paid by the bank over the risk-free interest to fi-
nance the net amount of cash needed for the bank’s net
collateral gap, over the entire life of all collateralised
contracts, considering the possible re-hypothecation of
the collateral received.

From this definition, we formally define the
FVAC(t0, tb), referred to a period between the ob-
servation date t0 and the expiry date of the longest
maturity contract tF, as:

FVAC(t0, tb) =

EQ
[
−
∫ tb

t0

e−
∫ v

t0
rvdvsF(u)CGap(u)du

]
(13)

Also in this case we provide a discussion of Equa-
tion (12):

- by definition of CGap (see equation (9)), the
FVA(t0, tF) ≥ 0: since we take it with nega-
tive sign, it should be considered as a cost
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FIGURE 7: Visual example of the simulation of the 5-year time sample of the 5Y swap tenor, used in the HVaR.

FIGURE 8: TSCGap at the expected, 1st and 99th percentile levels up to 10 years for the 6 test swap portfolios, generated by the CIR
model.
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FIGURE 9: TSCGap at the expected, 1st and 99th percentile levels up to 10 years for the 6 test swap portfolios, generated by the
stochastic volatility CIR model.

FIGURE 10: Comparison between the TSCGaps produced by the CIR and the stochastic volatility CIR, for portfolios 2 and 3 taken
from the 6 test swap portfolios.
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and at best it can be nil, contrarily to the
LVA(t0, tb) that can be either positive or neg-
ative (or nil), i.e.: can be either a cost or a
gain;

- only CGap is relevant, not the single collateral
accounts’ balance. All the re-hypothecations
allowed are used to cover collateral demands
and only when no more re-hypothecable re-
ceived collateral is available, the gap is cov-
ered by cash funded at the banks funding
spread sF(t), which can be time dependent.

It should be stressed that, if we assume that
all collateral agreements allow cash to be an eligi-
ble asset that can be posted, equation (13) is the
funding cost paid by the desk that manages the
collateral,16 but it does not have to be necessarily
paid by the bank. Actually, at the highest level of
aggregation, the funding is given by the bank’s cash
position after considering the cash-flows originated
by all existing contracts, and not produced just by
collateral agreements.

We can adapt equation (13) to assess the incre-
mental impact of the collateral net position on the
total funding of the bank: in this case we cannot
take only the collateral gap, but we need to include
also all the effects that positive collateral positions
have on the bank’s aggregated net cash position.
Hence, as a first step, we need to compute the FVA
of the bank due to all cash-flows not related to the
collateralisation:

FVANC(t0, tF) =

EQ
[
−
∫ tF

t0
e−
∫ u

0 rvdvsF(u)1{CF(t0,t0,u)<0}CF(t0,t0,u)du

] (14)

where CF(t0, ta, tb) is the cumulated amount, cal-
culated in t0, of all cash-flows starting from date
ta up to time tb. So CF(t0, t0, tb) is the future cash
balance of the bank at time tb, including all the
cash-flows between time t0 and time tb, and ex-
cluding the cash-flows due to collateralisation. The
funding spread is applied only when the cumula-
tive balance is negative, otherwise the balance is
invested with an expected return equal to the risk-
free rate and the funding cost is zero. Clearly, to
forecast CF(t0, t0, t) the bank needs a simulation
engine with models that properly can deal with the

cash-flows of all the existing contracts. This kind
of aggregated view on bank’s total cash balance
is possible only in the Treasury, whose task is just
the management of cash (im)balances. It is also
worth noting that the FVANC is calculated also con-
sidering the cash-flows due to dynamic replication
strategies of the derivative contracts.

A second step is to compute the total FVA in-
cluding also both the positive and negative cash-
flows deriving from the collateral agreements:

FVAT(t0, tF) =

EQ
[
−
∫ tF

t0

e−
∫ u

0 rvdvsF(u)1{CF(t0,t0,u)+

+ CBP(u) < 0}[CF(t0, t0, u) + CBP(u)]du
] (15)

The incremental funding value adjustment
FVAC

+(t0, tF) is then easily derived:

FVAC
+(t0, tF) = FVAT(t0, tF)− FVANC(t0, tF) (16)

The incremental collateral FVA can be
FVAC

+(t0, tF) Q 0, differently from FVAC(t0, tb) ≥ 0
that is always a cost. Negative FVAC

+(t0, tF) means
a benefit to the bank, or a smaller of the cost of
funding at the highest level of aggregation. In this
case the incremental contribution of the collaterali-
sation activity the bank runs, is a reduction of costs,
and as such it does not only generates no charge
on the Collateral Desk, but it even awards a benefit,
or a profit, to the Desk.

Both FVAC(t0, tb) and FVAC
+(t0, tb) can be val-

ued in a variety of fashions:

- the bank may choose between risk-neutral
vs. real measure to compute the expected
values. In all the formulae above we have as-
sumed that the expectations are taken in the
risk-neutral measure Q, but the bank can also
compute them in the real measure P since in
practice the FVA cannot be hedged,17 so that
it looks more like a risk rather than a pric-
ing quantity. Hence, the real measure should
be more appropriate; on the other hand, if
the bank wants to keep the consistency with
the other components of the full value of the
contract, the risk-neutral measure should be
used;

16When the bank adopts the organisation we will show in the final part of the article, with the Treasury embedding the Funding,
Repo and Collateral Desks, the considerations that we make just afterward are easily proved.

17It would certainly deserve more than just a footnote, but, to support the claim of un-hedgeability of the FVA, suffice it to say that
the only way to set at zero the exposure towards future funding costs would be offsetting the (mathematical) derivative of the FVA
w.r.t. the bank’s funding spread with another contract with the same derivative but with opposite sign: in practice the bank should go
long its own bonds (not just buy them back, but have a net long position), or sell protection on itself. Both strategies can be hardly (to
use an euphemism) operated in practice. The alternative of offsetting the derivatives w.r.t. to other risk factors would certainly more
viable, but unfortunately it would likely affect the global exposure of the bank to the risk factors themselves, without considering that
also the hedging instruments would generate, in their turn, another FVA.
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- the bank does not need to compute an ex-
pected value, but it can alternatively calculate
any predefined quantile of the distribution
of the future funding costs; even more so if
real measure is adopted, there is no reason
why one should use expected values. A more
general FVAC is:

FVAC,α(t0,tb)=

FVAC(t0,tb) : Prob[FVAC(t0,tb)>FVAC,α(t0,tb)]≤1−α

(17)

A similar definition can be given for
the incremental funding value adjustment
FVAC,α

+ (t0, tb), calculated at a chosen quantile
α.

It is also worth noting that the LVA is (at least
theoretically) a hedgeable quantity, so it makes
much more sense for it to compute just the expected
value and not a stressed value at some percentile α.

Pricing Tools

The methodologies and the tools developed to mea-
sure and manage the costs related to the collateral
at an aggregated (Collateral Desk or even bank)
level, can be exploited also to include into the pric-
ing of a single collateralised contract the LVA and
the FVA that they produce. Also in this case, the
best way to compute these quantities is by an incre-
mental, rather than a stand-alone, valuation of the
deal.18

Consider a new contract d: the annexed collat-
eral agreement will identify the netted portfolio
and the type of margin that will be posted or re-
ceived (initial, variation, both) and whether the re-
hypothecation is allowed. The (incremental) LVAd

that can be included in the value of this contract is:

LVAd = LVAT
+(t0, tb)− LVAT(t0, tb) (18)

where LVAT(t0, tb) is the bank’s total LVA com-
puted as in equation (12), and LVAT

+(t0, tb) is the
same quantity calculated after including also the
contract d.

By the same token, we can calculate the FVA as-
sociated to the contract d, again on an incremental
basis. Using a similar notation as above:

FVAd = FVAT
+(t0, tb)− FVAT(t0, tb) (19)

where FVAT(t0, tb) is the bank’s total FVA com-
puted as in equation (16), and FVAT

+(t0, tb) includes
also the contract d. Since FVAd too cannot be

hedged, it could be a sensible (or at least not unrea-
sonable) choice to compute not the expected value
but a given percentile of the distribution of values:

FVAd α = FVAT,α
+ (t0, tb)− FVAT,α(t0, tb) (20)

where we use a formula equivalent to (17) to calcu-
late the bank’s FVA.

The LVAd and FVAd are mainly useful when
quoting prices in the market. For this reason we
will show how to embed them in the bid and ask
quotations: we will limit the analysis to the FVA,
but it can be easily extended to the LVA as well.

Let VBid
d and VAsk

d be, respectively, the bid and
ask prices at which the bank is willing to trade.19

We do not consider the additional bid/ask spread
that can be added to these levels to generate the
market-making profit. Let also Vd be the theoreti-
cal risk-free value according to the model the bank
uses (e.g.: Black&Scholes for an option on FX); then
we have:

VBid
d = Vd − FVAd+ Q Vd

VAsk
d = Vd + FVAd− Q Vd

where FVAd+ (respectively, FVAd− ) is the FVA as-
sociated with a long (short) position in the contract
d. It should be noted that FVAd+ ≈ −FVAd− , for
a contract whose notional is small compared to
the sum of bank’s collateralised portfolios: this
will prevent arbtrageable two-way bid/ask spreads,
i.e.: VBid

d < VAsk
d . To avoid arbitrageable quotes

(i.e.: VBid
d > VAsk

d ), the two-way bid/ask quotation
has to be modified in V̄Bid

d and V̄Ask
d for which

V̄Bid
d < V̄Ask

d . A possible solution could be the
following rule:

V̄Bid
d = min[VBid

d , VAsk
d ]; V̄Ask

d = VAsk
d

i f |Vd −VAsk
d | > |Vd −VBid

d |,

V̄Ask
d = max[VBid

d , VAsk
d ]; V̄Bid

d = VBid
d

i f |Vd −VAsk
d | < |Vd −VBid

d |

EXAMPLE 4 Let us consider the following data:

- A portfolio of 10 long (fixed rate payer)
swaps;

- Maturities range from 1 to 10 years;

- Notional of each swap is 1 million;
18At more general level, the bank should assess the impact of the contract’s inclusion in the balance sheet and the evaluate it

accordingly (see Castagna [8] for a discussion on this point).
19They are the long and the short values of the contracts, see Castagna [8] for more details on this.
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Portfolio FVA
CIR 1F CIR SV

case base +5Y -5Y base +5Y -5Y
99th perc 2,134.83 2,400.49 1,884.80 10,425.58 11,082.80 9,823.83
1st perc 654.18 737.59 571.81 694.90 787.94 668.90
Average 1,394.51 1,569.04 1,228.30 3,789.30 4,194.45 3,578.69

5Y Swap (Incremental) FVA
CIR 1F CIR SV

case base +5Y -5Y base +5Y -5Y
99th perc - 256.66 -250.04 - 657.22 -601.75
1st perc - 83.42 -82.37 - 93.03 -26.00
Average - 174.54 -166.20 - 405.15 -210.61

TABLE 4: Bank’s total FVA and incremental FVA for a 5Y swap, computed by the 1 factor and the Stochastic Volatility Cox Ingersoll
and Ross (CIR 1F and CIR SV).

CIR 1F CIR SV
VBid

d VAsk
d VBid

d VAsk
d

99th perc 3.2027% 3.2031% 3.1943% 3.1955%
1st perc 3.2067% 3.2067% 3.2065% 3.2079%
Average 3.2047% 3.2049% 3.1997% 3.2039%

Differences w.r.t S0 = 3.2085%
99th perc -0.0058% -0.0054% -0.0142% -0.0130%
1st perc -0.0018% -0.0018% -0.0020% -0.0006%
Average -0.0038% -0.0036% -0.0088% -0.0046%

TABLE 5: Bid and ask rate levels for a 5Y swap, computed by the 1 factor and the Stochastic Volatility Cox Ingersoll and Ross (CIR
1F and CIR SV).

We will compute the FVA at the 99th, 1st per-
centiles and average levels, i.e.: FVAT,99%(t0, tb),
FVAT,1%(t0, tb), FVAT(t0, tb). Then we add a long
(fixed rate payer) swap, maturing in 5 years and
with 1 million notional. The par swap rate at time
0 is S0 = 3.2085%, using the same data as in ex-
ample . We do the same also for a short (fixed
rate receiver) swap. Then, we compute FVAd+ and
FVAd− , as indicated in the main text, assuming
that the funding spread is constant sF = 0.30%.
In table 4 we show the results: the upper part
of the table contains the total collateralised port-
folio’s FVA, in the base case and when, respec-
tively, a long or a short position in the 5Y swap
is added to it. The FVAs are computed by us-
ing the 1 factor and the SV CIR models whose
parameters are in example . The lower part of the
table shows the incremental FVA of the 5Y swap
for the case it is bough or sold by the banks, and
calculated with the two models. The choice of the
model has a quite material effect on the final results.
We can now determine the bid and ask val-
ues at which the swap would be quoted by
the bank. Since the standard market quota-
tion for swaps is in terms of par swap rates
S, we need to solve the following equations:

VBid
d −Vd = −FVAd+ = DV01(SBid − S0)

VAsk
d −Vd = +FVAd− = DV01(SAsk − S0)

In table 5 we show the results. Also
in this case, the Stochastic Volatility CIR
produces the most appreciable outcomes.

