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EDITORIAL

D

ear Readers,

not a really relaxed Summer the one we just went through,

characterised by great movements in financial markets.

Grexit

scenario before and (especially) China slowdown after caused
a sharp fall of prices in the main equity indeces, reviving
the fear of crisis and recession that seemed to be far away.
Fall of asset prices may be expected in financial markets, but may
also be the trigger for cases of sudden turmoil, especially in the
field of Energy & Commodities finance. The Summer 2015 issue is
opened by the second part of the article written by James Savage,
Mark Cummins, and Jean Charpin: they report the results of the
new real option valuation model introduced in the previous Argo
issue. The section continues with the interesting contribution of
Alessandro Mauro, Energy Risk professional, that illustrates the case
of OW Bunker: this Danish company was one of the biggest traders
of bunker oil in the world before its end in November 2014, due to
a mixture of bad economic trends, fraud and risk management loss.
The Banking & Finance section carries on with the contribution of
Antonio Castagna, Andrea Cova and Matteo Camelia, that introduce
a set of models aimed at explaining the market phenomenology
of Libor forward fixings implied in swap prices. The models they
present are all based on the idea that the Libor fixings refer to a
panel of primary banks whose composition may change over time.
We conclude as usual by encouraging the submission
of

contributions

for

the

next

issues

to improve each time this newsletter.

of

Argo

in

order

Detailed informa-

tion about the process is indicated at the beginning.
Enjoy your reading!
Antonio Castagna
Andrea Roncoroni
Luca Olivo

Summer 2015
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Offshore Wind Investment
under Uncertainty
Part II

The authors present a new real options model, different from the already known ones, aimed at providing in a simultaneously way optimised
outcomes with respect to the timing,
the size and the financing leverage
of investments.
In this second part
results of the previously described
analysis are shared and discussed.

Nordic electricity returns. The investment entry
price in the base case is shown to be approximately
EUR 48, with optimal installed capacity being approximately 2.5MW of the proposed 3MWs and
optimal financing comprising approximately 89%
debt. We identify an economic limitation of the
model for offshore wind investment. Counterintuitively, the higher the net capacity factor of the
wind farm, and hence production elasticity, then
the later the decision is made to invest under the
model. Because wind farms have no fuel costs then
the higher the net energy yield, the greater the return on investment is for the same capital costs. The
normal commercial expectation here would be for
earlier, rather than later, investment. Despite this
limitation, and some others discussed, the model
shows the importance of considering and understanding how investment drivers to offshore wind
investment impact on the investment decisions of
timing, size and leverage jointly.

James SAVAGE
Mark CUMMINS
Jean CHARPIN
n this two-part article series 1 , we apply a novel
real options model, recently proposed in the
literature, which provides simultaneously optimised outcomes with respect to (i) when to
invest, (ii) how much to invest, and (iii) by how
much to lever the financing of the investment. The
model is superior to previous models of this type
in its joint optimisation of investment timing, size
and leverage. We value an assumed offshore wind
investment located in Swedish territorial waters,
giving a practical assessment of the investment decisions. We define a base case scenario and present
a comprehensive scenario analysis, which exhibits
how the model responds to variations in its parameter inputs, i.e. its key investment drivers of capacity
capital cost, operating cost, net capacity factor, discount rate, taxation rate and bankruptcy cost, in
addition to expected growth rate and volatility of

I

1 Part

Results and Discussion
For the scenario analysis of the SVM applied to our
wind farm case study, we consider a range of parameter scenarios for contrast against the base case
scenario set out in the previous section. This serves
to provide insights into the investment decisions,
i.e. optimal investment timing, investment size and
investment leverage, that would be made around
the wind farm project and how the investment decisions would change with parameter variations. For
the parameter scenarios, each input parameter is
taken in turn, variations of this parameter are then
considered within reasonable bounds while the re-

I of the article has been published in Argo Issue n. 06 - Spring 2015, available online at: http://www.energisk.org/research/
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REAL OPTIONS MODEL
Scenario
NCF
a
β
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
42%
0.21
4.75
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
36%
0.07
14.275
37.39
0.89
25.23
25.91
12.26
2.47
10.19%
88.41%

3
38%
0.17
8.385
40.44
0.89
28.62
27.67
12.26
2.35
10.03%
88.66%

4
40%
0.21
4.754
44.09
0.94
34.19
29.77
12.26
2.35
9.89%
88.91%

5
44%
0.25
3.957
54.92
1.20
59.25
36.07
12.26
2.72
9.61%
89.46%

6
46%
0.29
3.411
63.37
1.46
87.53
41.01
12.26
3.18
9.48%
89.76%

7
48%
0.33
3.013
75.73
1.93
144.29
48.24
12.26
4.02
9.36%
90.08%

8
50%
0.37
2.710
95.58
2.80
277.82
59.90
12.26
5.61
9.25%
90.42%

TABLE 1: Production Elasticity (a) Scenarios

maining parameters are maintained at the base case
choices. Tables 1-7 present the detailed results from
this parameter scenario analysis.
Taking Table 1, which examines how the SVM
model responds to changes in the NCF of the wind
farm and hence the production capacity a, it can
be seen that in the base case scenario the entry
price trigger is estimated at EUR 48.77. This is
above the average price for the rolling 3-year futures contract in the sample period but well within
the maximum-minimum range. In contrast to this
base case scenario, it is notable that in the case
of the lower NCFs of 38% and 36%, the optimal
P∗ falls to EUR 40.44 and EUR 37.39 respectively,
close to and below the average power price. For
the higher NCFs, the optimal P∗ can be seen to increase quickly with increasing production elasticity
parameter a, to levels that ultimately (for the 48%
and 50% NCFs) exceed that maximum 3-year futures power price observed over the sample period.
A question mark is therefore raised here around
the sensitivity of the SVM to the choice of a. A
more fundamental economic issue emerges, which
calls into question the suitability of the SVM for the
wind farm case study and renewable energy based
power projects more generally. What changes in the
level of production elasticity demonstrate is that
the higher a becomes, the later the decision is made
to invest. For wind farms, though, this is a counterintuitive finding. In other words, because wind
farms have no fuel costs, the higher the net energy
yield is, the greater the return on investment is for
the same level of capital costs, kK. In addition, the
more energy that is produced in UT per unit of K,
the less sensitive investors should be to volatility
in the state variable P. As such, the normal commercial expectation here would be that the higher
the value of any production output parameter, the
earlier the investment should be made. This is due
to both the project and the debt being valued under
the SVM as functions of a perpetual stream of net
2 As

operating cash flows, and not as functions of the
cost of building the project, kK.
Converting Q∗ back into megawatts of installed
capacity K ∗ , according to K ∗ = Q∗ /NCF,2 it can be
seen that this increases with increasing NCF and
hence production elasticity. The base case NCF
of 42% suggests an optimal installed capacity of
approximately 2.5MW of the proposed 3MW. In
contrast, for an NCF of 46% and higher, the K ∗ is
larger than the proposed 3MW and in fact for the
50% NCF it is twice that at approximately 6MW.
On the one hand, it is reasonably commonplace
for large offshore wind farms to be developed in
phases over time. However, the concept that the
development of a single wind farm needs to have
the flexibility to be up to multiple times some initial size gives rise to a number of major practical
challenges. For example, to be able to implement
such an investment strategy properly, it would be
necessary to procure a site, a set of planning approval conditions, and a grid connection agreement
that all provide the investor with enough flexibility,
thereafter, to significantly vary the ultimate size
of the wind farm. Moreover, even if such arrangements could be entered into, the right to hold such
options would not be cost-free and certainly would
not be for any significant duration. To take an extreme example, if every wind farm developer had
the unfettered right to connect large amounts of
wind power to the grid at a time of their choosing,
then this would result in large amounts of generation looking to connect when P is at an optimal
level and very little generation looking to connect
when P is sub-optimal. In other words, in the hypothetical situation where this could happen, what
would begin as an optimal course of action that
was being followed by each individual developer
would soon culminate in the collapse of the system
as a whole (i.e. either too much or too little new
capacity being added).
Finally, in terms of the optimal debt c∗ , it can

we use a unit time of one hour, this allows for consistent conversion between MWh production and MW capacity.
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Scenario
k (euro/MWh)
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
104
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
83
48.77
1.10
46.17
32.49
12.26
2.61
9.75%
89.17%