Bank’s Internal Velocity of Collateral

Beside the velocity of collateral at a systemic level,
which has been discussed before, a similar concept
can be introduced also for the bank, seen a closed
sub-system of its own. The bank’s internal velocity
of collateral is defined similarly to the systemic ve-
locity of collateral, and it is basically a ratio between
the total posted collateral and the total supplied col-
lateral in a given period of time, usually 1 year. For
collateral management purposes, it is convenient to
write the internal velocity of collateral in the period
[t0, tb] as:

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

i=1 ∆C(ti)
(21)

where ∆CP(ti) is the variation of the collateral
posted at time ti: it is taken in absolute value; C(t0)
and ∑j ∆C(tj) are, respectively, the collateral avail-
able at time t0 and its variations at time ti: they are

Fall 2014
27



COLLATERAL MANAGEMENT

Time V1 ∆C1 V2 ∆C2

0 100.00 -100.00
1 69.72 -30.28 -69.72 30.28
2 71.45 1.73 -71.45 -1.73
3 77.39 5.94 -77.39 -5.94
4 68.79 -8.61 -68.79 8.61
5 73.27 4.48 -73.27 -4.48
6 72.26 -1.01 -72.26 1.01
7 72.49 0.22 -72.49 -0.22
8 73.01 0.53 -73.01 -0.53
9 73.90 0.89 -73.90 -0.89
10 79.56 5.65 -79.56 -5.65

TABLE 6: Variations of the values and of corresponding collateral of the two portfolios, assuming they are perfectly negatively
correlated and that they start with offsetting values at time t0.

Posted Coll. Received Coll. Net coll. Add.nal Supply
Time |∆CP| ∆CR ∆CR − |∆CP| ∆CS

0 0.00
1 30.28 30.28 0.00 0.00
2 1.73 1.73 0.00 0.00
3 5.94 5.94 0.00 0.00
4 8.61 8.61 0.00 0.00
5 4.48 4.48 0.00 0.00
6 1.01 1.01 0.00 0.00
7 0.22 0.22 0.00 0.00
8 0.53 0.53 0.00 0.00
9 0.89 0.89 0.00 0.00
10 5.65 5.65 0.00 0.00

Total 59.35 59.35 0.00 0.00

TABLE 7: Posted collateral, received collateral and net to be matched by other sources when the re-hypothecation is allowed and
portfolios are perfectly negatively correlated.

taken considering the sign and they include also
the collateral received.

If we wish to make a comparison between the
systemic velocity of collateral already introduced
in the analysis of aggregated supply and demand
for collateral and the bank’s internal velocity of col-
lateral, we can easily detect the same numerator for
both ratios in equations (1) and (21), which is the
total posted collateral over the reference period; the
denominator is the available collateral in the bank’s
collateral velocity, but this is simply the internal
supply of collateral that mimics the collateral pro-
vided by the main sources in the systemic velocity.

The ratio VCB is greater than zero by construc-
tion, but the target the bank should aim at is to
keep the ratio above 1, whenever this is possible.
In this way the bank is efficiently and effectively
managing the supply of collateral: if the ratio is
exactly equal to 1, then the internal supply of col-
lateral is enough to match the demand for collat-
eral: this is the benchmark level of efficiency the
bank must achieve; ideally, the bank should use the
collateral available exploiting all the possibilities
to re-hypothecate the received collateral, thus min-
imising the internal supply of collateral at its lowest
level compatible with a given demand: the velocity

VCB is in this case above 1 and the greater it is, the
better the bank is managing the collateralisation
process; finally, if the ratio is below 1, then the bank
is keeping internally a greater than necessary sup-
ply given the demand for collateral: the collateral
management is not efficient and the costs related to
the collateralisation are higher than the bank would
pay if VCB ≥ 1.

It should be stressed that the maximum theoret-
ical velocity is not necessarily above 1, since it is
constrained at an upper boundary determined by
the following factors:

- the number of netted collateralised portfolios
and the correlation between the variations of
their values during the reference period;

- the possibility to re-use, or re-hypothecate,
the collateral received, according to the exist-
ing collateral agreements.

In the cases when the theoretical velocity of col-
lateral cannot be above 1 because of the factors
above, then the bank should aim at achieving at
least the theoretical maximum level. In any case,
the benchmark for the bank should always be the
maximum velocity that can be reached and the
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P.ed Coll. P.ed Coll. R.ed Coll. R.ed Coll. Net coll. Net coll. Add Supp. Add Supp.
Port.1 Port.2 Port.1 Port.2 Port.1 Port.2 Port.1 Port.2

Time |∆CP| |∆CP| ∆CR ∆CR ∆CR − |∆CP| ∆CR − |∆CP| ∆CS ∆CS

0 0.00 0.00
1 30.28 0.00 0.00 30.28 -30.28 30.28 30.28 0.00
2 0.00 1.73 1.73 0.00 1.73 -1.73 0.00 0.00
3 0.00 5.94 5.94 0.00 5.94 -5.94 0.00 0.00
4 8.61 0.00 0.00 8.61 -8.61 8.61 0.93 0.00
5 0.00 4.48 4.48 0.00 4.48 -4.48 0.00 0.00
6 1.01 0.00 0.00 1.01 -1.01 1.01 0.00 0.00
7 0.00 0.22 0.22 0.00 0.22 -0.22 0.00 0.00
8 0.00 0.53 0.53 0.00 0.53 -0.53 0.00 0.00
9 0.00 0.89 0.89 0.00 0.89 -0.89 0.00 0.00

10 0.00 5.65 5.65 0.00 5.65 -5.65 0.00 0.00
Total 39.90 19.45 19.45 39.90 -20.44 20.44 31.21 0.00

TABLE 8: Posted collateral, received collateral and net to be matched by other sources for each of the two portfolios when the
re-hypothecation is not allowed and portfolios are perfectly negatively correlated.

collateral management effectiveness and efficiency
should be evaluated with respect to it.

Although the concept of the velocity of collateral
is very simple, and its monitoring quite proficient,
it is anyway worth presenting a simplified example
of how to calculate VCB.

EXAMPLE 5 We introduce a simplified setting
where the bank has two collateralised portfo-
lios assisted by agreements both allowing the re-
hypothecation of collateral received by the bank.
Let us consider the period [t0 = 0, t10 = 10]: for
simplicity’s sake, we assume that the collateral
is posted and received only on 10 dates corre-
sponding to ti = i, for i = 1, ..., 10; that avail-
able collateral at time t0 is C(t0) = 0; and fi-
nally that the two processes of the portfolios’ val-
ues are perfectly negatively correlated with an
equal volatility and that the starting values are
the same but with opposite signs: V1(t0) = 100,
V2(t0) = −100: the data are shown in Table 6.

This simple and somehow extreme setting will be
used to show how the re-hypothecation agreements
affect the velocity of collateral. First, consider the
case when re-hypothecation is fully possible. In this
case the velocity of collateral is infinite, VCB = ∞,
and the bank can easily maximise the efficiency of
the collateral process. To see how we get this result,
it is useful having a look at table 7. Since the posted
collateral is perfectly matched by revived collateral,
given the assumptions on the value processes of the
two portfolios, no net negative (or positive, for that
matter) collateral is ever produced. The net supply
∆CS that the bank needs to generate is always nil so

that the formula (21) can be computed as follows:

VCB =

∑b
i=1 |∆CP(ti)|

C(t0) + ∑b
i=1 ∆CR(ti)− ∆CP(ti) + ∆CS(ti)

=

59.35
0 + 0 + 0

= ∞

Let us now consider the case when the collat-
eral agreements for both portfolios do not allow
for the re-hypothecation. In this case the col-
lateral received cannot be used to match collat-
eral requests to the bank. The velocity of collat-
eral is quite affected in this different setting: it
can still be above 1, but it will surely be much
smaller than the velocity computed in the first
case, meaning that the bank cannot achieve the
same benefits when re-hypothecation is allowed.
The data needed to compute VCB are in table 8:

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

j=1 ∆CR(ti)− ∆CP(ti) + ∆CS(ti)

=
39.90 + 19.45

0 + 0− 20.44 + 20.44 + 31.21 + 0.00
= 1.90

Time V1 ∆C1 V2 ∆C2

0 100.00 100.00
1 95.89 -4.11 95.89 -4.11
2 94.75 -1.14 94.75 -1.14
3 96.21 1.46 96.21 1.46
4 96.08 -0.13 96.08 -0.13
5 104.41 8.33 104.41 8.33
6 91.54 -12.87 91.54 -12.87
7 101.32 9.77 101.32 9.77
8 114.69 13.37 114.69 13.37
9 127.67 12.99 127.67 12.99
10 112.42 -15.25 112.42 -15.25

TABLE 10: Variations of the values and of corresponding col-
lateral of the two portfolios, assuming they are perfectly pos-
itively correlated and that they start at equal levels at time
t0.
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Posted Coll. Received Coll. Net coll. Add.nal Supply
Time |∆CP| ∆CR ∆CR − |∆CP| ∆CS

0 0
1 8.22 0.00 -8.22 8.22
2 2.29 0.00 -2.29 2.29
3 0.00 2.93 2.93 0.00
4 0.27 0.00 -0.27 0.00
5 0.00 16.66 16.66 0.00
6 25.74 0.00 -25.74 6.41
7 0.00 19.55 19.55 0.00
8 0.00 26.74 26.74 0.00
9 0.00 25.97 25.97 0.00

10 30.51 0.00 -30.51 0.00
Total 67.02 91.85 24.83 16.92

TABLE 9: Posted collateral, received collateral and net to be matched by other sources when the re-hypothecation is allowed and
portfolios are perfectly positively correlated.

P.ed Coll. P.ed Coll. R.ed Coll. R.ed Coll. Net coll. Net coll. Add Supp. Add Supp.
Port.1 Port.2 Port.1 Port.2 Port.1 Port.2 Port.1 Port.2

Time |∆CP| |∆CP| ∆CR ∆CR ∆CR − |∆CP| ∆CR − |∆CP| ∆CS ∆CS

0 0.00000 0
1 4.11 4.11 0.00 0.00 -4.11 -4.11 4.11 4.11
2 1.14 1.14 0.00 0.00 -1.14 -1.14 1.14 1.14
3 0.00 0.00 1.46 1.46 1.46 1.46 0.00 0.00
4 0.13 0.13 0.00 0.00 -0.13 -0.13 0.00 0.00
5 0.00 0.00 8.33 8.33 8.33 8.33 0.00 0.00
6 12.87 12.87 0.00 0.00 -12.87 -12.87 3.21 3.21
7 0.00 0.00 9.77 9.77 9.77 9.77 0.00 0.00
8 0.00 0.00 13.37 13.37 13.37 13.37 0.00 0.00
9 0.00 0.00 12.99 12.99 12.99 12.99 0.00 0.00
10 15.25 15.25 0.00 0.00 -15.25 -15.25 0.00 0.00

Total 33.51 33.51 45.93 45.93 12.42 12.42 8.46 8.46

TABLE 11: Posted collateral, received collateral and net to be matched by other sources for each of the two portfolios when the
re-hypothecation is not allowed and portfolios are perfectly positively correlated.

Consider now a setting where re-hypothecation is
fully possible and the variations of the values of
the two portfolios are perfectly positively corre-
lated. In Table 10 we show the evolution of the
two portfolios, assuming they start at the same
level of 100 at time t0. Table 9 shows all the in-
puts needed to compute the velocity of collateral:

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

j=1 ∆CR(tj)− ∆CP(tj) + ∆CS(tj)

=
67.02

0 + 24.83 + 16.92
= 1.61

Time V1 ∆C1 V2 ∆C2

0 100.00 100.00
1 90.40 -9.60 77.37 -22.63
2 94.18 3.78 82.73 5.37
3 104.22 10.04 100.48 17.75
4 102.28 -1.94 103.93 3.44
5 78.66 -23.61 99.25 -4.67
6 77.38 -1.29 122.97 23.71
7 76.88 -0.50 107.35 -15.62
8 71.88 -5.00 113.54 6.19
9 66.01 -5.87 122.23 8.69
10 70.34 4.33 118.50 -3.73

TABLE 12: Variations of the values and of corresponding col-
lateral of the two portfolios, assuming they are not correlated
and that they start at equal levels at time t0.

In this case the velocity of collateral is finite and it
is quite immediate to see that the re-hypothecation
feature of the collateral agreements does not play
any role here, since the collateral received on
a given date on a portfolio can never be used
to cover a collateral request on the same date.

These considerations make us rightly think that
the case when re-hypothecation is excluded
should yield the same result. Actually, if
we take the input provided in Table 11 and
calculate the velocity of collateral, we get:

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

j=1 ∆CR(tj)− ∆CP(tj) + ∆CS(tj)

=
33.51 + 33.51

0 + 12.42 + 12.42 + 8.46 + 8.46
= 1.61

which confirms that the velocity in both cases is the
same.

Finally, consider a setting where the two portfo-
lios’s value variations have the same volatility and
they are not correlated: Table 12 shows the evo-
lutions of the values at each date. The velocity
of collateral for the case when re-hypothecation is
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Posted Coll. Received Coll. Net coll. Add.nal Supply
Time |∆CP| ∆CR ∆CR − |∆CP| ∆CS

0 0
1 32.23 0.00 -32.23 32.23
2 0.00 9.14 9.14 0.00
3 0.00 27.78 27.78 0.00
4 1.94 3.44 1.51 0.00
5 28.28 0.00 -28.28 0.00
6 1.29 23.71 22.42 0.00
7 16.12 0.00 -16.12 0.00
8 5.00 6.19 1.20 0.00
9 5.87 8.69 2.82 0.00
10 3.73 4.33 0.60 0.00

Total 94.45 83.30 -11.16 32.23

TABLE 13: Posted collateral, received collateral and net to be matched by other sources when the re-hypothecation is allowed and
portfolios are not correlated.

P.ed Coll. P.ed Coll. R.ed Coll. R.ed Coll. Net coll. Net coll. Add Supp. Add Supp.
Port.1 Port.2 Port.1 Port.2 Port.1 Port.2 Port.1 Port.2

Time |∆CP| |∆CP| ∆CR ∆CR ∆CR − |∆CP| ∆CR − |∆CP| ∆CS ∆CS

0 0.00000 0
1 9.60 22.63 0.00 0.00 -9.60 -22.63 9.60 22.63
2 0.00 0.00 3.78 5.37 3.78 5.37 0.00 0.00
3 0.00 0.00 10.04 17.75 10.04 17.75 0.00 0.00
4 1.94 0.00 0.00 3.44 -1.94 3.44 0.00 0.00
5 23.61 4.67 0.00 0.00 -23.61 -4.67 11.74 0.00
6 1.29 0.00 0.00 23.71 -1.29 23.71 1.29 0.00
7 0.50 15.62 0.00 0.00 -0.50 -15.62 0.50 0.00
8 5.00 0.00 0.00 6.19 -5.00 6.19 5.00 0.00
9 5.87 0.00 0.00 8.69 -5.87 8.69 5.87 0.00
10 0.00 3.73 4.33 0.00 4.33 -3.73 0.00 0.00

Total 47.81 46.65 18.15 65.15 -29.66 18.50 33.99 22.63

TABLE 14: Posted collateral, received collateral and net to be matched by other sources for each of the two portfolios when the
re-hypothecation is not allowed and portfolios are not correlated.

allowed is calculated with the inputs in Table 13 :

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

j=1 ∆CR(tj)− ∆CP(tj) + ∆CS(tj)

=
94.45

0− 11.16 + 32.23
= 4.48

When collateral re-hypthecation is not al-
lowed, inputs in Table 14 are used
to calculate the velocity of collateral:

VCB =
∑b

i=1 |∆CP(ti)|
C(t0) + ∑b

j=1 ∆CR(tj)− ∆CP(tj) + ∆CS(tj)

=
47.81 + 46.65

0− 29.66 + 18.50 + 33.99 + 22.63
= 2.08

The re-hypothecation increases the velocity of
collateral as expected.

Collateral Strategies

We will review some common strategies that can
be used in the usual (front-office) collateral man-
agement to limit the related costs, to optimise the
collateral provisioning and to exploit arbitrage op-
portunities if they exist.

Collateral Transformation

Collateral is typically received and paid in cash, but
the agreements may also allow to post it in different
ways, e.g.: it can be delivered as a suitable quantity
of eligible assets.

Let us start with the case when the bank re-
ceives an asset and it wishes to convert it in cash
to match collateral requests in other contracts. The
main ways to convert the asset are i) to repo it out
vs cash, ii) to sell/buy back it: both ways produce
very similar effects in terms of available cash dur-
ing the life of the contract. To determine how much
cash the bank can get with the asset, we need to
consider two haircuts:

- HM is the haircut applied on the market price
A(t) of the asset when a repo or a sell/buy
back contract is closed: so an amount equal
to Cash = (1−HM)A(t) of cash is received
by the transformation;

- HC is the haircut provided for in the collat-
eral agreement, so that if the collateral to be
posted is C(t), the amount of asset posted as
collateral C(t)/(1−HC).

Assume we have two netted portfolios k and j,
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whose value is offsetting: both portfolios are collat-
eralised but one of them allows to post collateral
only as cash, whereas the other allows also to post
an eligible asset as collateral, applying the haircut
is HC.

The bank receives, on date t, the asset to match
the collateral CR

k (t) it requests to the counterparty
for the netted portfolio k; the amount of asset re-
ceived is derived from the equation:

|CR
k (t)| = xR

A(t)[(1−H
C)A(t)]

so that

xR
A(t) =

|CR
k (t)|

(1−HC)A(t)

The collateral requested by the counterparty of
the netted portfolio j is |CP

j (t)| = |CR
k (t)|. Since

it can be posted only in cash, the bank converts
the amount xR

A(t) of the asset in cash by repoing it

out,20 raising the cash amount xA(t):

Cash(t) = xR
A(t)[(1−H

M)A(t)]

=
(1−HM)

(1−HC)
|CR

k (t)|

If the haircut applied on the asset value in the
money market is the same as the haircut provided
for in the collateral agreement, the collateral trans-
formation is fully effective, since the cash raised
via the repo is exactly what is needed to match
the collateral request CP

j (t). If the two haircuts di-
verge, the cash can be more or less than the quantity
needed to post the collateral.

EXAMPLE 6 Assume at time t the collateral re-
ceived |CR

k (t)| = 100, 000.00; the eligible asset
posted as collateral has a market price of A(t) =
97.00 and the haircut applied, in accordance with
the collateral agreement, is HC = 5%. The quan-
tity of asset posted by bank’s counterparty is:

xR
A(t) =

|CR
k (t)|

(1−HC)A(t)

=
100, 000.00

(1− 5%)× 0.97
= 108, 518.72

The bank converts the asset in cash by a repo trans-
action: the haircut applied in the money market on
this asset is HM = 4%, so that the cash received is:

Cash(t) = xR
A(t)[(1−H

M)A(t)]

= 108, 518.72× [(1− 4%)× 0.97]

= 101, 052.63

The differential haircuts applied in the money
market and in the collateral agreement pro-
duce a net extra-cash of 1, 052.63, which can
be used for collateral, or other, purposes.
If the haircut applied in the money market
were 6%, than the amount of cash obtained
with the collateral transformation would be:

Cash(t) = xR
A(t)[(1−H

M)A(t)]

= 108, 518.72× [(1− 6%)× 0.97]

= 98, 947.37

which is less than the amount needed to
match the collateral request of 100, 000.00.

A collateral arbitrage is possible when the ratio
(1−HM)/(1−HC) is above 1, as in the first case
in Example : the collateral received, after the trans-
formation, is able to cover more than a correspond-
ing amount of requested collateral (100,000.00). It
should be stressed that the collateral arbitrage does
not resemble a typical financial arbitrage, whereby
the bank obtains a sure profit greater than, or equal
to, zero without any investment at the set-up. In
the collateral arbitrage, there is no profit that the
bank attains; it is rather possible to transform the
collateral received so as to cover a greater amount
of collateral that has to be posted. The cost of the
transformation is not nil, since the bank has to pay
the secured funding (repo) spread on the cash it
receives when delivering the asset. The (secured)
funding spread is paid (although in a lesser quan-
tity) even if the amount of cash is smaller than the
nominal amount of collateral received: the cost is
not only paid when the transformation increases
the amount of available collateral, but in any case.

On the other hand, the bank should consider
that it pays a smaller funding cost to match the
collateral needs by transforming the collateral. The
profit of the collateral arbitrage can be then seen as
a level of funding costs lower than the level paid if
the collateral arbitrage were not set up. We need
than define which is the FVA of the bank taking
into account also the collateral transformation.

Once we have the amount of raised cash, we
can modify the metric FVA we have seen before
to account for the different funding cost to match
collateral requests paid in the repo transaction. Ac-
tually, the funding cost paid to supply collateral
is for this part not the bank unsecured spread sF

over the risk-free rate, but the repo spread sE, de-
fined as the difference between the the repo rate
and the risk-free rate r − rE, a secured funding
cost which is clearly smaller than the unsecured
one. The total funding cost paid on the cash

20A similar reasoning applies also when the bank sells/buys back the asset.
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FIGURE 11: Collateral transformation from an eligible asset to cash and possible profit/loss Π.

collateral originated by the repo is sE × Cash, or
sE × (1−HM)/(1−HC)CR

k (t).
Following these considerations, we can rela-

tively easily modify formula (13): let a = {1, ..., A}
be the assets that are used in repo (or sell/buy back)
contracts to obtain cash; define CaP(t) as the collat-
eral request at time t that the bank covers with cash
originated via collateral transformation of the asset

a; besides, let wa(t) =
(1−HM(t))
(1−HC(t)) be the ratio of the

percentage net of the money market haircut to the
percentage net of the collateral haircut: we gener-
alise the setting outlined above by allowing both
quantities to be also time dependent. The collateral
FVA is then modified as

FVAC∗(t0, tb)

= EQ
[
−
∫ tb

t0

e−
∫ u

t0
rvdvsF(u)CGap(u)+

+ ∑
a

sE
a (u)wa(u)CaP(u)

+ ∑
a

sF(t)(1− wa(t))CaP(t)du
]

(22)

The secured funding (repo) spread sE
a depends also

on the type of asset transformed in cash. The in-
cremental FVA is modified in the same fashion by
including the distinction between secured and un-
secured funding.

Equation (22) does not only consider the CGap
at each period, which is covered with cash that has
to be funded unsecured in the market, but also all

the collateral whose posted cash derives not directly
from the cash received in other netted portfolios,
but rather from a transformation into cash of eligi-
ble assets received. The transformation has a cost
that equals the (secured) funding repo spread.

The reason why this spread applies to the
amount |CaP(t)| is the following:21: even if the net-
ted portfolios receive assets as collateral that can
be re-hypothecated, it is possible that other net-
ted portfolios allow only for cash collateral. The
re-hypthecation is possible only after the transfor-
mation, thus the bank incurs in a cost that would
otherwise be avoided if the collateral were received
in cash.

The second line of equation (22) accounts for the
difference between the money market and collat-
eral haircuts: whenHM(t) < HC(t), then wa(t) > 1
and the term in the second line reduces the cost
of funding paid to cover the collateral gap, by a
fraction (1− wa(t)) (it is negative). In the opposite
case, whenHM(t) > HC(t), then wa(t) < 1 and the
second line contributes for a the fraction (1−wa(t))
(that is positive) to the increase of the total funding
cost.

The profit of the collateral arbitrage, where it is
possible via the collateral transformation, is:

ΠCA(t0, tb) = FVAC(t0, tb)− FVAC∗(t0, tb) (23)

where FVAC(t0, tb) is defined in equation (13). It
should be stressed that only a small part of the
profit in (23) is certain, while the remaining is sub-

21By the way CaP(t) is already included in the CGap(t) at each t.
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FIGURE 12: Collateral transformation from cash to an eligible asset and possible profit/loss Π.

ject to the future actual evolution of the portfolio
and of the (secured and unsecured) funding spread,
and to the possibility to operate collateral trans-
formation at future times. It is possible also that
the quantity ΠCA(t0, tb) ≤ 0, so that the collateral
transformation produces more (expected) funding
costs.

In Figure 11 we represent the mechanics of the
collateral transformation from an eligible asset to
cash and when an arbitrage is possible.

Consider now the case when the bank receives
cash on the netted portfolio k and delivers the eli-
gible asset as collateral on netted portfolio j. The
cash is trivially Cash(t) = CR

k (t). The bank enters
a reverse repo transaction, where it delivers cash to
receive a given amount of asset:

xP
A(t) =

Cash(t)
(1−HM)At

=
|CR

k (t)|
(1−HM)At

This asset is used to post collateral CP
j (t):

|CP
j (t)| = xP

A(t)(1−H
C)At =

(1−HC)

(1−HM)
|CR

k (t)|

The cash received as collateral provides the cor-
rect amount of asset if the haircuts applied in the
money market and in the collateral agreement are
the same, otherwise there is an imbalance that can
benefit or damage the bank. It is also worth noting
that the ratio is in this case the reverse of the similar
ratio above, which is in accordance with the reverse
order of the collateral transformation from cash to
eligible asset.

To assess if there is any impact on the FVA of
the costs associated to the collateral posted after the
transformation, its is worth noting that the bank
receives an interest, which is proportional to the
repo rate rE, on the cash it delivers in the reverse
repo. The spread over the risk-free rate sE is in
this case earned by the bank, but this represents
no extra-yield: actually, the spread can be seen as
the (small) compensation to the lender for the resid-
ual risk it bears when lending money through a
secured transaction. When accounting for expected
losses upon default of the secured financing trans-
action, they match the interests corresponding to
the spread, so that the expected extra-yield sE is
nil. If we accept this reasoning, then the FVA is
not affected by the collateral transformation, which
produces no cost, but it has only to account for the
possible asymmetries between the money market
and collateral haircuts.

To this end, let us define w∗a (t) = (1 −
HC(t))/(1−HM(t)); the FVAC∗ can be defined as:

FVAC∗(t0, tb) = EQ
[
−
∫ tb

t0

e−
∫ u

t0
rvdvsF(u)CGap(u)

+ ∑
a

sF(u)(1− w∗a (u))C
aP(u)du

]
(24)

The reduction or the increase of funding costs is
given by the ratio w∗a (t): when it is above 1, or
the haircut on the collateral HC(t) < HM(t), then
less funding costs have to be paid an the bank can
exploit a collateral arbitrage. The reverse happens
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when w∗a (t) < 1 or HC(t) > HM(t). The profit, or
loss, generated by the collateral transformation is
assessed as in equation (23): there is an arbitrage
when ΠCA(t0, tb) > 0. Figure 12 schematically
shows how the collateral transformation works.

We can finally define the collateral arbitrage as:

Definition 7. The collateral arbitrage is the set of
transactions the bank can operate to obtain an amount
of collateral greater than the amount of received collat-
eral. These transactions involve the transformation of
received collateral (e.g.: from eligible assets to cash, or
the reverse), which implies a cost to be paid by the bank
(it is at best nil, as in a reverse repo). This means that,
differently from the financial, the collateral arbitrage
does not generate any sure profit, but only an expansion
of available collateral by paying a secured funding cost
(or zero). The cost is paid in any case, even if the trans-
formation does not produce a collateral increase. The
(expected) profit of the arbitrage lies in the decrease of
the global FVA of the bank after the collateral arbitrage
is implemented.