3
97
48.77
1.05
44.29
32.49
12.26
2.51
9.75%
89.17%

4
110
48.77
1.02
42.83
32.49
12.26
2.42
9.75%
89.17%

5
117
48.77
1.00
42.13
32.49
12.26
2.38
9.75%
89.17%

TABLE 2: Unit Capital Cost (k) Scenarios.

Scenario
w (euro/MWh)
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
25.50
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
15.50
29.65
0.90
23.14
19.75
7.45
2.15
9.75%
89.17%

3
20.50
39.21
0.97
32.98
26.12
9.86
2.32
9.75%
89.17%

4
30.50
58.34
1.08
54.54
38.86
14.66
2.58
9.75%
89.17%

5
35.50
67.90
1.13
66.10
45.24
17.07
2.69
9.75%
89.17%

TABLE 3: Unit Operational Cost (w) Scenarios

that the higher the unit operating cost w then the
higher the optimal production capacity Q∗ returned
by the SVM. The percentage coupon c∗ /D ( P∗ ) is
unchanged across all of the k and w scenarios at
almost 9.75%, while the optimal debt level matches
the base case at 89.17%.
Given the assumption of the GBM process for
the rolling three-year futures price, Table 4 presents
results for varying volatility coefficient σ. Higher
levels of market volatility would have led to modest
increases in the level of the price entry P∗ , hitting
approximately EUR 54 per MWh for the highest
assumed volatility case of 19.6%. The optimal production capacity Q∗ in all cases is approximately
1MWh. The percentage coupon c∗ /D ( P∗ ) varies
across the scenarios, increasing marginally with
increased volatility, while the optimal debt level
decreases with increasing volatility, from approximately 91% for the lowest volatility case down to
under 88% for the highest volatility case. For the
discount rate ρ, some interesting findings emerge
from Table 5. With increasing discount rate, the
optimal installed capacity suggested by the model
can be seen to reduce, with a K ∗ equal to approximately 2MW at the 10 discount rate, a full MW less
than that proposed. The optimal entry price trigger P∗ can also be seen to decline with increasing
discount rate, with the lowest 5% rate commanding a price entry level well above the maximum
observed price historically. The reason for this pattern in entry prices is that as ρ increases in value,
there is a decline in the net value gained from waiting for further information. This results in a lower

be seen that with increasing NCF and hence production elasticity, the percentage coupon c∗ /D ( P∗ )
remains relatively stable in the approximate range
of 9-10%, with the optimal debt level being approximately 89% (in most cases). Hence, according to the
SVM, offshore investment would require an optimal
financial structure dominated by debt financing.
Although the above discussion raises some concerns about the suitability of the Sarkar [5] model
in appropriately capturing the production elasticity associated with offshore wind, the discussion to
follow shows the importance of considering and understanding how the other key investment drivers
impact on investment decisions jointly. We turn
first to Tables 2 and 3, which presents scenario analysis results for the unit capital cost k (in euro per
MWh terms) and the unit operating cost w respectively. Variations in k do not have an effect on the
entry trigger price P∗ , with a consistent price of
EUR 48.77 reported for all scenarios in line with the
base case. This characteristic of the SVM model is
consistent with the dynamics discussed by Sarkar
[5]. In contrast to this, what does change is the
optimal production capacity Q∗ determined by the
SVM. As might be expected, as the unit capital cost
increases, the incentive to put in place more installed capacity for increased production decreases.
With varying unit operating cost w, increases in this
cost are accompanied by higher price entry triggers
P∗ . Indeed, for the operating costs of EUR 30.50
and EUR 35.50 it can be seen that the P∗ exceeds
the base case by approximately EUR 10 and EUR
20 per megawatt hour respectively. Of note also is
Summer 2015
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Scenario
σ
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
0.171
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
0.146
44.08
0.99
35.02
31.06
13.03
2.36
9.39%
91.01%

3
0.151
44.96
1.00
36.56
31.32
12.87
2.38
9.46%
90.61%

4
0.156
45.87
1.01
38.17
31.60
12.72
2.40
9.53%
90.23%

5
0.161
46.81
1.02
39.85
31.88
12.56
2.42
9.60%
89.86%

6
0.166
47.77
1.02
41.62
32.18
12.41
2.44
9.67%
89.51%

7
0.176
49.80
1.04
45.42
32.82
12.11
2.48
9.82%
88.85%

8
0.181
50.87
1.05
47.45
33.16
11.96
2.50
9.89%
88.54%

9
0.186
51.97
1.06
49.58
33.51
11.81
2.52
9.96%
88.24%

5
0.09
111
45.65
0.93
32.66
31.18
13.15
2.22
11.05%
89.21%

6
0.10
119
43.47
0.86
25.80
30.32
13.90
2.04
12.35%
89.25%

10
0.191
53.11
1.07
51.82
33.88
11.67
2.54
10.03%
87.95%

11
0.196
54.29
1.08
54.16
34.27
11.53
2.56
10.11%
87.67%

TABLE 4: Volatility Coefficient (σ) Scenarios.

Scenario
ρ
k(euro/MWh)
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
0.08
104
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
0.05
81
91.53
1.77
264.24
54.02
7.88
4.22
5.89%
89.02%

3
0.06
89
63.35
1.38
106.51
39.37
9.75
3.27
7.16%
89.08%

4
0.07
96
53.76
1.17
63.09
34.73
11.16
2.79
8.45%
89.13%

TABLE 5: Discount Rate (ρ) Scenarios.

entry-trigger price P∗ .

that the P∗ is usually significantly higher than the
exit-trigger price Pe . For the base case, P∗ is almost
4 times higher than the exit price. Variations in
this ratio are seen across the parameter scenarios
but the most noticeable differences are observed in
the GBM volatility coefficient and the discount rate
cases. Indeed, for the base case, the exit price Pe is
estimated to be EUR 12.26/MWh, which is well below the minimum three-year futures price observed
over the sample period. What this broadly suggests
is that once the irreversible investment decision has
been made, there is little prospect thereafter of the
wind farm ever being shut down. Intuitively, given
the fact that wind farms have zero exposure to fuel
costs, as well as the assumption made by Sarkar
[5] that debt is treated as equity post-bankruptcy
(i.e. no further interest payments are made), such a
finding is economically plausible. In contrast, P∗ is
only 1.5 times the bankruptcy-trigger price Pb in the
SVM. The fact that optimal leverage in the project
is as much as 89% in the base case may explain
such modest headroom. At the same time, given
that price volatility in the SVM is 17.1% per annum,
this remains a finding that both debt and equity
investors would need to consider with care.

For the final pair of parameters, that is the taxation rate τ and bankruptcy cost α, the results of the
scenario analysis are given respectively in Tables 6
and 7. Interestingly, increases in the taxation rate
can be seen to have negligible impact on both the
price entry trigger P∗ and the optimal production
capacity Q∗ relative to the base case; although the
direction of these changes are in line with those
noted by Sarkar (2011). Although the optimal debt
coupon c∗ increases modestly with the increasing
taxation rate τ, the optimal debt level increases
substantially with increased taxes; reflecting the increasing attractiveness of taxation benefits. Indeed,
for an assumed taxation rate of 32%, the SVM suggests that the extreme case of optimally financing
the project through debt alone. So from a policy
perspective, taxation serves to have minimal impact on investment timing and size but influences
how the project is financed. Similar to taxation,
increasing bankruptcy costs can be seen to have
minimal impact on both the price entry trigger P∗
and the optimal production capacity Q∗ relative to
the base case. However, the level of debt financing can be seen to vary notably from 89% under
the base case down to approximately 69% under
the extreme bankruptcy cost assumption of 46.4%.
This reflects that fact that the higher are bankruptcy
costs for a company considering a large scale investment project, the more discouraged that company
will be to use debt financing.

Conclusion
Wind energy investment is confronted with the issues of irreversibility, uncertainty, and when to invest, all issues that are magnified when considering
offshore wind energy investment. We contribute to

A final comment on the SVM worth noting is
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Scenario
τ
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
0.22
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
0.12
48.55
1.04
40.99
31.14
12.26
2.48
9.38%
77.15%

3
0.17
48.66
1.04
42.56
31.97
12.26
2.47
9.58%
83.37%

4
0.27
48.89
1.03
44.06
32.87
12.26
2.45
9.90%
95.16%

5
0.32
49.02
1.02
44.47
33.17
12.26
2.43
10.06%
101.64%

TABLE 6: Taxation Rate (τ) Scenarios.

Scenario
α
P*
Q*
c*
Pb
Pe
K*
c* (%)
% Debt

Base
0.064
48.77
1.03
43.47
32.49
12.26
2.46
9.75%
89.17%

2
0.164
48.89
1.03
39.80
30.83
12.26
2.45
9.61%
82.68%

3
0.264
48.96
1.03
36.90
29.51
12.26
2.45
9.52%
77.37%

4
0.364
49.00
1.03
34.52
28.42
12.26
2.45
9.45%
72.93%

5
0.464
49.03
1.03
32.52
27.51
12.26
2.44
9.40%
69.12%

TABLE 7: Bankruptcy Cost (α) Scenarios.

the renewable energy investment literature through
the application of the novel, flexible real options
model proposed by Sarkar [5], which provides for
simultaneously optimised outcomes with respect
to (i) when to invest, (ii) how much to invest, and
(iii) by how much to lever the financing of the investment; all three of which are fundamental to
any investment decision. The Sarkar [5] model
lies within the seminal real options framework of
Dixit and Pindyck [6] and extends related works
[7], [8], [9], [10], that previously have not been able
to consider jointly investment timing, investment
size and investment leverage. We value offshore
wind investment in the jurisdiction of Sweden, applying the Sarkar [5] model to practically assess
the optimal investment decisions for such a large
scale renewable energy investment. Performing a
scenario analysis, insights are given into the optimal price entry trigger for this investment, along
with the optimal installed capacity suggested by
the model for the wind project and the optimal mix
of debt and equity, where in the latter case debt
is seen to dominate the financing landscape, being
approximately 89% in the base case. This scenario
analysis shows the importance of understanding
how the investment decisions, in terms of investment timing, size and leverage, jointly interplay
with the factors that drive the investment, i.e. unit
capacity capital cost, unit operating cost, net capacity factor (i.e. production elasticity), discount rate,
taxation rate and bankruptcy cost, in addition to
the estimated expected growth rate and volatility

Summer 2015

of the driving Nordic power price series (under
assumed Geometric Brownian Motion price dynamics). Such interplay is lost in previous real options
methodologies.
However, despite the heightened flexibility of
the Sarkar [5] real options model, an important
limitation is identified in this study. In particular,
it is shown that the higher the production elasticity, driven by a higher net capacity factor, the later
the decision is made to invest. However, for wind
farms, this is a counterintuitive finding because as
wind farms have no fuel costs, the higher the net energy yield is, the greater the return on investment is
for the same level of capital costs. The normal commercial expectation here would be that the higher
the value of any production output parameter, the
earlier the investment should be made. Additional
to this, the model has other more practical limitations; it does not allow for construction lag, finite
operating lifetimes and the inclusion of additional
state variables (such as green certificate prices that
add value within the offshore wind investment appraisal). In terms of offshore wind investment, once
the irreversible decision has been made to invest,
it takes at least two years before this investment
begins to generate a net operating cash flow. The
inclusion of such a construction lag in a real options
model has been found to promote earlier investment [43], [44]. Wind farms have finite operating
lifetimes, with a wind turbine having an expected
technical lifespan of only 20-25 years. Of course, a
later decision could be made to extend the lifetime
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of these machines. However, this would be to assume that there has been insufficient technological
innovation during the interim period for management not to have better options by that stage. This
means that the full investment return (including
the repayment of all debt) must be achieved within
this timeframe. When such a restriction is added
to a real options model, the effect is to reduce the
optimal entry-trigger price [45], [46]. In terms of
considering additional state variables, it is unlikely
that capital costs will remain constant while electricity prices drift upwards. Moreover, Boomsma
et al. [11] use steel prices as an additional state
variable and a market-observable proxy for capital
costs. In doing so, they find that option value is
negatively related to changes in steel prices. The
price of green certificates could also be used as a
second state variable in our assessment of offshore
wind investment in Sweden. In this instance, [11]
find that the option value is higher for projects that
benefit from the support of such certificates than
it is for projects with either a fixed feed-in tariff or

without the benefit of any such support (i.e. they
are reliant upon the value of electricity alone). Introducing the price of green certificates as a second
state variable would significantly add to the offshore wind investment analysis presented in this
paper. In addressing these various limitations, one
would need to examine of course the effect that
these would have on the tractable semi-analytic result of the Sarkar [5] model. Such considerations
are deferred for future research.
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OW Bunker
How the World’s largest Marine Fuel Trader
went from IPO to Bankruptcy

OW Bunker was a Danish company that
became one of the largest traders of
bunker oil in the world before falling
into bankruptcy after IPO in 2014. The
author distinctly describes all the phases
of this fall, from the IPO in March
2014 to the ruinous end in November
2014. The story is an important case
of study for all the companies operating in bunker fuel trading, a bad example of risk management to be aware of.

Marine fuel trading, as many segments of oil
trading in general, is a low margins business due to
fierce competition among players. Higher revenues
and profits can be made only by intermediating a
higher volume of goods. However, low margins do
not imply low risk in the oil trading business. Companies such as OW Bunker face severe market and
credit risk, but at the same time well established
and widely known risk mitigation techniques can
effectively remove most of those risks.
In this low margin and highly competitive environment, OW Bunker had at least one appeal:
it was big. In a market crowded by a plethora of
small and even minuscule shops, it was large and
organized. Its dimension and profitability justified
choosing a path normally avoided by the majority
of traders. OW Bunker went public with an Initial
Public Offering (“IPO”) which took place in March
2014 on the NASDAQ OMX Copenhagen exchange.
The IPO was what people called a success. On the
28th of March OW Bunker CEO proudly welcomed
“the more than 20,000 new shareholders”[2]. The shares
price went up about 20% on the first day of trading
and the value of the company got close to one billion US dollars. Not bad for a company engaged
exclusively in an old fashion and low margin business.