Regulatory LCR/Collateral Arbitrage

The liquidity coverage ratio (LCR) has recently been
introduced by the Basel Committee22 and it is de-
signed to ensure that a bank maintains an adequate
level of unencumbered, high-quality assets that can
be converted into cash to meet its liquidity needs
for a 30-day time horizon under an acute liquidity
stress scenario specified by supervisors. Just to give
a very rough description,23 the LCR is defined as
the ratio of the bank’s stock of high-quality liquid
assets divided by a measure of its net cash outflows
over a 30-day time period. The standard requires
that the ratio be no lower than 100%:

LCR =
HQLA
NCO

≥ 100%

where

- HQLA (High-Quality Liquid Assets) is the
stock of liquid assets, issued by creditwor-
thy entities, available to the bank: it includes
cash and unencumbered treasury bonds and
corporate bonds that fulfill some criteria of
low credit risk, ease and certainty of valuation
and low correlation with risky assets (this will
exclude from the stock bonds issued by finan-
cial institutions). Based on the issuer, there
is a classification of the assets in Level 1 and
Level 2: Level 2 assets cannot be more than
40% of the total stock. In more details the
HQLA comprises:

Level 1 Assets: cash; central bank re-
serves (to the extent that they can be
drawn down in times of stress); mar-
ketable securities representing claims
on or claims guaranteed by sovereigns,
central banks, non-central government
public sector entities, the BIS, the IMF,
the EC, and certain multilateral develop-
ment banks which meet specified crite-
ria; and last, government or central bank
debt issued in domestic currencies by
the country in which the liquidity risk is
being taken or the bank’s home country.
A bank can hold any sovereign bond is-
sued in domestic currency in its home
country, as well as any sovereign debt in
foreign currency, so long as it matches
the currency needs of the bank in that
country. The hair cut for Level 1 assets
is 0%.

Level 2A: lower-rated sovereign, central
bank and PSE bonds, qualifying for 20%
risk weighting; and high quality covered
bonds, with a minimum credit rating
equal to AA-, however subject to some
haircuts. It is required to apply an 85%
factor to be multiplied against its total
amount, or a 15% haircut.

Level 2B: RMBS (25% haircut), corporate
bonds and equities (under some condi-
tions, with a haircut of 50%), and a few
other assets with a haircut of 50%.

- NCO is the total net cash outflow occurring
during a period of 30 days next to the calcula-
tion of the index.

The LCR ≥ 100% is the regulatory requirement
for banks that run their business in nations adopt-
ing the Basel standards, so it is a constraint in the
composition of the portfolio of assets. It is very
likely that the assets included in the HQLA pool
are the same provided for in the collateral agree-
ments between the bank and other counterparties,
since an asset is considered eligible if it has some
features that typically are common both in the LCR
regulation and in derivative contracts.

It is often the case that the haircut (possibly nil)
applied to an asset to comply with the LCR regula-
tion is different from the haircut applied in bilateral
(or with CCPs) collateral agreements. For a given
asset A, eligible for LCR and for a collateral agree-
ment, let HLCR be the haircut applied when it is
included in the HQLA of the LCR.

22The final document providing the rules on how to calculate the LCR is BIS [2].
23For more details, please refer to chapter 4 of Castagna and Fede [9].
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FIGURE 13: Possibility to exploit a regulatory LCR/collateral arbitrage when the eligible asset is received as collateral.

Assume once again we have two netted port-
folios k and j, whose value is offsetting: for both
portfolios the collateral can be posted either in cash
or in an eligible asset whose value is A(t) at time
t, when the amount of collateral received CR

k (t)
matches (with the opposite sign) the amount to
posted CP

j (t). Besides, let HR the haircut applied
on the eligible asset when it is received as collat-
eral for portfolio k, and, respectively HP the haircut
applied on the eligible asset when it is posted as
collateral for portfolio j. We can identify two cases:

- Assume that the value in t of the bank’s
LCR = l (l ≥ 100% is the regulatory require-
ment) and consider the case when HLCR <
HR: when the asset is received as collateral, it
is possible to exploit the following regulatory
LCR/collateral arbitrage:

1. insert the asset in the HQLA set, for an
amount equal to xR

A(t) = |CR
k (t)|/[(1−

HR)A(t)] received as collateral on the
netting portfolio k;

2. remove an amount of cash Cash =
|CP

j (t)| and use to fulfill the collateral
call on portfolio j.

After these two operations, the LCR increases
at a new value LCR = l′ > l, because the
numerator HQLA′ has been modified as fol-

lows:

HQLA′ =HQLA−Cash+xR
A(t)A(t)(1−HLCR)

=HQLA−|CP
j (t)|+|C

R
k (t)|

(1−HLCR)

(1−HR)

and, by assumption, (1−HLCR)
(1−HR)

> 1 and since

|CP
j (t)| = |CR

k (t)|, we have that HQLA′ >
HQLA, thus implying a higher level of the
LCR. This means that more cash and eligi-
ble assets can be withdrawn from the HQLA
pool, until the old level l is reached again and
the bank is still compliant with the regulatory
minimum level. In Figure 13 we graphically
show how the regulatory LCR/collateral ar-
bitrage works.

- Consider now the case when HLCR > HP:
when the cash is received as collateral, it
is possible to set up the following regulatory
LCR/collateral arbitrage:

1. put the cash in the HQLA set, for an
amount equal to Cash = |CR

k (t)|[(1 −
HP)A(t)];

2. remove an amount of the asset A equal
to cash xP

A(t) = |C
P
j (t)|/A(t) and use to

partially fulfill the collateral call on port-
folio j for a fraction

xP
A(t) [(1−H

P)A(t)]=
|CP

j (t)|
A(t) [(1−HP)A(t)];

3. use the remaining cash Cash =
xP

A(t)A(t)HP received as collateral for
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FIGURE 14: Possibility to exploit a regulatory LCR/collateral arbitrage when cash is received as collateral.

portfolio k to completely match the col-
lateral request for portfolio j.

Also in this case, as we have seen above, after
these two operations, the LCR increases at a
new value LCR = l′ > l because of a higher
numerator HQLA′:

HQLA′=HQLA+Cash−xP
A(t) [(1−H

LCR)A(t)]

=HQLA+
|CR

k (t)|
A(t) [(1−HP)A(t)]−

|CP
j (t)|

A(t) [(1−HLCR)A(t)]

Since |CP
j (t)| = |CR

k (t)| and, by assumption,

[(1 − HP)A(t)] ≥ [(1 − HLCR)A(t)], then
HQLA′ > HQLA and the final outcome is
a higher level of the LCR. As before, this
means that more cash and eligible assets can
be withdrawn from the HQLA pool and are
available for collateral or other purposes. In
Figure 14 we show how the arbitrage works
in this case.

We can sum up the results we have obtained
and define the regulatory LCR/collateral arbitrage:

Definition 8. When the haircut applied to an eligible of
a collateral agreement differs from the haircut (provided
by the regulation) applied to the same asset in the LCR,
then it is possible to set up a regulatory LCR/collateral
arbitrage, which will allow the bank to have more cash or
eligible asset’s amount available than the corresponding
amount received as collateral. To implement the arbi-
trage, the bank needs that the eligible asset be received

as collateral when HLCR ≤ HR: then it can be trans-
formed in cash with an increase of the LCR; in the op-
posite case, when HLCR ≥ HR, the bank needs receive
cash as collateral, which can be transformed into the el-
igible asset with an increase of the LCR. In both cases,
an amount of collateral, greater than that one received,
will be available to the bank.

EXAMPLE 7 To show how to practically exploit
the regulatory LCR/collateral arbitrage, consider
the case when the bank is Italian and has two
netted portfolios perfectly offsetting each other.
One of them is centrally cleared with the Lon-
don Clearing House (LCH), whose collateral agree-
ment allows to post collateral for the initial mar-
gin (IM) also in bonds. In Annex A we show
the haircuts applied by LCH on a set of eligible
bonds, on 16th August 2013. The other portfolio
is subject to a bilateral CSA agreement, whereby
the collateral can be posted in cash or in one
of the eligible assets designated in the contract.

Assume the bank receives from LCH 1,000,000
EUR collateral in 5Y BTPs, whose market price
is 98.00. The collateral received can be due to
a lower risk of the portfolio, that entails a lower
IM and hence a return of collateral, previously
posted, from LCH. The haircut applied on a 5Y
Italy BTP is HR = 7.75%, so for an amount

Fall 2014
37



COLLATERAL MANAGEMENT

of 1,000,000 EUR collateral, an amount of BTPs

xR
A(t) =

|CR
k (t)|

(1−HR)A(t)

=
1, 000, 000

(1− 7.75%)0.98
= 1, 106, 133.51

is received by the bank.
The bank can put this amount in the LCR, as
an asset of Level 1 whose haircut is HLCR =
0% and correspondingly withdraw an amount of
cash equal to 1,000,000 EUR to post as collateral,
increasing the numerator HQLA by an amount

−Cash + xR
A(t)A(t)(1−HLCR)

= −|CP
j (t)|+ |CR

k (t)|
(1−HLCR)

(1−HR)

= 1, 000, 000− 1, 000, 000× 0.98
(1− 7.75%)× 0.98

= 106, 133.51

This amount can be further deducted from the
HQLA, by withdrawing cash for example, to ful-
fill other collateral requests or for other purposes.
Assume now that, differently from the case above,
the 1,000,000 EUR collateral received back by the
bank is cash. The bank has in its HQLA pool
1,000,000 EUR 5Y Government bond issued by Por-
tugal, whose market price is 95.00. From the CSA
agreement in Annex B (which serves just as an
example of bilateral collateral agreement), we can
see that the haircut applied for this type of secu-
rity is HP = 2% (or, 1 minus the valuation per-
centage indicated in the contract). This bond is
included in the Level 2A group (since the bank
is Italian and the issuer is a country different
from Italy), and hence it is subject to a haircut of
15%.24 The bank puts the 1,000,000 EUR received
in the HQLA pool and it withdraws an amount of
Portugal Government Bonds equal to amount of
collateral to be posted: xP

A(t) = |CP
j (t)|/A(t) =

1, 000, 000/0.95 = 1, 052, 631.58 so that the frac-
tion of requested collateral that can be fulfilled is:

xP
A(t)[(1−H

P)A(t)]

= |CP
j (t)|/A(t)[(1−HP)A(t)]

=
1, 000, 000

0.95
× [(1− 2%)× 0.95] = 980, 000.00

To match completely the collateral request, an
additional amount of Cash = 20, 000 EUR is
withdrawn from the HQLA, so that |CP

j (t)| =

980, 000.00 + 20, 000.00 = 1, 000, 000. The

net increase of the numerator HQLA is then:

Cash− xP
A(t)[(1−H

LCR)A(t)]

=
|CR

k (t)|
A(t)

[(1−HP)A(t)]

−
|CP

j (t)|
A(t)

[(1−HLCR)A(t)]

=
1, 000, 000.00

0.95
[(1− 2%)× 0.95]

− 1, 000, 000.00
0.95

[(1− 15%)× 0.95]

= 130, 000.00

So the bank has now 130,000.00 EUR extra cash
that can be used for collateral or other different pur-
poses.

Finally, we have to assess the profit arising from
the regulatory LCR/collateral arbitrage: also here,
as in the case of the collateral transformation, the
profit is the reduction of the FVA after the arbi-
trage is implemented. The same considerations
on the uncertainty of the future profits applies
also to LCR/collateral arbitrage. Let FVAC∗(t0, tb)
the funding value adjustment take accounts for
extra-cash generated by the LCR/collateral arbi-
trage, which reduces the need to fund collateral re-
quests. Besides, let LBCLCR(t0) be the cost to hold
the liquidity buffer implied by the LCR ratio, and
LBCLCR∗(t0) the same cost after the LCR/collateral
arbitrage is set up.25 The arbitrage profit is:

ΠLA(t0, tb) = [FVAC(t0, tb)− FVAC∗(t0, tb)]

+ [LBCLCR(t0)− LBCLCR∗(t0)]
(25)

The profit of the arbitrage can be assessed only at
an aggregated basis, considering also the cost re-
lated to the holding of the LCR-implied liquidity
buffer, since the strategy involves a modification of
the composition of the existing buffer.

The Collateral Management Desk and
the Dealing Room

In the Introduction of this article, we defined the col-
lateralisation and the collateral in a way that high-
lighted its links to the liquidity and funding manag-
ment. These links should now be even clearer after
we discussed the collateral allocation tools and the
strategies in previous chapters.

The collateral management, in our opinion, can-
not be really be separated from the liquidity and
funding management, since the future positive or

24See BIS [2], par. 52.
25See Castagna and Fede [9], ch. 7, for a possible method to measure the liquidity buffer costs.
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FIGURE 15: Allocation to the relevant desks of the different components of the value to the bank of a derivative contract.

negative cash flows, deriving from the collateralisa-
tion activity, cannot be managed without consider-
ing the overall bank’s cash position. Moreover, the
funding of negative cash flows, and the planning of
future funding, has to be outlined on an aggregated
basis taking into account the bank’s comprehensive
future funding needs.

A similar argument, supporting the inter-
dependencies between the collateralisation activ-
ity and the repo activity, can be presented too: it
is quite clear that the collateral management in-
volves trading in contracts typically dealt by the
Repo Desk, such as repo, buy/sell back and secu-
rity lending. It is quite immediate to argue that the
Collateral Management and the Repo Desks should
work in tight cooperation. Besides, Repo Desks are
often a part of bank’s Treasury, together with the
Funding Desk, already in the current organisation
of many banks, due to the secured funding aspect
of many repo (or sell/buy back) transactions.

In the end, we think that the Funding, Repo and
Collateral Management Desks should be distinct,
but all included within the more ample perimeter
of the bank’s Treasury, to make easier and more
effective the manifests inter-dependencies and con-
nections amongst their activities. Also the skills
required to traders for all the three Desks are sim-
ilar and, more specifically, referring to the ability
to work in the money and capital markets, even
though the understanding of derivative risk man-
agement will be a fundamental requisite for the
entire modern Treasury.

In fact, the Treasury will deal not only with
the liquidity and funding management, but also
the management of the LVA and FVA quantities,
which, although broadly speaking still refer to fund-

ing and liquidity, can be at the same time seen as
complex hybrid derivatives that must be monitored
and managed by the same skills needed on a deriva-
tive desk.

The new organisation of the bank, and more
specifically of the dealing room, should firstly fo-
cus on the allocation of the value components of a
contract included in the bank’s portfolios, amongst
the different desks.26 In Figure 15 we visualise the
allocation to different desks of the value to the bank
of the contract:

- the “pure” value (i.e.: without considering
collateralisation, liquidity and credit effects)
remains in the derivative desk that traded it
(e.g.: IRD Desk in case of a swap);

- the Credit Value Adjustment (CVA) is passed
to the Credit Treasury Desk, which is the desk
managing the counterparty credit risk of the
bank on an aggregated basis;

- the LVA and the FVA are passed to the Trea-
sury Department, which includes the Repo
Desk, the Collateral Management Desk and
the Funding Desk.

It should be noted that the DVA is not part of the
value of the contract, but a cost that is either covered
or not covered by the margin the bank manages to
attach to the contract.27

The LVA, FVA and CVA components should
computed on an incremental basis for each deal,
as we have seen analysing the collateral allocation
tools: there we did not study the full FVA (i.e.: the
funding adjustment due to factors other than the
collateralisation) nor the CVA, but their calculation
can be operated by the same token.

26For a discussion on the difference between price and value to the bank of a contract, see Castagna [6] and Castagna and Fede [9],
ch. 10. For a discussion of the relevant components that should be included in the value, see Castagna [8].

27See Castagna [5], [7] and [8].
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FIGURE 16: The operations of the different desks of the Treasury with the market and the internal relation with other desks in
affecting the TSAA and the TSL.

The Treasury Department manages the LVA and
FVA collectively: it is an activity run in strict co-
operation amongst the tree desks belonging to the
department, although the LVA can be assumed to
be monitored by the Collateral Management, the
secured fraction of the FVA by the Repo Desk and,
finally, the unsecured part of the FVA by the Fund-
ing Desk. The access to a global view of the TSAA
is essential to both the Collateral and Repo Desk,
whereas a global view of the Term Structure of Cash
Flows (TSCF) and the Term Structure of Expected
Liquidity (TSLe) is useful to all the three desks.28

In addition to the monitoring of the LVA and
FVA, some activities can be considered specific to
the Collateral Desk. In more detail, the Collat-
eral Management Desk will be focussing on the
optimisation of the allocation of collateral, on the
effective use and re-hypothecation of the received
collateral, on the transformation strategies and reg-
ulatory LCR/collateral arbitrage.

In Figure 16 we show how the three desks of the
Treasury are related. The Collateral Desk receives
or delivers cash or securities as collateral to or from
bank’s customers and other banks/dealers. The
(either positive or negative) cash variations affect
the expected collateral projections, but more gener-
ally and at a more aggregated level, they affect the
TSL which is monitored also by the Funding and
Repo Desks. The positive or negative variations in
one or more securities affect the TSAA, which is
monitored also by the Repo Desk.

The Repo Desk operates typically in the
credit (money) market via secured finance trans-

actions involving cash vs securities, flowing both
ways; the desk also operates directly with other
banks/dealers and customers. Also in this case, the
variations in cash and in securities affect, respec-
tively, the TSL and the TSAA, monitored by the
Funding and Collateral Desks too.

Finally, the Funding Desk operates in the credit
and (longer term) capital markets and in the equity
market to fund the short and long term activity of
the bank. The transactions of the Funding Desk
involve cash variations that affect the TSL, which is
monitored also by the Repo and Collateral Desks.

It is also worth noting that at least other two
trading desks, not belonging to the Treasury, may
play a role, broadly speaking, in the collateralisa-
tion activity: the Equity and Bond Desks. These
desks operate in the exchanges or in the OTC mar-
kets or with customers, when providing dealing
services. The cash they receive or pay after sell-
ing or buying a security goes into the TSL, while
the security enters the TSAA. Depending on the
trading strategies of the two desks, the securities
dealt by them could be used as collateral: a coordi-
nation with the Collateral Desks, or with the Repo
Desk, is more difficult but still possible and useful
to improve the collateral management.

Conclusion

In this article we have analysed the Collateral Man-
agement activity within a proposed framework that
considers the bank’s internal demand and supply
of collateral. The framework allows to easily iden-

28See Castagna and Fede [9], ch. 6, for the definitions of TSCF and TSLe.
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tify the tasks related to the effective collateralisation
activity, and the tools the bank needs to use to com-
plete them. This implies deep changes in banks’
processes and organisation.

Future research should focus on market instru-
ments to manage and mitigate the risks related to
the collateralisation activity.
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Annex A: Haircuts Applied by LCH on Eligible Assets as of 16th

August 2013
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Annex B: Valuation Percentage for a Set of Eligible Assets in a

CSA Agreement Signed as of 6th June 2011
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Bond Settlement Migration
Introduction and Main Implications

In this article the author describes the
change in settlement procedure that has
involved bond trades from the begin-
ning of October, 2014 on. The migra-
tion from settlement date T + 3 to settle-
ment date T + 2 has introduced new ben-
efits in bond risk handling but also some
criticalities to be taken into account.

Giuseppe MAMMANA

On April, 15th 2014 the European Parliament
has adopted the CSDR (Central Securities
Depositories Regulation). The CSDR intro-

duces some important points on securities transac-
tions such as dematerialisation, harmonised settle-
ment periods, settlement discipline measures and
common rules for central securities depositories
(CSDs). This is the result of the decision, took from
the European Commission after the 2007/2008 fi-
nancial crisis, to start a process of harmonization
of CSDs’ practices, in order to improve safety and
efficiency of transaction settlement.

CSDs (Central Securities Depositories) are key
infrastructures whose scope is to guarantee the pro-
cessing of securities transactions in financial mar-
kets and the safety and efficiency of post-trade se-
curities settlement.

In particular, CSDR has introduced a new settle-
ment cycle for securities transactions.

In the vast majority of European markets, the
settlement period for securities has been date plus

three days (T + 3). In order to harmonize and im-
prove the efficiency of securities settlement prac-
tices, it has been decided to move most markets to
date plus two days (T + 2).

The migration has gone live on Monday 6th Oc-
tober 2014. Trades made before or on Friday 3rd

October 2014 have still been settled following T + 3
convention, while trades made from Monday 6th

October 2014 are following T + 2 settlement cycle.
The migration from T + 3 to T + 2 is related

to transactions in transferable securities executed
on trading venues (Regulated Markets (RM), Mul-
tilateral Trading Facilities (MTFs) and Organised
Trading Facilities (OTFs)). In details, the following
instruments are in scope:

- Cash Equities

- Fixed Income Instruments

- Exchange Traded Funds (ETFs)

- Warrants

- Securities settlement stemming from deriva-
tives contracts

The list of impacted markets is:

- 25 markets have confirmed 6 Oct 2014 as
migration date: Austria, Belgium, Croatia,
Cyprus, the Czech Republic, Denmark, Es-
tonia, Finland, France, Greece, Hungary, Ice-
land, Ireland, Italy, Latvia, Lithuania, Lux-
embourg, the Netherlands, Norway, Poland,
Portugal, Slovakia, Sweden, Switzerland, and
the UK.

- 1 market (Bosnia & Herzegovina) has agreed
to migrate to T + 2 on 1 January 2015.
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SETTLEMENT PROCEDURES

Trade Date Settlement Date

Thursday 2nd October 2014 Tuesday 7th October 2014

Friday 3rd October 2014 Wednesday 8th October 2014

Monday 6th October 2014 Wednesday 8th October 2014

Tuesday 7th October 2014 Thursday 9th October 2014

TABLE 1: Examples of settlement dates before and after the bond settlement migration.

- 1 market (Spain) have seen Fixed Income se-
curities migrating on 6 October but Equities
are not expected to move to T + 2 until Q4
2015.

- 2 markets have not yet fixed a date for migrat-
ing to T + 2 (Liechtenstein and Romania).

- 2 markets already use T + 2: Bulgaria and
Slovenia.

- 1 market (Germany) is already using T + 2
for exchange activity. OTC transactions are
currently on T + 3 and are recommended to
move to T + 2, as per ICMA guidelines.

Main implications and benefits of the mi-
gration

The introductin of this bond settlement migration
shall have several implication especially in bond
risk management. In particular some benefits may
be the following:

- First of all, the harmonization should prevent
settlement fails due to different rules used in
different markets. Faster and more efficient
settlement procedures are seen as an impor-
tant achievement for risk management, in or-
der to reduce counterparty risk. For market
participants, indeed, a shorter settlement cy-
cle would result in a lower exposure to default
by their clients.

- The reduction in counterparty risk for all the
parties involved in markets would result in a
mitigation of systemic risk too.

- A shortened settlement cycle will also reduce
the capital required to market participants
in order to mitigate risks. During periods
of high volatility additional liquidity needs
would be reduced, freeing up capital for clear-
ing participants. Market players experiencing
lower liquid capital requirements will be also
able to reinvest liquidity faster.

- Least but not last, a reduction in market risk
could be achieved. The longer a trade remains

unsettled, the greater is the possibility to incur
in in a loss due to fluctuations in securities
prices. This effect is particularly consistent
during periods of high volatility. According
to a study done by NSCC “mark-to-market
requirements would be reduced by 48% in a
T + 2 environment”.

Besides all the benefits that the migration should
bring, market participants are expected to put in
place all the needed steps in order to align to the
new convention.

They will have to adapt their own procedures
to complete the pre-settlement stages of the trade
lifecycle more quickly; trades will have to be ver-
ified on the same day they are executed; the IT
infrastructure used for payment and clearing will
have to be improved. Finally, a particular attention,
should be reserved to cross-border securities trans-
actions with counterparties outside Europe in order
to assure that they will be settled on T + 2 too.

Some criticalities

A particular criticality in the migration process will
be faced by banks using an internal risk assess-
ment process. They will have to align their pricing
models and the systems they use for the position
keeping in order to adapt to the new settlement
convention used.

A key issue is to ensure that the migration pro-
cess doesn’t affect past revaluation results.

In an IT infrastructure which leverages on po-
sition keeping and FO systems, settlement conven-
tion information could not be versioned and if it is
just changed in static data systems, PL evaluations
before the 6th of October will be wrong.

In order to correctly handle this situation it is
necessary to set up an information about the new
settlement convention, which will be activated in
the system only if the trade evaluation is done after
the 6th of October.

Moreover, considering that not all the markets
have adopted the t + 2 convention, the new infor-
mation will have to be customized at market-level
in order to ensure that the new configuration will
affect only the securities from impacted markets.
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ADVERTISING FEATURE

chasing the future in Finance

Iason ltd provides solutions that enable managers, risk-control officers and front office
people to understand and value their portfolios. All solutions are built on the principles of
soundness, accuracy and clearness.

PRICING

Modern Derivatives Pricing
Sound models to value derivative
instruments according with the best and
newest market practice (CVA, DVA and
liquidity).

Complex Products
Sophisticated analytical models, supported
by research, in order to effectively and
efficiently evaluate all kind of exotic
structures, accounting for all the relevant
risk factors.

Revaluation of Books
The service is for those institutions not
interested in building a trading and risk
management system, but simply needing a
fair revaluation of their (possibly very
complex) derivatives positions.

RISK MEASUREMENT

Credit Risk
Innovative approach to Credit VaR (CreVar)
modeling and computation.

Market Risk
Innovative and sophisticated solutions for
market risk measure and management.

Counterparty Risk
Pioneers in the development of CCR and
CVA measurement models and applications
with devoted internal teams in many major
banks.

ALM and Liquidity Risk
Consulting services to support ALM and
treasury department of financial institutions.
Innovative models taking into account the
interrelation between funding, liquidity and
CCR.

To learn more: www.iasonltd.com.
To contact us: info@iasonltd.com. Follow us on:

@Iason_ltd company web page iason iason.network
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Advisory Research and Training in Finance

Concentric is a company specialized in the advisory, research and train-
ing in sales and finance. The company adopts a dynamic approach to
its organsational evolution, reflecting ongoing changes in the business en-
vironment, the requirements of clients and developments in best practices.

QUANTITATIVE ADVISORY

quad is the fusion of Concentric and Iason

international risk advisory, research and training

practitioner teams, rigorous project methodologies

and tried-and-tested tools.

CORPORATE
GOVERNANCE ADVISORY

cga comprises organisational analysis, design and

development projects for bank, insurance company

and corporate compliancy.

CONCENTRIC RESEARCH

core includes service consulation, needs analysis, project modeling, satisfaction analysis, industry survey

and financial analysis.

FINANCE MASTER
CLASS

fmc is one of Europe’s most appreciated and

successful public technical financial training

programs for banking and insurance professionals.

SALES AND FINANCE
EDUCATION

the safe team adopts a holistic and value-adding

approach to the design and development of

in-company finance, commercial and management

training projects.

For more information visit www.concentric-italy.com
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Natural Gas
Statistical Arbitrage:
A systematic approach

The authors investigate the existence
of statistical arbitrage opportunities by
focusing on long-term pricing relation-
ships between natural gas futures prices
and a portfolio of replicating assets
traded in equity markets. They use coin-
tegration techniques in order to track per-
sistent pricing equilibria, and they posit
that mispricing arises when natural gas
futures at the London ICE diverge from
the price of a replication portfolio com-
posed by an ETC and an ETF invested
in natural gas. They verify that mispric-
ing dynamics revert back to cointegrated
equilibria with predictable behavior, and
exploit this stylized fact by testing in
this commodity market trading strate-
gies commonly used in equity markets.