Alessandro MAURO
W Bunker was a company founded in
1980, at the end of a decade marked by
the two oils shocks that changed the
oil market forever and saw the birth
of modern oil trading. OW Bunker was one of
the World’s largest traders of bunker oil. It had
operations in 29 countries and claimed to control
around 7% of worldwide bunker trade[1]. Marine
or bunker fuel is a residual product of crude oil refining process and it is burned in seagoing vessels
to navigate around the World. Similarly to many
other commodity traders, apart from basic goods
transformations (blending), OW Bunker business
model was about buying in order to sell at a later
stage. It bought the fuel from suppliers, mainly
refiners or other traders, and later sold it to shipowners and distributors or stored these goods for
a period of time. To run the business, they used to
give financing to their customers and use to receive
financing from their suppliers and banks.

O
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During the following months no major event
came to disturb the honeymoon between OW
Bunker and its happy shareholders. Unfortunately,
after spring and summer, the first days of fall
started delivering bad news. On the 7th of October
the company released a profit warning, mainly due
to “unrealized accounting loss before tax of approx.
USD 22 million in Q3 2014”[3], triggered by the
slide in oil prices. On the 23rd of October the com-
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pany further restated the loss at USD 24.5 million
and, in an Investor presentation, gave some further
details about the drivers of this loss.
No more details were to follow. Abruptly on
the 5th of November the shares were suspended
from trading on NASDAQ OMX. On the same day
OW Bunker management declared a loss of USD
275 million[4]. Two separate issues were behind
this drama. A fraud had been discovered, put in
place by senior employees in a previously unknown
Singapore-based subsidiary named Dynamic Oil
Trading. This fraud resulted in a USD 125 million
loss. The second cause was a “risk management loss”
in addition to the USD 24.5 million already communicated. Apparently the loss was found after a
review of “OW Bunker’s risk management exposure” and the total loss was now estimated at USD
150 million.
On the 7th of November, after no other viable solution was found, the company filed for bankruptcy
in Denmark[5]. Further bankruptcy filings came in
the following days in other jurisdictions.

sentences:
1. “The primary goal of our marine fuel and marine fuel component price risk management policy,
which is approved by the Board of Directors, is to
ensure that our business generates a stable gross
profit per tonne by limiting the effects of marine
fuel price fluctuations.”[6]
2. “The overall risk limit set in our marine fuel and
marine fuel component price risk management policy is defined by a maximum net open (unhedged)
position for the Group. Currently, the maximum
net open position approved by the Board of Directors is 200,000 tonnes. However, we operate
with a lower internal risk management guideline
with a maximum net open position of 100,000
tonnes, which is set by the Company’s Chief Executive Officer (the “CEO”) and applied in our
operations.”[6]
3. “The Executive Vice President for our physical
distribution operations is responsible for marine
fuel price risk management and reports directly to
the CEO.”[6]

The IPO prospectus
The rest of this article is centred on what OW
Bunker management described as the “risk management loss”. The information released by the
company, in occasion of the IPO and later till the
bankruptcy, allows to go in further interesting details. That is not possible for the fraud matured
in the Singapore subsidiary, as it was made public
just two days before bankruptcy. Unless otherwise
stated, this article is based on public information
realised by the Company, the same information that
had been made available to its shareholders, counterparties and creditors. Sentences sourced by OW
Bunker’s official documents are reported in Italics.
The prospectus produced at the time of the IPO
is the crucial source that helps understanding more
about OW Bunker, its business and, among others,
its risk management processes. This document, as
it is habitual for every IPO, is full with warnings
about several risks potential investors will be facing
by buying shares in the Company. At the same time,
some crucial topics are left in the dark. One cannot
find much information about the real functioning
of OW Bunker’s market risk management process.
The few reported data are repeated several times,
in order to convey the idea of solid operations in
this domain, as in many others the Company was
engaging in. A long list of theoretical reasons why
things could go wrong is given. If we concentrate
the attention on the practical information and leave
apart theory, what potential investors were specifically told at this point can be summarized in these

The first point essentially tells that financial
derivatives are used in order to hedge Company results against the volatility in the prices of goods the
Company buys and sells. An important goal that
in recent years could be easily achieved by trading
exclusively plain vanilla derivatives, considering oil
markets showed risibly low volatility.
With the second point the Company communicates the internal self-imposed rules in place to
limit the risk it faces due to oil market prices. In
the IPO prospectus it is further clarified that OW
Bunker’s “net open position from marine fuel transactions and derivative instruments can be either long or
short and is at any time below our policy limits.”[6]In
summary, this information is meant to communicate the market risk appetite of the Company.
However, the benefit of this piece of information
is limited. How a potential shareholder, or most of
the stakeholders in general, could assess the dimension and the severity of market risk the Company
will be facing? How big is the risk of being long
or short 100,000 metric tonnes of anything? What
is the probability of a negative event generated by
this volumetric exposure? Income statements, balance sheets and financial ratios are expressed in US
dollars, i.e. money, not quantities. There exist wellestablished risk evaluation techniques that answer
to these questions. The IPO prospectus could have
expressed the market risk in terms of Value-at-Risk
(“VaR”), a statistically based measure of the maximum possible monetary loss. VaR is widely used by
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FIGURE 1: OW Bunker chronology from IPO to bankruptcy

Fall brings bad news

commodity trading firms’ risk management. In fact,
many public companies frequently report their VaR
figures, often comparing it with their shareholders’
equity.
Among other benefits, VaR takes in to account
physical and financial exposure simultaneously.
VaR also allows to communicate market risk current
levels and limits without the need to disclose sensitive information about company business3 . Unfortunately nowhere, in the OW Bunker’s IPO prospectus or in other documents, is VaR mentioned. That
raises some reasonable doubts about the real sophistication of OW Bunker’s market risk management
valuation process and related IT systems. To make
things clear, however, it is not 100,000 or 200,000
metric tons an exposure sufficient to cause the large
financial loss that materialized just months later.
The third point above opens questions about
how risk management governance in OW Bunker,
a public company, was shaped. In the Annual report 2013 there was no mention to an employee
specifically responsible for risk management. It was
reported, as being part of the management team,
the existence of an employee which job title was
“Executive Vice President – Physical Distribution”.
In the IPO prospectus this employee becomes also
“responsible for marine fuel price risk management”. Had
this employee sufficient experience in market risk
management? Was a sole employee in charge of
trading operations and risk management? Was this
a self-controlling employee, without anyone else
balancing this power?
We will come back to some other specific points
of the IPO prospectus while analysing the other
documents that were realised some months later.