Viviana FANELLI
Alberto LESCA

F
or years investors and speculators have

been interested in developing quantitative
methods and trading strategies in order
to exploit arbitrage opportunities arising

on financial markets. One of the first automated
trading strategies developed in the 1980s was called
‘Pairs Trading’. It tracked short term mispricings in
a pair of similar securities and exploited it through

arbitrage trading. Traders identified opportunities
using graphic analysis of trends and their reversion
between the prices of two assets with similar char-
acteristics. Asset pairs were selected on the basis of
intuition, economic fundamentals, long term corre-
lations, or simply past experience. By the end of last
millenium, the growing demand for models that
could correctly describe more sophisticated trad-
ing strategies led to the development of so-called
statistical arbitrage strategies. Statistical Arbitrage
(StatArb) could be described as the attempt to profit
from pricing inefficiencies identified using statis-
tical models. The term StatArb was used for the
first time in the 1990s and remained widely used by
operators in financial markets until 2002. However,
by 2000 dramatic changes in market dynamics led
to weak performance of existing models and, conse-
quently, StatArbs started to command less attention
in the market. According to Pole (2007), renowned
interest for them returned only in 2006, when more
accurate algorithms secured better results.

According to Burgess (1999a) and Bondarenko
(2003) a StatArb is a generalization of the tradi-
tional zero-risk or pure arbitrage. In the latter
case, gains are received with no possibility of losses.
Fair-price relationships between asset pairs with
identical cash-flows are constructed and pure ar-
bitrage opportunities are identified when prices
deviate from these relationships. Instead, we refer
to StatArb as a zero-cost trading strategy for which
the expected payoff is positive, and the conditional
expected payoff in each final state of the economy
is nonnegative, in a finite-horizon economy. Many
authors, like Burgess (1999b), Elliot and Malcolm
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(2005), Do et al. (2006), Bertram (2009), Avellaneda
et al. [1] propose quantitative methods to exploit
statistical arbitrage opportunities on stock markets.

Construing StatArbs usually consists of three
steps:

1. Synthetic assets are obtained as combinations
of existing assets in order to replicate the
value of a target asset or a target portfolio,
so that a statistical fair-price relationship is
obtained. The assets are selected in such a
way that deviations from the fair-price rela-
tionship, called statistical mispricings, have
potentially predictable components in their
dynamics. The mispricings have to exhibit a
strong mean-reversion;

2. Statistical arbitrage opportunities are identi-
fied through statistical estimates and forecasts
of changes in mispricing dynamics;

3. Appropriate trading rules are implemented
to profit.

This article aims to devise a general statistical
arbitrage methodology for trading on natural gas
markets. In particular we apply the trading strat-
egy developed by Avellaneda et al. [1] by using
commodity sector ETCs and ETFs.

In the following section we illustrate the statisti-
cal arbitrage methodology, consisting of three steps:
the construction of a mispricing relationship, the
fulfilment of some predictability conditions, the im-
plementation of trading rules. Next we discuss the
performance of the employed strategy. Finally, in
the last section concludes the article.

Synthetic Commodity Trading System

In this section we describe the synthetic commodity
trading system methodology adopted for building
a statistical arbitrage model.

In the first step we construct the so-called statis-
tical mispricing portfolio following the cointegra-
tion approach described by Burgess (1999a). The
general procedure contemplates to individuate a
target commodity and select other assets whose
combination forms a replication portfolio of the
target commodity. Deviations between the target
commodity price and the replication portfolio value
represent statistical mispricings. The use of a price
combination instead of a single price has a financial
meaning. In fact, a price combination ia a relative
value, and, if chosen in an appropriate way, it can
be statistically independent of market-wide risks
and influenced only by commodity specific aspects.
This statement is at the basis of traditional asset

pricing models such as CAPM (Capital Asset Pric-
ing Model) and APT (Arbitrage Pricing Theory).
The point is that the noise or stochastic compo-
nent in asset returns is common to many assets in
the market, so an appropriate combination of asset
prices can eliminate the effect of market-wide risk
factors. Consequently, combination dynamics are
affected only by asset specific component dynamics
that are potentially more predictable. In this con-
text, according to Avellaneda et al. [1], we consider
a portfolio consisting of an ETC and an ETF in-
vested in natural gas, that replicates the natural gas
value itself. The replication portfolio can be seen as
an asset that explains the systematic return compo-
nent of natural gas, that is the return of risk-factors
associated with the market under consideration.

In a second step, we verify that mispricing dy-
namics fulfil predictability conditions. We employ
standard statistical tests for autoregressive, mean-
reverting and non random walks dynamics. In
particular, we refer to Burgess (1999a) and apply
variance ratio tests in order to verify the mean-
reverting behaviour of mispricing dynamics.

The third step of the methodology consists in
implementing the ‘s-score’ trading strategy devel-
oped by and applying Bollinger bands technique.

The Mispricing Portfolio of Natural Gas

We are interested in building a mispricing portfo-
lio in which we consider the 1-month Natural Gas
Futures, traded on the Intercontinental Exchange
(ICE), as target commodity and we use an ETC
and an ETF for the replication porfolio, namely re-
spectively Dow Jones-Ubs Natural Gas Subindex
(NGAS), issued by ETF Securities, and S&P GSCI
Commodity Index (GSCI), issued by iShares. The
data set consists of closing prices spanning from
September 2009 to June 2011.

From a theoretical point of view, given the tar-
get commodity with price Tt at a generic time t ≥ 0,
a synthetic asset with value Xt is constructed as
linear combination of similar assets, such that the
following statistical fair-price relationship among
variables holds

Tt = Et[Tt|At] = Xt, (1)

where At denotes the price vector of assets con-
nected to the target commodity, and Et is the ex-
pectation conditional to all information available
at time t, including asset prices. It follows from
equation (1) that the statistical mispricing at time
t is given by the deviation from the fair-price rela-
tionship, as follows

Mt = Tt − Xt (2)
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Variable Coefficient Std. Error t-Statistic Prob.
const 1.89115 0.281404 6.720 5.46e−011

Ngas 4.09906 0.222581 18.42 6.06e−057

Gsci 0.0298241 0.00707368 4.216 3.00e−05

Statistics
R-squared 0.451509

Adjusted R-squared 0.449087
S.E. of regression 0.385423

Akaike info criterion 427.5491
Schwarz criterion 439.9166

Durbin-Watson statistic 0.157131

TABLE 1: Cointegration regression for natural gas.

Mispricing dynamics can contain predictable
components that can be exploited on the basis of
statistical arbitrage trading strategies. The method-
ology most commonly adopted in order to con-
struct series of statistical mispricings is based on
cointegration techniques. If we consider n assets
correlated with the target price, such that they share
the same common trend, a cointegration regression
is used to obtain asset linear combination coeffi-
cients. Linear combination coefficients constitute
the vector of cointegration. They are estimated by
regressing the set of historical prices Ai

t, i = 1, ..., n,
on the target price, such that

Xt = β0 + ∑
i

βi Ai
t, i = 1, ..., n (3)

where βi, i = 1, ..., n, are portfolio weights and
β0 is a constant. Corresponding statistical mispric-
ings are obtained by substituting (3) back into (2)
as follows

Mt = Tt − β0 −∑
i

βi Ai
t, i = 1, ..., n, (4)

Mispricings can be considered as values of a
portfolio consisting of the assets {Tt, A1

t , A2
t , ..., An

t }
according to the weights {1,−β1,−β2, ...,−βn}.

At a generic time t, Mt also represents the ex-
cess value of the target price compared to the value
of the replication portfolio and it can be seen as
a stochastically de-trended version of the original
target price with respect to observed time series.
Hence, Mt behaves as a proxy of non-directly ob-
served risk factors, which determine a stochastic
trend that is common to many market prices.

In fact, in this context, we can use the rela-
tionship obtained in equation (1) for writing the
stochastic equation of target asset return according
to (Avellaneda et al. [1]), that is:

dTt

Tt
= β0dt +

n

∑
i=1

βi
dAi

t
Ai

t
+ dMt, (5)

where ∑n
i=1 βi

dAi
t

Ai
t

represents the systematic com-

ponent of the return, driven by returns of ETCs and
ETFs, and β0dt + dMi represents the idiosyncratic
component of the return.

We estimate equation (3) by carring out the
cointegration analysis in order to find coefficients
of the linear combination that replicates the Natural
Gas futures. Results of the cointegration regression
on 461 observations are shown in Table 1. The test
statistic of the Augmented Dickey-Fuller (ADF) test
for residuals is -3.75029 with a p-value of 0.04869,
so that a cointegration relationship is evidenced.
Statistical mispricing time series are plotted in Fig-
ure 1 .

Predictability investigation

In the previous subsection we have analysed the
long term relationship among selected assets. Now
we need to identify whether a predictability condi-
tion exists in our case. This condition can be seen
as goodness of forecasting the future dynamics of
the underlying assets. The autocorrelation function
of the mispricing time series is used to examine the
short term effects. As we can see from Figure 2,
autocorrelation coefficients with a value different
from zero indicate that the future value of time
series is related to the past value and hence the
presence of a predictable component is expected.
This means that there is statistical evidence of pre-
dictability. Future values of time series depend on
past values.

We look at results for unit root tests obtained
in the previous subsection in order to verify the
stationarity of the time series. The stationarity is
asserted by value −3.75029 of the ADF statistic test,
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FIGURE 1: Natural Gas Statistical Mispricing
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FIGURE 2: Autocorrelation Function (above) and Partial Autocorrelation Function (below)

56
energisk.org



0,00 

0,20 

0,40 

0,60 

0,80 

1,00 

1,20 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 

Va
ria

nc
e 

Ra
tio

 

FIGURE 3: Variance Ratio Function

even if acceptable, the high value of the p-value,
0.04869, could mean an absence of mean reversion.
A theoretical problem about the low power of classi-
cal statistical tests, like DF and ADF, to clearly iden-
tify prediction conditions is well known in econo-
metrics field. Then, we use the more robust test
of Variance Ratio in order to verify if mispricing
dynamics deviate from the random walk behaviour
and mean revert. The variance ratio is defined as
the normalized ratio between a long term variance,
calculated over a generic period τ, and a single
period variance. A variance ratio greater than one
suggests that time series is positively serially cor-
related, so the variance ratio function is increasing
and there is a trending behavior of time series over
timescale τ1 < τ2 < .... On the contrary, a variance
ratio less than one suggests that return time series
is negatively serially correlated, the variance ratio
function is decreasing and time series has a mean
reverting behaviour. So we calculate the variance ra-
tio over consecutive time periods τ1 < τ2 < ... and
obtain the variance ratio function. Its analysis al-
lows us to find out a mean reverting nature. Figure
3 displays the Variance Ratio function of mispricing
relative to our analysis. It is a decreasing function,
with all values less than one. So, mispricing dy-
namics follow a mean-reverting process, asserting
the sure evidence of predictable components.

Thus, we can represent mispricing dynamics
through a Ornstein-Uhlembeck process:

dMt = α(m−Mt)dt + σdWt, M0 = M (6)

where α, m, and σ are positive constants, Wt is a
standard Wiener process, and M is the mispric-
ing value at inception. Parameter α indicates the
speed of mean reversion, m is the long-run mean
value and σ the volatility of mispricing returns.

We represent the Ornstein-Uhlembeck process in
discrete time in order to estimate the parameters
of (6). We use a first-order autoregressive model,
AR(1), on a time grid 0 = t0, t1, t2, ... with time step
∆t = ti − ti−1, so we have:

M(ti) = c + bM(ti−1) + δε(ti), (7)

where coefficients c and b are estimated by using
the OLS regression and ε(t) is a Gaussian white
noise ε ∼ N (0, 1). Relations among variables of
equation (6) and equation (7) are the following:

c = m(1− e−α∆t),

b = e−α∆t,

δ = σ
√

∆t.

Trading rules implementation

In this subsection we discuss the third step of our
methodology. We aim at investigating suitable trad-
ing rules that identify trading signals for opening
and closing positions in the market. We review the
‘s-score’ trading strategy described in [1] and test it
on natural gas data.

We introduce a new variable, called s-score, st:

st =
Mt −m

σeq
, (8)

where Mt and m are respectively the mispricing
process and the mispricing long run mean, whereas
σeq is the equilibrium variance, that is

σeq =
σ√
aα

.

The s-score measures the distance to equilib-
rium of the cointegrated residual in units of stan-
dard deviations. This means that it measures how
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FIGURE 4: Natural Gas s-score strategy

Mispricing Portfolio Position cutoff (std units)
Open long position −sbo -5
Close long position −ssc -1
Open short position +sso 5
Close short positin +sbc 1

TABLE 2: s-score cutoffs used in implementing the strategy.

far away the target commodity is from the theoreti-
cal equilibrium value associated with our model.

We can say that the s-score represents a sort
of “ex-ante Sharpe Ratio", very useful for gener-
ating trading signals in the context of statistical
arbitrage. After plotting the calculated s-score time
series, and having analyzed the main levels that
have characterized past mispricings, we proceed
to empirically establish the trigger conditions used
for producing trading rules. Basically a long or
short position is opened when the s-score reaches a
fixed support/resistance, that is when mispricing
fluctuations show anomalous values. Conversely,
positions are closed when the s-score approaches
the long-term value. Opening a long position on
the underlying (mispricing portfolio) means, from
an operational point of view, to buy n-dollars of
the target commodity and at the same time sell
nβi-dollars of the ETC/ETF and viceversa when a
position is closed; opposite transactions occur when
there is a short trade.

Summarizing, our basic trading signals based
on mean-reversion are

- buy to open if st < −sbo

- sell to open if st > +sso

- close short position if st < +sbc

- close long position st > −ssc.

where −sbo, +sso, +sbc and −ssc are the cutoffs of
the strategy.

Cutoff values that we plot in the Figure 4 are es-
tablished taking into account qualitative and quan-
titative graphic analysis. More precisely, levels
that indicate to open or close a long position are
obtained from data corresponding to the average
of negative s-scores, while in the case of open-
ing/closing a short position we calculate the av-
erage value of positive s-scores. We show s-score
cutoffs used in implementing our strategy in Table
2.

Performance

In this section we evaluate strategy profitability,
and we have to take into account the amount of
transaction costs that, however, have not easily stan-
dardized quantification. We must consider that
statistical arbitrage operativity is placed in a con-
text of proprietary trading, where there is a high
level of customization commission profiles which
can apply to professional operators, based on their
level of operations. Furthermore, it is known that
there exists an absolute discretion about details of
transactions undertaken in the trading rooms of
institutional investors and therefore it is not easy to
have information about them. Gatev et al. [10] how-
ever conduct empirical tests of statistical arbitrage

58
energisk.org



strategies applied to equity universe and prove their
profitability even considering transaction costs.

We use the following formula in order to cal-
culate the performance, Rt, of the strategy at time
t:

Rt = Mt
∆Mt

Tt + Xt
− c|∆Mt| (9)

where ∆Mt = Mt −Mt−1, Tt is the target commod-
ity price and Xt the replication portfolio value, and
c is the percentage transaction cost.

The first member of the equation (9) corre-
sponds to the proportional change in the mispric-
ing with respect to the total size of portfolio com-
ponents, that is the value of the target asset plus
the value of the synthetic asset; the second part of
the equation allows to take into account transac-
tion costs that incur in cases of opening/closing
positions, they are costs proportional to the time
variation of the mispricing value. More specifically,
we condense in the term c an estimate of any cost of
slippage, rolling, bid-ask spread and short selling
in relation to the ETC/ETF used in the replicating
portfolio, together with the management fees ac-
crued according to the holding time. In this paper
we set transaction cost value at 0.3%.

Furthermore, we introduce an indicator that de-
scribes the risk associated to the variability of gener-
ated profits: the well-known Sharpe Ratio (Sharpe,
1966). It measures the so-called "risk-adjusted re-
turn", that is the profitability per unit of risk. In
the context of StatArb, the Sharpe Ratio, SRt, is cal-
culated as the ratio of the annualized mean return
over annualized return standard deviation:

SRt =
1
n ∑n

t=1 Rt√
∑n

t=1[Rt− 1
n ∑n

t=1 Rt]
2

n

(10)

Sharpe Ratios obtained by applying the de-
scribed s-score trading strategy to natural gas mar-
ket are high:

- The annualized Sharpe Ratio of the year 2009
is 2.39;

- The annualized Sharpe Ratio of the year 2010
is 2.47;

- The annualized Sharpe Ratio of the year 2011
is 2.35.

It will be obviously up to the strategy operator
to assess the trade-off existing between the choice
of cutoff values and transaction costs, such as in the
case of the choice of a particularly aggressive strat-
egy that involves numerous entries/exits in/from
the market. In this latter case, cutoffs would have

values very close to the long run s-score mean
value.

We also need to mention risk management ac-
tivity that has to be monitored when the s-score
goes out of the external cutoff levels. In this case,
the risk-management has to decide the threshold
levels for closing the position.

Finally, we present a further analysis of the s-
score plot coupling a known indicator of technical
analysis: the Bollinger bands. Bollinger bands are
here used to test the validity of trading signals. This
indicator is fundamentally based on the volatility
of the underlying. Given two positive factor G and
F, we first calculate the G-period moving average of
the underlying s-score, and then we add/subtract
the standard deviation of the calculated moving
average, multiplied by F. In this way we obtain the
Bollinger bands.

We can slightly vary parameters G and F, but
according to the theory the more appropriate value
are the following:

- G = 20 and F = 2 Valid in general;

- G = 10 and F = 1.9 Valid in the context of
short-term trading;

- G = 50 and F = 2.1 Valid in the context of
medium-/long-term trading.

We can therefore plot three bands:

- Middle band obtained by using the G-period
moving average;

- Upper band obtained by adding to the mov-
ing average F-times its standard deviation;

- Lower band obtained by subtracting from the
moving average F-times the standard devia-
tion.

Therefore if bands are distant, there is a market
phase characterized by high volatility, by contrast,
if the space between bands is tight, there is a low
volatility in the market. Finally, if bands converge,
it means that the volatility is decreasing, on the
contrary, volatility increases if bands diverge. From
an operative point of view, the Bollinger Bands give
signals of buying and selling when the following
conditions take place:

- There is a sell signal when the s-score line
crosses upwards the upper band and then
cross it again; this corresponds to a rapid in-
crease in the s-score and its subsequent slow-
down or adjustment;

- There is a buy signal when the s-score line
goes out of the lower band and then enter it
again, that is the s-score very quickly drops
to a stop and possibly reverses the trend.
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FIGURE 5: Natural Gas Bollinger Bands

Actually, this indicator considered alone can
generate false signals in some cases, for example
when the s-score line touches the lower band, giv-
ing a buy signal, but it continues its downward
trend. For this reason it is recommended to use
other indicators in order to test the band behav-
ior. When two or more indicators confirm the band
behavior, the signal takes on greater significance.

In our case we apply Bollinger bands together
with cutoffs, so that we can compare trading signals
obtained with both of the strategies. In Figure 5
we show the Bolliger Bands strategy. The s-score
NGas Close represents the s-score time series, the s-
score MM20 represents the 20-day moving average,
the s-score BB+ is the upper band obtained using
a factor F = 2 and s-score BB- is the lower band
obtained using the same F. We also show cutoff
lines in the same picture, and comparing trading
signals obtained by the two strategies we can see
that one strategy confirms the other one.

Conclusions

The goal of this paper is to verify the implementabil-
ity and profitability of a statistical arbitrage strategy
having as underlying financial instruments related
to commodities, in particular we deal with natu-
ral gas market. We propose a statistical arbitrage
methodology in order to build a trading strategy

that shows excellent performances. The adopted
approach is essentially an extension of the "rela-
tive value" concept, closely related to that of co-
integration, and it is justified by the fact that asset
prices are potentially more predictable when they
are analyzed in combination rather than in individ-
ual terms. This perspective represents a significant
improvement of the standard pairs trading, because
it aims at modelling the relationships between more
than two underlyings. If pairs trading is based on
the existence of pairs of similar assets, the basis of
our work is to build “synthetic” couples starting
from a combination of more assets. This means that
certain assets are weakly redundant in the market,
so any deviation of their price from a cointegrated
asset price linear combination is expected to be tem-
porary and therefore subject to the phenomenon of
mean reversion. The starting point is obviously a
careful analysis of underlying historical time series,
because it allows the construction and identification
of asset combinations characterized by a predictable
component that can be exploited in a context of sta-
tistical arbitrage.

In particular, we apply a trading strategy pro-
posed by Avellaneda et al. [1], and we find a very
promising result. This suggests more research is
indicated in this direction, in particular statistical
arbitrage opportunities can be investigated in other
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commodity markets and new and complicated trad-
ing rules can be developed.
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Monetary Measurement of
Risk: a Critical Overview
Part III: Convex Risk Measures

Recall that in part I Andrea Roncoroni
and Lionel Lecesne provided the gen-
eral definition of a monetary measure of
risk and developed the example of VaR.
In part II they discussed the consistency
of coherent risk measures and showed
that subadditivity might not be an ad-
equate requirement for a monetary risk
measure. In the present paper, Lionel
Lecesne introduces and explores the class
of convex measures of risk, suggested in
the literature as a response to the short-
comings of coherent risk measures. In
particular, the author explains how con-
vex risk measures offer a solution to the
problem posed by liquidity risk. Finally,
he introduces the Aumann-Shapley eco-
nomic capital allocation rule developed
by Tsanakas (2009) and provides a com-
parison based on a coherent and a con-
vex risk measure, respectively Expected
Shortfall and the entropic risk measure.

Lionel LECESNE

In Part II of this series of papers devoted to fi-
nancial risk measurement, we introduced the
class of coherent risk measures, defined as the

set of monetary measures of risk satisfying the two
additional requirements of positive homogeneity

and subadditivity. We briefly recall the axioms of
coherence below for the reader’s convenience.

Let X be a given space of random variables and
let ρcoh : X → R denote any coherent measure of
risk. Then, for any pair of positions X, Y ∈ X , ρcoh

satisfies:

- Positive Homogeneity (PH): for any λ ≥ 1,
ρcoh (λX) = λρcoh (X);

- Subadditivity (SUB): ρcoh (X + Y) ≤
ρcoh (X) + ρcoh (Y).

We provided some arguments explaining why co-
herence may be a too stringent requirement for a
financial risk metric (Lecesne and Roncoroni, 2014).
In particular, we developed an example based on
VaR supporting the idea that a merger may cre-
ate additional risk, which is in contradiction with
subadditivity.

A further argument frequently invoked against
coherence is liquidity risk. Recall that market liq-
uidity risk refers to the inability of trading an asset
with immediacy at current market prices (refer to
Lecesne and Roncoroni (2013) for further details).
In practice, it means that a trader who wants to
liquidate (purchase) a portfolio is exposed to liquid-
ity risk if the market is not deep enough to avoid
the price to move during the execution of the order.
Hence Föllmer and Schied (2002) and Frittelli and
Rosazza-Gianin (2002) point out that coherence is
incompatible with liquidity risk: due to this latter,
risk should increase in a nonlinear manner with size
of the position and not in a linear one as suggested
by positive homogeneity.

As positive homogeneity and subadditivity can
no longer be retained, Föllmer and Schied (2002)
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FIGURE 1: Classification of Monetary Measures of Risk.

and Frittelli and Rosazza-Gianin (2002) suggest to
replace these axioms by a single convexity require-
ment. Convexity states that the risk of a blended po-
sition is lower than the blend of the individual risk
outputs, which signifies that diversification does
not create additional risk. This discussion leads to
the following definition of convex risk measures:

Definition 1. Let ρ : X → R be a given monetary
measure of risk. Then, ρ is a convex measure of risk if
for any pair of positions X, Y ∈ X it satisfies the con-
vexity requirement given by:

- Convexity (CV): for any θ ∈ [0, 1],
ρ (θX + (1− θ)Y) ≤ θρ (X) + (1− θ) ρ (Y).

In the sequel, any convex measure of risk will be denoted
by ρcv.

Notice that a monetary measure of risk ρ is nor-
malized if ρ (0) = 0. The next proposition shows
that any convex measure of risk that is normalized
authorizes to take liquidity risk into consideration
since it is then positively superhomogeneous, mean-
ing that upscaling a position increases risk in a
more than proportional way.

Proposition 1. Let ρcv be a normalized convex mea-
sure of risk. Then, for any X ∈ X and any λ ≥ 1,
ρcv (λX) ≥ λρcv (X).

Proof. Refer to Appendix.

A popular example of convex measure of risk
is given by the entropic risk measure, which was first
introduced by Gerber (1974) in the framework of in-
surance premium calculation and then extensively
treated by Föllmer and Schied (2002) for financial
markets.

Definition 2. For a fixed parameter β > 0, the entropic
risk measure is a functional ρ

β
X → R defined by

ρ
β
(X) :=

1
β

log E
[
e−βX

]
, for any X ∈ X . (1)

Tsanakas (2009) points out that for positively
dependent positions X, Y ∈ X , the entropic risk
measure becomes superadditive, which formally
corresponds to the property ρ

β
(X + Y) ≥ ρ

β
(X) +

ρ
β
(Y). Also, he deplores that this measure is super-

additive even when dependence is weak, meaning
that there is no diversification benefit at all. In
our view, this property might on the contrary be
rather beneficial as it warns the portfolio holder that
when the assets are correlated, the total amount of
economic capital that is required may be more sig-
nificant than simply the sum of the individual risk
outcomes. Furthermore, if Y = X in the above prop-
erty, we get ρ

β
(2X) ≥ 2ρ

β
(X) which is consistent

with intuitions on liquidity risk as doubling the size
of a position then increases risk by more than twice.

We conclude this part with an axiomatic classi-
fication of all monetary measures of risk that have
been discussed from part I of this crash-course. Be-
fore going further on this matter, let us introduce
the next proposition which concerns the class of
coherent measures of risk:

Proposition 2. Any coherent measure of risk is convex.

Proof. Refer to Appendix.

Figure 1 provides a summarizing representation
of all subclasses of monetary measures of risk pre-
viously discussed. By increasing order, observe that
spectral risk measures are included in the set of
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coherent risk measures which is itself a subset of
convex measures of risk. Some remarks may be
established from this figure:

- Expected Shortfall is the only risk metric be-
longing to all risk measures classes;

- Expected Shortfall and the entropic risk mea-
sure are both convex but only Expected Short-
fall is also coherent. For this reason it is often
interesting to compare the outputs of these
two measures applied to the same position;

- Finally, remark that VaR does not belong to
any of the subsets of monetary measures of
risk; this raises the question of why this risk
metric is so widely used in the financial in-
dustry if it is so far from "standards".