With the 7th of October announcement the Company, apart from the estimated loss of USD 22 million, started disclosing new important features of
the pursued risk management strategy. Information
is however ambiguous and in some important parts
even contradicting.
“As part of its risk management policy, OW Bunker
hedges its commercial inventory and marine fuel transactions within an expected oil price range. Consequently, price fluctuations within such range only have
a marginal effect on OW Bunker’s results. Conversely,
when the oil price breaks the expected range, it may affect a given quarter by changes in the valuation (mark
to market) of the derivatives contracts used for hedging
of inventory and marine fuel transactions”[3]. It is difficult to interpret this statement. The starting point
should be the exposure generated by the physical
business, i.e. “its commercial inventory and marine fuel
transactions”, before hedging with financial derivatives is put in place. Any exposure can be either
“long” or “short”. A long exposure will gain money
if price increases and will lose money if price reduces. For a short exposure, the opposite would
happen. In the IPO prospectus it is stated that “Our
typical open position before hedging varies from a long
position of 250,000 tonnes to a short position of 100,000
tonnes.”[6] However the company never clarified if
the physical exposure, in the months preceding the
bankruptcy, was actually short or long.
Let’s assume that the physical exposure was
long, but the reasoning would be still valid in the
opposite case. In order to hedge this long physical
exposure, the company needed to be short on finan-

3 For a practical introduction to Value-at-Risk in energy markets the reader can refer to A. Mauro, “Price Risk Management in the
Energy Industry: The Value at Risk Approach”, available at https://amaurorisk.wordpress.com/articles/
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cial derivatives, by selling Futures, Swaps, Options
or combinations of them. In this way, apart from
problems related to the efficacy of the derivatives
hedging instruments (“marginal effect”), the combined physical plus derivatives transactions should
deliver rather predictable financial results. In the
statement reported above, the company clarified
that this was the case, but the global hedging strategy was more complex. In fact, at that point OW
Bunker’s hedging strategy was active “within an
expected oil price range”, i.e. within a high and a low
price boundary, normally identified as “cap” and
“floor”, constituting overall a “collar”.

would be recognised at a later stage. This is quite
common for commodity trading firms and it does
not bring any surprise. Why, then, in the 7th of
October Company announcement nothing is said
about the value of the physical transactions and the
fact that the loss recognised on derivatives in Q3
2014 will be balanced later by the physical part of
the business? The obvious explanation of the omission about the physical business can be only one:
the volume of traded derivatives was much bigger
than the physical exposure. At least at this point in
time, the main driver of company results was constituted by the derivative contracts. Profits or losses
on the physical business could not counterbalance
the derivatives results. Amusing conclusion from a
starting point in which derivatives were meant to
counterbalance the results of the physical commercial activity!
Furthermore, the 7th of October Company announcement informs that the loss of USD 22 million
“includes a substantial element of protection taken up
against further falls in the oil price” and that “We have
taken action to minimize risks against further oil price
falls [. . . ]”[3]. This information is not sufficient to
make clear what was put in place. However the “Investor Presentation of the Interim Results Q3 2014”,
released on the 23rd of October, would incidentally
clarify that this was a purchased Put option and
it was already in place by the end of September,
2014[8]. This part of the announcement seems then
rational: in order to enter in a long Put option and
hedge from possible further oil prices reduction,
OW Bunker had to pay a premium and this was
included in the communicated USD 22 million loss.
As a side note, we should remark that the paid
premium was to be considered as already realised,
and consequently it was not accurate to classify
the USD 22 million loss as fully unrealised. Moreover, the impact of this loss on the 2014 outlook
was reduced by making the simplistic assumption
of USD 10 million of “expected regain on hedging”.
This point was made clear only later in the Investor
presentation of the 23rd of October[8].
“If the oil prices rise again, we will gain on our
derivative contracts [. . . ]”. This part of the 7th of
October Company announcement is not simple to
decipher, but can finally clarify OW Bunker’s exposure to oil prices. The company indirectly suggests
again that the physical exposure is negligible in the
global picture. Excluding the results of the additional long Put option already mentioned, what we
know at this point is that:

A collar can be built exclusively with derivatives instruments, not with physical deals, and it
consists of a combination of long and short options.
If we believe in what the company management
was announcing, then the derivatives collar was
counterbalancing the physical exposure only inside
a price range. If prices would move outside the
range, then the derivatives will become inactive
and the company will be simply un-hedged on the
physical business.
If the physical exposure was long, a reduction in
oil prices under the collar floor would have finally
determined realised losses on the physical business
without any benefit on the financial derivatives side.
The company further announced that “The recent slide in the oil price, in particular during September,
is outside the range expected and OW Bunker will as
a consequence of its risk management policy report an
unrealized accounting loss before tax of approx. USD 22
million in Q3 2014. This is based on a mark to market
valuation of OW Bunker’s derivatives contract as at end
September 2014.”[3] At this point it seems that the
company is not giving a complete picture, because
it is discussing exclusively the derivative contracts.
It is true that the value of the collar derivative contract should change even when prices are outside
the collar range. However, at the same time, also
the physical exposure would change in value. If, for
every metric ton of physical exposure, one metric
ton of collar was executed in the financial market,
then the change in value of the physical exposure
should be more important than the change in value
of the collar contract. In fact the physical exposure
is linear while the collar one is not.
Issues related to accountancy rules do not seem
to bring an explanation to the incongruence of the
announcement. In the IPO prospectus the company had stated that its derivatives did not qualify
for hedging accounting treatment. Consequently,
“Changes in the fair value of these derivative instruments
are recognised immediately in the income statement”[7],
while changes in value in the physical transactions

1. OW Bunker was losing money on derivatives
because of the reduction of oil prices.
2. OW Bunker would gain money on derivatives
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FIGURE 2: The price of Brent crude from the peak in June, 2014 to November. Source: Thomson Reuters Eikon.

Additional information allows to have a better
idea regarding the derivatives position in place. In
fact a “possible reduction of the unrealised risk management loss, including the additional USD 2.5 million risk
management loss, requires a Brent oil price of around
USD 92 per barrel. In case of an average Brent oil price
of USD 92 per barrel in Q4 2014, the unrealised risk
management loss may be reduced by around USD 12.5
million [. . . ]. In case of an oil price below this level, OW
Bunker does not expect a reduction of the unrealised loss
in 2014. However, OW Bunker is protected against further losses than the above mentioned without additional
cost to protect against further oil price falls”[9].

if prices would increase again.
This position is nothing else than a combination
of a long Call and a short Put, where the strike
price of the Put is lower than the strike price of the
Call. By adding later the long Put, the company
allegedly covered against further downside, but
preserved the upside. Not much more can be said,
based on the public information that was released
at this point.

Bigger clouds on the horizon
On the 23rd of October the Company produced an
Interim Financial report for Q3 2014 and a related
Investor Presentation, shedding some more light on
what was happening. In summary:

The described position resembles again the payoff of a long call option. By paying a premium,
the Company allegedly secured profits in case of
an increase in prices, but would not suffer from a
further reduction. However, the wording above suggests that the option was not a simple call option,
but something similar to a “digital” call option or a
“knock-in” one. These options deliver a payoff different from zero only if the underlying price reaches
a certain level. We may use simple algebra and the
hypothesis that the possible USD 12.5 million profit
was based on a comparison between 92 and 84 USD
per barrel, 84 being the Brent crude price in the middle of October as reported in the Interim Financial
report. In this way we obtain a necessary volume
of derivatives of approximately 70,000 metric tons
for each of the three months in Q4 2014, i.e. about
210,000 metric tons in total. We need to consider
that these derivatives were options, and the exposure they generate is less than linear. Moreover,
these options were out-of-the money, which further
reduce the exposure.

1. The losses for Q3 2014 reached USD 24.5 million, 2.5 million higher than before.
2. The forecasted “regain” of USD 10 million on
derivatives was cancelled.
Using Company words, “The estimated unrealised
risk management loss of approx. USD 22 million as
announced [. . . ] on October 7, 2014, ended at a USD
24.5 million loss when final calculations were made”[9].
It was just an additional 2.5 million loss, but it was
a symptom of a serious illness. First of all why
“final calculations” were necessary? The IPO prospectus clarified that the company traded in financial
derivatives which fair value was classified, according to IFRS definition, as “level 1” and “level 2”[7],
i.e. value essentially based on prices promptly available from market sources. Were or were not OW
Bunker’s state of the art risk management system
able to calculate the value of positions at least daily
(baseline in this industry)?
Summer 2015

Once again nothing is said about the exposure
generated by the physical business. If that expo-
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sure was positive, then the company was long on
physical and long on derivatives, i.e. the derivatives were not hedging the physical business. If the
physical exposure was short, than an increase in
oil prices would generate money on the derivatives
but lose money on the physical business. As said
before, the only way to believe what the Company
management was communicating at this point is to
suppose that the exposure generated by derivatives
deals was much bigger than the physical one.
Consequently we need to conclude that this
derivative position was not built for hedging purposes but it was instead a bet on prices going up.
That would still not constitute a breach of the limit
of 100,000 metric tons. In fact the IPO prospectus
clarifies that, inside that limit, even pure derivatives
positions could be put in place. Moreover, the CEO
could have approved a limit extension to 200,000
metric tons, which was under his powers without
approval needed by the Board of Directors. However this is not mentioned in the Interim Financial
report or in the Investor presentation.
In the latter document, some additional piece of
information is given. The loss of USD 24.5 million
is allocated to three main factors[9]:

questions about the efficacy of these Put options as
hedging instruments.
The second bullet point above mentions the impact of “Contango” in the market. This is a situation
in which prices for prompt delivery of goods are
lower than prices for forward delivery. The opposite is true in case of “Backwardation”. Exploiting
price time-structure in Contango when it appears in
the markets is one of the simplest, lowest risk and
most profitable way to make money for commodity
traders. It is sufficient to buy the goods, store them,
and then sell the goods for forward delivery or
sell derivatives maturing in some months and the
game is done. The fact that OW Bunker lost money
because of market prices going from Backwardation in to Contango tells something more about
the radical payoff modification that was achieved
by trading derivatives. Essentially, the Company
was long on short-dated maturities and short on
longer ones. This short time-spread position would
deliver money in a market that moves in to Backwardation. On the contrary, such position would
lose money in a market where Backwardation reduces or even changes in to Contango, and the
latter was the case for OW Bunker. However the
Company affirms that it would not be caught by
surprise again: “With the current hedge, OW Bunker
will not be impacted by changes in market structure
(i.e. a reverse of the current contango market structure
to backwardation)"[8]. Even this assertion sounds
strange. In order to become insensitive to changes
in the market price time structure it is necessary
to have all exposures concentrated in the prompt
month.

1. Purchase of Put option derivative contract to
protect from further price reductions.
2. Change in forward oil price market structure,
from Backwardation to Contango.
3. Change in the absolute level of oil prices.
The first two factors raise some suspicions. Regarding the first point, this form of insurance is
said to be in place already at the end of September,
and “Subsequently protection has been moved down in
light of oil price decrease."[8] It must be considered
that, once a protection with a long Put option is in
place and the underlying price moves down surpassing the strike price, this financial instrument
delivers money to the holder in a linear way. Consequently, why OW Bunker did need to move down
the protection?
The sentence could be explained by the fact that
the long puts, already in place at the end of September, had a short term maturity. Later on other put
options were bought at a lower strike price, consistently with the additional price reduction that
underwent in the market in the meantime. Incidentally, the Investor presentation communicates that
the underlying of the Put options is gasoil price,
while it suggests a couple of times that the benchmark price for OW Bunker business is the price of
bunker and fuel oil. This should have raised some

The third point above communicates that, in
addition to the time spread position, the Company
had an outright long position and this lost money
due to oil market prices reduction. Here again the
Company does not miss the opportunity to confuse stakeholders. In the Investor Presentation one
can read that “Typical implications from [. . . ] oil price
changes to the business” are that “the strategy with low
prices is to increase long exposure as prices fall”, while
under high prices “it is preferred to be long going into
an environment with rising prices”[8].
All in all, the message delivered to the markets was negative for the moment being but reassuring for the future: “Current marine fuel price
exposure: Downside risk protected and upside potential
kept”[8]. The Company had neutralized possible
further losses on derivatives in case prices would
continue to reduce. At the same time, should prices
go up again, either the financial profits will be stable or they could even rebalance the previous loss.
However, again nothing is said regarding the ex-
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posure generated by the physical business, which
is appalling for the World’s number one trader of
physical marine fuel. At least this point, management principal or even unique matter of concern
was the financial derivatives position.

We can guess some possible explanations about
the lack of communication related to the change in
risk profile and the subsequent loss:
1. The top management knew about the derivatives position and they authorized that. They
knew losses were cumulating, but did not
communicate it till the 5th of November,
hoping that the market prices trend would
change.

The point of no return
The catastrophe was disclosed on the 5th of November. A fraud had been discovered in Dynamic Oil
Trading, an OW Bunker subsidiary in Singapore,
generating a loss of USD 125 million. Moreover “a
review of OW Bunker’s risk management contracts has
revealed a significant risk management loss in addition
to the loss of USD 24.5 million announced on October
23, 2014 [. . . ]. As of today, the mark to market loss is
around USD 150 million”[4].
The breaking news compare with the “Downside risk protected” picture depicted on the 23rd of
October, less than two weeks before. At that time
the loss was supposedly USD 24.5 million. That
would imply that in eight business days (markets
are closed on weekends) OW Bunker cumulated
an additional unrealised loss of around USD 125
million, i.e. a daily average of USD 15.6 million.
Considering the price change in the same period,
i.e. approximately 4 USD per barrel down on crude
oil, a rough estimate brings to an exposure in excess of 4 million metric tons. It is very improbable
that this loss was cumulated on new derivatives
contracts executed after the 23rd of October. The
5th of November Company announcement suggests
that the loss was substantially there already on the
23rd of October and even before, but it was not
made public. Probably on the 5th of November the
people familiar with the outstanding derivatives
position could not conceal the catastrophe anymore
because the counterparties issued margin calls and
OW Bunker was not in the position to pay for the
margin increase.
If we still believe in the information released before and after the IPO, then we must infer that the
loss was necessarily the result of a radical change
in the amount of market risk the Company was
facing. In the Annual Report 2013 one can read
that “If the commodity prices increase by 1% [. . . ] with
all other variables being held constant, the profit for the
year will be increased by USD 0.3 million (2012: increased by 0.1 million 2011: lower by 0.5 million) as a
result of the changes in the oil derivative contracts as
of end of the reporting period.”[10] If the risk profile
in 2014 was really kept similar to the 2013 one and
the exposure was linear, then a loss of USD 150 million would request a price reduction in the order of
500%, i.e. price should become negative. Another
absurd conclusion.
Summer 2015

2. The top management did not know, but the
risk management function did know about
that and did not communicated to top management.
3. Nobody knew about the total derivatives position and/or the financial loss, due to issues
in risk identification, analysis and valuation.
Whatever the truth is, it is highly probable that
the total exposure of the company was in excess of
the well-known 100,000 or 200,000 metric tons by
some multiples. OW Bunker built an exceptional
position in derivatives, probably utilizing combinations of options, that overall resulted in a long
exposure to oil prices.