Economic Capital Allocation using the
Aumann-Shapley Rule

Once the issue of economic capital determination
is resolved, a second question arises of how to al-
locate optimally the amount between the differ-
ent subportfolios. In this section we introduce a
possible answer to this problem referred to as the
Aumann-Shapley economic capital allocation rule,
dealt with in Tsanakas (2009). We then develop
this mechanism for the entropic risk measure and
for Expected Shortfall, which are known to be re-
spectively convex and coherent. Before deriving
economic capital allocation for the particular risk
measures that we just putted forward, let us pro-
vide some insights on economic capital allocation
via the Aumann-Shapley rule. To this end, consider
an aggregate portfolio composed of i ∈N subport-
folios each yielding a random cash-flow Xi ∈ X .
Then, the aggregate portfolio’s cash-flow is given
by X = ∑i Xi. Given a monetary measure of risk
ρ, the economic capital allocation problem consists
to assign to each subposition an optimal amount
Ci ∈ R such that ∑i Ci = ρ (X). A formal definition
of the capital allocation problem is provided below:

Definition 3. Let X ∈ X be a given aggregate cash-
flow and Xi ∈ X the cash-flow of any subposition. For
a fixed monetary risk measure ρ : X → R, the economic
capital allocation problem consists to find a linear map
Ψρ (.; X) : X → R such that ∑i Ψρ (Xi; X) = ρ (X).

The Aumann-Shapley rule is a particular eco-
nomic capital allocation mechanism based on the
contribution to aggregate risk of the subportfolios.
A necessary tool to derive the Aumann-Shapley
rule is the Gateaux derivative that we recall below:

Definition 4. Given a cash-flow X ∈ X , a monetary
measure of risk ρ is Gateaux differentiable at X if the
limit

Dρ (Y; X) := lim
h↘0

ρ (X + hY)− ρ (X)

h

exists for all Y ∈ X and if the mapping Y → Dρ (Y; X)
is a linear bounded functional. Then, Dρ (Y; X) is
called the Gateaux derivative of ρ at X in the direction
of Y.

Given an aggregate cash-flow and a monetary
risk measure, we now introduce the Aumann-
Shapley allocation rule which allocates economic
capital according to the contribution of each sub-
portfolio to aggregate risk.

Definition 5. Let X ∈ X be a given aggregate cash-
flow and ρ a monetary measure of risk that is Gateaux
differentiable at θX, θ ∈ [0, 1]. Then, the Aumann-
Shapley allocation rule is a map Ψρ (.; X) : X → R

defined by

Ψρ (Xi; X) :=
∫ 1

0
Dρ (Xi; θX) dθ, (2)

where Xi ∈ X is the cash-flow of any subposition of X.

In the following, we compare the outputs of
the Aumann-Shapley allocation rule applied to a
given aggregate portfolio when two different risk
measures are considered. In particular, we choose
Expected-Shortfall and the entropic risk measure
as these measures are respectively coherent and
convex.

Let X ∈ X be the cash-flow of a given aggre-
gate portfolio and Y ∈ X the cash-flow of any
subposition. We assume that X and Y are normally
distributed with mean µZ and standard deviation
σZ, Z ∈ {X; Y}. Also, covariance between X and Y
is given by cov (X, Y) = σXσYr, where r ∈ [−1, 1]
denotes the correlation coefficient.

Let us first derive the Aumann-Shapley alloca-
tion rule when the risk metric is the entropic risk
measure:

Proposition 3. Let ρ
β

denote the entropic risk measure
with fixed β > 0 as defined by (1). Then, the Aumann-
Shapley allocation rule is given by

Ψρ
β
(Y; X) = −µY +

1
2

βσXσYr. (3)

Proof. Refer to Appendix.

Remark that when the risk measure is entropic,
the amount allocated to the subportfolio depends
on the expected subportfolio’s cash-flow and on the
covariance between the aggregate cash-flow and
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r = 0.5 Ψρ
β
(Π1) ΨρES

α
(Π1) Ψρ

β
(Π2) ΨρES

α
(Π2)

σ1 = 0.05, σ2 = 0.2 28.64 5.13 114.56 20.5
σ1 = 0.1, σ2 = 0.2 66.14 10.25 132.29 20.5
σ1 = 0.2, σ2 = 0.2 173.21 20.5 173.21 20.5

TABLE 1: Aumann-Shapley Economic Capital Allocation (in dollars) based on the entropic risk measure ( Ψρ
β
(.)) and on Expected

Shortfall (ΨρES
α
(.)).

the subportfolio’s cash-flow. An increase of the
expected subportfolio’s cash-flow leads to a reduc-
tion of the amount allocated to this subportfolio.
Also, if aggregate and subportfolio’s cash-flows are
positively correlated, an increase of the volatility of
the subposition’s cash-flow raises economic capital
allocated to this latter.

First recall that for any X ∈ X , Expected Short-
fall with confidence level α ∈ [0, 1] is defined by
ESα [X] := 1

1−α

∫ 1
α F−1

X (1− u) du, where FX denotes
the cumulative distribution function of X. The next
proposition provides the Aumann-Shapley alloca-
tion rule when the considered risk measure is Ex-
pected Shortfall.

Proposition 4. Let ρES
α denote Expected Shortfall with

fixed confidence level α ∈ [0, 1]. Then, the Aumann-
Shapley allocation rule is given by

ΨρES
α
(Y; X) = −

(
µY +

σYr
1− α

∫ 1

α
Φ−1 (1− u) du

)
,

(4)
where Φ denotes the cumulative distribution function
of a standard normal random variable.

Proof. Refer to Appendix.

When the risk measure is Expected Shortfall,
even if the allocation rule also depends on the ex-
pected subportfolio’s cash-flow, strinking is to ob-
serve that the covariance between the aggregate
cash-flow and the subposition’s cash-flow is not
considered. Only the volatility of the subportfo-
lio’s cash-flow and the correlation coefficient are
taken into account, meaning that one source of risk,
namely the volatility of the aggregate cash-flow, is
overshadowded in comparison to the entropic case.

Numerical Application

Let us now consider the case of a portfolio com-
posed of two different assets indexed by i = {1, 2}.
Let qi ∈ R denote the number of assets of type i
held in the portfolio and let Xi ∈ X denote the price
change of asset i over a given time interval. Then,
the aggregate cash-flow, denoted Π, is defined by
Π := ∑i qiXi.

Assume the aggregate portfolio is split in two
subportfolios qi, i ∈ {1, 2}, each corresponding to

the total number of units of asset i held. Then,
the cash-flows of the subpositions are given by
Πi := qiXi. In the sequel, we are concerned with
the allocation of economic capital among the sub-
portfolios, knowing that price changes of both as-
sets have different probability distributions. In-
deed, we assume that price changes Xi are nor-
mally distributed with mean µi and variance σ2

i
and that the covariance between X1 and X2 is given
by cov (X1, X2) = σ1σ2r, r ∈ [−1, 1].

The next proposition provides the Aumann-
Shapley allocation rule when two different risk
metrics are considered, namely the entropic risk
measure and Expected Shortfall:

Proposition 5. Given the aggregate cash-flow Π, the
Aumann-Shapley allocation rule is given by

Ψρ
β
(Πi; Π) =

− qiµi +
1
2

βrqiσi

√
q2

i σ2
i + 2qiqjσiσjr + q2

j σ2
j

(5)

when economic capital is assessed using the entropic risk
measure, and by

ΨES
ρα

(Πi; Π) =

− qi

(
µi +

σir
1− α

∫ 1

α
Φ−1 (1− u) du

) (6)

when Expected Shortfall is the risk measure, where Πi
denotes the cash-flow of subposition i ∈ {1, 2}.

Proof. Refer to Appendix.

We may now proceed to a numerical applica-
tion. To this end, assume that each subportfolio
is composed of 100 units of the considered asset,
hence q1 = q2 = 100. Let the cash-flows of as-
sets 1 and 2 have mean µ1 = µ2 = 0. We will
consider three values of the volatility of the cash-
flow of asset 1, given by σ1 = {0.05, 0.1, 0.2}, while
the volatility of the cash-flow of asset 2 is equal to
σ2 = 0.2. Also, it is assumed that the correlation
coefficient between the two assets is r = 0.5. We fix
the parameter β of the entropic risk measure equal
to 1 and the confidence level α of Expected Short-
fall equal to 0.95. Hence, it is easily verified that

1
1−α

∫ 1
α Φ−1 (1− u) du h −2.05. Table 1 compares
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the allocations of economic capital among portfo-
lios when the entropic risk measure and Expected
Shortfall are considered.

Three important remarks can be established
from Table 1:

1. Economic capital is always more significant
when assessed with the entropic risk measure
than with Expected Shortfall. This is partly
due to the fact that the entropic risk measure
takes the volatility of both assets into account
while Expected Shortfall only considers one
source of volatility;

2. Even if the volatility of asset 2 is constant,
the economic capital allocated to portfolio 2
increases with the volatility of asset 1 when
the risk measure is entropic, while it does not
when risk is assessed with Expected Shortfall;

3. The amount of economic capital allocated to
portfolio 1 increases in a more than propor-
tional way with volatility of asset 1 when the
risk measure is entropic while it increases in

a linear way when risk is assessed using Ex-
pected Shortfall;

The previous observations conduct us to con-
clude that the entropic risk measure may perform
better than Expected Shortfall for the purposes
of risk assessment and economic capital alloca-
tion. Indeed, the entropic risk measure leads to an
Aumann-Shapley allocation that takes the volatility
of all assets into consideration, thus displaying a
more conservative behavior than Expected Shortfall.
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APPENDIX

Appendix.
Proof of Proposition 1. Assume that X contains the constants. For a fixed λ ≥ 1, define θ := 1

λ ∈ (0, 1]
and consider the positions 0, λX ∈ X . Then, λρcv (X) = λρcv (θλX + (1− θ) 0) and by convexity of ρcv,
λρcv (X) ≤ λ [θρcv (λX) + (1− θ) ρcv (0)]. Finally, the result follows by ρcv (0) = 0.

Proof of Proposition 2. Let ρcoh be a given coherent risk measure. For any X, Y ∈ X and θ ∈ [0, 1],
subadditivity of ρcoh ensures that ρcoh (θX + (1− θ)Y) ≤ ρcoh (θX) + ρcoh ((1− θ)Y) . Then, applying
positive-homogeneity to the right-hand side of last inequality leads to the desired result.

Proof of Proposition 3. Let us first compute ρ
β
(θX + ιY) and ρ

β
(θX) to establish the Gateaux deriva-

tive of ρ
β

at θX in the direction of Y. It is well-known that when X ∼ N
(
µ, σ2), then E

[
eX] =

exp
{

µ + 1
2 σ2
}

. Hence, as −β (θX + ιY) is normally distributed with mean −β (θµX + ιµY) and vari-

ance β2 (θ2σ2
X + 2θισXσYr + ι2σ2

Y
)
, it follows that ρ

β
(θX + ιY)− ρ

β
(θX) = −ιµY + 1

2 β
(
2θισXσYr + ι2σ2

Y
)
.

Dividing by ι and taking the limit when ι→ 0 yields

Dρ
β
(Y; X) = −µY + βθσXσYr.

As a final step, integrating this last result with respect to θ over [0, 1] leads to the desired Aumann-Shapley
allocation rule given by (3).

Proof of Proposition 4. For any normal random variable with mean µX and variance σ2
X, recall

that ρES
α (X) = −

(
µX + σX

1−α

∫ 1
α Φ−1 (1− u) du

)
. Let f be defined by f (ι; θ) := ρES (θX + ιY) and let

E [.] and Var [.] denote respectively expectation and variance. Then, the reader may easily verify that
E [θX + ιY] = θµX + ιµY and that Var [θX + ιY] = θ2σ2

X + 2θισXσYr + ι2σ2
Y. Hence,

f (ι; θ) = −
(

θµX + ιµY +
(

θ2σ2
X + 2θισXσYr + ι2σ2

Y

)1/2 ∫ 1

α
Φ−1 (1− u) du

)
.

The Gateaux derivative of ρES
α at θX in the direction of Y is then equal to the derivative of f at ι = 0, which

is given by

f ′ι (0; θ) = −
(

µY +
σYr

1− α

∫ 1

α
Φ−1 (1− u) du

)
.

Finally, this last equation corresponds to the Aumann-Shapley allocation rule since it does not depend on θ
and is thus indifferent to integration over [0, 1].

Proof of Proposition 5. We first derive the Aumann-Shapley allocation of subpositions q1 and q2 when
the risk measure is entropic. Following equation (3), it is given by

Ψρ
β
(Πi; Π) = −E [Πi] +

1
2

βr
√

Var [Πi]
√

Var [Π],

where E [.] and Var [.] denote respectively expectation and variance. Obviously, E [Πi] = qiµi and
Var [Πi] = q2

i σ2
i . The computation of the variance of Π requires more calculations:

Var [Π] = E
[
q2

i X2
i + 2qiqjXiXj + q2

j X2
j

]
− E

[
qiXi + qjXj

]2 where i, j ∈ {1, 2} with i 6= j.

By linearity of the expectation and using the König-Huygens formula, i.e. that for any random variable
X, Var [X] = E

[
X2]− E [X]2, we get Var [Π] = q2

i σ2
i + 2qiqjσiσjr + q2

j σ2
j . Replacing in the Aumann-Shapley

allocation formula leads to the desired result. When the risk metric is given by Expected Shortfall, following
equation ??eq:Aumann Shapley Rule Expected Shortfall), the Aumann-Shapley rule is given by

ΨES
ρα

(Πi; Π) = −
(

E [Πi] +
r
√

Var [Πi]

1− α

∫ 1

α
Φ−1 (1− u) du

)
.

As E [Πi] = qiµi and Var [Πi] = q2
i σ2

i , for any i ∈ {1, 2} the result follows immediately.
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In collaborazione 
con: 
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Tel.: +39 02 72426 077 / 079 

 

 

Dieci anni vissuti 
energicamente 

Borsa Italiana e MIP Politecnico di Milano  

la invitano a partecipare ad un seminario 

per il decennale del Corso di Alta 

Formazione in Energia e Finanza (MEF). 

 

Durante il seminario verrà  

presentato l’ACER/CEER Annual Market 

Monitoring Report 2014. 

Save the Date 

Palazzo Mezzanotte, Milano 

Lunedì 1 dicembre 2014 

h. 14.00 
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