A broken risk management process
This catastrophe shares many common points with
other horror stories in which derivatives trading
turned sour. From now on OW Bunker will be in
good company with the likes of Metallgesellschaft,
Amaranth, MotherRock and China Aviation Oil,
just to name a few which got in trouble by trading financial derivatives on commodities. As far
as the OW Bunker case is concerned, it is actually
difficult to find any original point or lesson to be
learnt for future memory and which was not already included in the horror stories gallery. For
example, many other disasters did happen because
of sudden changes in market conditions, after they
had shown a stable and profitable pattern for a long
period. Often the mechanisms and the ultimate responsibilities behind these disasters have not been
completely clarified. However, as OW Bunker was
a public company, we have here a certain amount
of information delivered to the market, which has
been the basis for the previous pages of this article.
Far to say that this information has been clear or
exhaustive. Anyway, it needs to be noted that even
this limited information should have justified some
reasonable doubts in the company stakeholders.
From the narration and the analysis of the events
and company documents, it is evident that OW
Bunker actively engaged in the trading of financial
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derivatives. By saying that “a significant risk management loss [. . . ] is around USD 150 million” it was
finally made clear that in OW Bunker “risk management” was synonymous of “derivatives trading”. In
the IPO prospectus the company specified the operational aspects of this trading activity: “Daily marine
fuel and marine fuel component price risk management is
handled for the entire Group by our central risk management department. All operations hedge their exposures
with the risk management department, which, in turn,
hedges the Group’s open position in the market.”[6] In
this sentence, even the word “hedging” should be
read as “derivatives trading”.

interest of its shareholders. Nowadays there are
different ways to get exposure to commodity prices,
for example by investing in commodity Exchange
Traded Funds (ETF). Everybody can invest a sum of
money directly in oil prices-linked financial instruments. Trading shares in public companies is far
from being the first best if the investor is looking
exclusively for oil price exposure.
Risk treatment and risk communication do not
exhaust the list of risk management sub-processes.
Risk assessment is another crucial step. It should
come before risk treatment and should be performed periodically, even more frequently than
daily. In fact new deals and the modifications
of existing ones, both physical and financial, continuously change the exposure to risk. We have
clarified, in the previous pages, the reasons why
there are doubts about the quality of risk assessment techniques in OW Bunker. While this is a
serious issue in any case, it becomes of dramatic
importance whenever a company actively engages
in financial derivatives trading. There are reasons
to believe the dynamic and massive utilization of
financial derivatives, beyond the scope of hedging
the physical business, was already there when the
company started the IPO process. One can read in
the Investors Presentation of the Q3 2014 Interim
results that “Historically we would have moved our
hedging out in time [. . . ] ”[8], where again “hedging”
is the word OW Bunker used in order to identify
“derivatives trading” activity.

Derivatives trading activity was put in place to
reach objectives that often surpassed the pure hedging of exposure originated by the physical business.
This is normally called speculation and it is not forbidden by any law or any best practice or standard
in risk management. Inside the general risk management process, derivatives trading is an effective
way of “risk treatment”, the sub-process that allows modifying the risk profile of a company. Risk
treatment, and consequently also derivatives trading, allows moving from a certain risk profile to
another, the latter being closer to the company risk
appetite. Risk treatment does not necessarily mean
risk reduction, and it can be actioned also with the
objective of risk increasing. OW Bunker’s fault is
not in the increase of exposure to market risk by
using derivatives but in the lack of communication
of this strategy to its stakeholders, in the first place
its shareholders.

Other doubts should be raised around the crucial topic of risk governance. In the IPO prospectus the company proudly discuss the “Robust Risk
Management System and Culture that Underpins Stable Performance”, clarifying that “Our conservative
operating philosophy and corporate culture are reflected
in our overall governance approach, including our risk
management function” and that “Our risk management
department [. . . ] is responsible for centrally managing
our global risk exposure in line with the risk management
policy approved by the Board of Directors”[6]. Well, we
have not seen a copy of this risk management policy. How then risk governance and controls were
shaped, if they were, in OW Bunker?

Communication of risk is a crucial part of any
risk management process. Communication should
be correct and clear, but OW Bunker failed on both.
From the pages before it is evident that the released
information was lacunose and misleading. Additionally, OW Bunker’s risk communication was
flawed by design. As already discussed, trading
limits expressed in metric tons do not tell much
about the amount of risk a company is facing. Modern risk communication should be based on risk
measures of monetary loss, such as Value-at-Risk
and stress testing.
An important objective of risk communication
is to make sure that the level of risk the company is
bearing is aligned to the level preferred by its stakeholders. If this is not the case, either the company
should modify its risk profile or the stakeholders
should leave the boat. In fact, stakeholders’ risk
appetite is the king, not the company management
one. Even if stakeholders, and shareholders in particular, liked to bet on oil prices, this does not imply
that OW Bunker was authorized to place those bets
or was best placed to take those positions in the

We have already discussed the controversial role,
inside the OW Bunker’s organization, of the employee in theory responsible for the risk management function. In the Company announcement of
the 5th of November, it was made sure to communicate that the “Head of Risk Management and Executive
Vice President” was dismissed as “a consequence of
the risk management loss”[4]. There is no more mention to the fact that the same employee was first
of all in charge of physical distribution. Why the
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head of risk management was dismissed but not
the head of trading? Is not the trading function,
in a trading company, the first responsible for the
results of trading activity? Has the head of physical distribution/head of risk management been
another scapegoat in the gallery of scapegoats we
have seen in the past? Was OW Bunker a shop in
the same mall described by Daniel Pennac in his
famous novel “Au bonheur des ogres”?

so preeminent and even disgusting that you need
to throw the soup away. The incentive to conclude
“discretionary”, i.e. speculative, deals grows higher
because these deals can be easily reported as part
of the “risk management solutions” portfolio. Later,
if profits materialize, they will be considered in
traders’ bonus compensation. On the contrary, if
losses are realized, then these deals will be ex-post
considered as meant for hedging purposes, consequently dampening the result of the rest of the
physical business but not traders’ compensation.
When results are just too bad, the entire company
is affected.
This could be the setup possibly used to conceal
the real situation to the eyes of top managers in
OW Bunker, if they were really not aware. They
were told that the massive amount of derivatives
deals, the same ones that finally brought to the
catastrophe, were entered in order to support “risk
management solutions” products. However those
products did not exist in that scale.

The IPO prospectus does not use even a single
time the word “segregation”, let alone “segregation
of duties”. It is probably out of fashion now, but we
were taught that best practices in risk management
included giving responsibility for creating value
and responsibility for controlling it to different employees, in order to properly manage conflicts of
interest. It seems there was not such a segregation
in OW Bunker. In general this is bad, but it gets
much worse when money-making objectives are assigned to the risk management function. Nowadays
we continue to hear that the modern trend is that
risk management should be a “business partner”,
where “business” means “trading”. OW Bunker
had probably embraced this new trend and went
one step further: risk management function was
part of the trading function. There was probably
some specialization in place: “traders” were managing the physical deals while “risk management”
was taking care of the financial derivatives. In this
setup, who will control risk management employees while they are striving to make money?

Parting thoughts
This was the story of a company that destroyed one
billion US dollars, value owned by its shareholders, in a matter of months. The last question to
be answered is: could this catastrophe have been
avoided? This is the most important question if we
want to learn lessons from this case and try to avoid
similar outcomes in the future.
The analysis above has demonstrated that the
risk management process failed in every step and
fell short of respecting risk management best practices and standards. Differently from financial institutions, commodity trading firms are not subject to
laws and regulation directly addressing their risk
management process. However, these firms can apply risk management standards and best practices
which are valid in general. Their proper application
in the commodity trading space can assure that risk
management is in tune with the strategic goals of
the organization.
However, in which way stakeholders can be sure
that a company is actually applying risk management best practices and standards while shaping
the risk management process? For example, a company management could easily communicate that
they are performing state of the art risk evaluation,
and inform periodically about the Value-at-Risk
and stress testing results. Stakeholders would feel
reassured that the company risk profile and risk
treatment techniques are in line with their own preferences. Later they could discover that this was a
nice staging.
Help could come from the existing and incom-

OW Bunker’s risk management function had
monetary value creation objectives. In fact, the company was selling other services to its customers,
including “risk management solutions”. In the IPO
prospectus we may read that “we are also able to provide risk management solutions as part of our customer
offering [. . . ]. Our risk management solutions include a
broad range of financial and trading instruments, such
as physical fixed price contracts, swaps, caps, collars,
three-way options and other tailor-made solutions.”[6]
It is true that the IPO prospectus further specifies that this was a marginal driver of value creation.
However marginality is not sufficient to justify lack
of control. In this type of setup the incentive for
cross-subsidization, i.e. using profit in one business unit to subside another, is very high. This
cross-subsidization is normally put in place ex post,
when profits or losses materialize. Probably in OW
Bunker there was no segregation between the hedging part of the derivatives portfolio and the part
that was held to support the risk management solutions. Using a food analogy, this situation normally
cooks a big soup in which becomes impossible to
distinguish single ingredients, until one becomes
Summer 2015
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ing new regulation that is reshaping the financial
markets, with repercussions on commodity markets and traders. In the plethora of rules, there
is a specific provision that could have potentially
prevented OW Bunker masking the real dimension
of the positions taken in the commodity financial
market. In fact, traders in financial derivatives have
been requested to promptly report their derivatives
deals to centralized trade repositories.

tives deals to central repositories. This requirement
potentially allows public bodies (authorities, central
banks, etc.) to have precise knowledge of derivatives positions, exercise control over derivatives activity of every company and stop OW Bunker-style
behaviour. The assumption that commodity trading firms trade derivatives in order to exclusively
hedge physical exposure should be ascertained case
by case.
Although spectacular and dramatic, OW
Bunker’s case does not represent the unique example of a company exiting the oil market during
these months.More are and will come, triggered
by the relevant and sudden oil price reduction that
started in the middle of 2014. Much lower prices
and higher volatility, like strong winds and high
waves at sea, are showing the good and the bad
ships, and finally force the latter to sink and disappear. The prodigious and efficient mechanism of
natural selection is again at work. The only trouble
is that on ships such as the OW Bunker’s one there
are passengers who would avoid the journey, if they
knew the full story. OW Bunker boarded more than
20,000 once happy shareholders.

This provision, together with the obligation
to promptly reconcile deals with counterparties,
should possibly allow to have clear and comprehensive data related to the derivatives deals and
the net open position of companies. It is evident
that this will not form the entire market prices exposure for most of the companies, as there is not
a similar reporting obligation for physical deals.
However critical cases, where the hypertrophy in
derivatives trading is not justified by the normal
course of physical activity, should become easier to
detect.
OW Bunker was a company domiciled in the European Union. Consequently the “European Market
Infrastructure Regulation” (“EMIR”), was applicable to OW Bunker. In the IPO prospectus, OW
Bunker classified itself as “Non-Financial Counterparty” (“NFC”), which could be proven to be
wrong when the true dimension of its derivatives
operations will be disclosed. The NFC classification allows to skip or postpone a number of EMIR
obligations, but not all. In particular, all EU-based
counterparties have to promptly report their deriva-
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Modelling of
Libor-Ois Basis

We introduce a set of models that explain
the market phenomenology of Libor forward fixings implied in swap prices. The
models are all based on the idea that
the Libor fixings refer to a panel of
primary banks whose composition may
change over time. This effect is crucial to obtain the observed humped forward fixing curves, that could not be
otherwise retrieved by a simple credit
default model or by a forward interest
rate analogy. The models differ only
in the assumptions on how the panel
composition will change in the future

relevant Libor panel, depending on the currency
the debt is denominated in) may go bankrupt before the expiry of the deposit. As such, a Libor
rate for, say, a 6-month deposit, include a spread
over the 6-month Ois rate to remunerate the lender
for the risk of the borrower’s default over next 6
months. The Ois-Libor basis is typically increasing
with maturities (from the O/N to 1 year) for spot
Libor rates: one would expect also a similar behaviour for forward Libor rates, quoted as FRAs up
to 24 months and implied in swap rates for longer
maturities, but this is not what market rates exhibit.
It is now well known that the forward basis
curves, for all tenors, show a “humped” shape: this
phenomenon has been documented by some authors (see, for example, Morini [8] and Ametrano
and Bianchetti ([1], figure 35). They find that the
basis curves are initially increasing until a certain
future time, and then they start decreasing monotonically onwards, until an asymptotic value of a
few basis points is reached. A confirmation of the
persistence of this feature, even in a financial environment with lower rates and Libor-Ois basis than
the one dealing in the period 2008-2010, is given
in Figure 1, where we show the market rates in
the EUR for swaps vs 3M, vs 6M, and Eonia on
November 1st , 2014: from these quotes we show a
very basic bootstrap of the basis Euribor 3M-Eonia
and Euribor 6M-Eonia.

Antonio CASTAGNA
Andrea COVA
Matteo CAMELIA
ince the financial crisis started in 2008 the
Libor-Ois basis have been no more negligible:
this implies a major change in the evaluation
of interest rate derivatives and as a consequence
the single curve interest rate models have become
obsolete.
Ois rates can be approximately considered default risk-free due to the fact that they are derived
from overnight deposit rates: therefore they embed
the risk of default overnight even when they are
the reference rate for longer maturities, e.g.: an Ois
swap expiring in 10 years.
Libor spot and forward rates embed the risk
that the borrower (a major bank belonging to the
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Although the “humped” pattern in both curves
is easily recognisable, it is worth noting that the
basis curves are very irregular even before the 10
year maturity, where the market is quite liquid and
active. The weird slopes of the two curves become
apparent around the 15 year maturity, where the
market trades less frequently. Seemingly regular
swap rate curves can generate greatly inconsistent
shapes of the basis curves. A general model, based
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FIGURE 1: Swap rate rates dealing in the market on November 1st , 2014 (left hand side) and implied Euribor-Eonia basis curves
(right hand side). Source: swap indicative quotes provided by major brokers.

on grounds beyond the simple smoothing criteria,
can be useful also to regularise, interpolate and extrapolate the Libor-Ois basis curves by fitting it to
more liquid tenors.
Previous Basis Spread Modelling includes the
works by Mercurio [6] and Moreni and Pallavicini
[7]. In the first one, the author derives pricing
formulae for linear and volatility derivatives, assuming stochastic dynamics for the single forward
Libor-Ois basis spread, but no connection is established amongst spreads on the different relevant
tenors (i.e.: 1, 3, 6, 12 months) and different future
times. In the second work, the authors extend the
HJM framework to account for a multi-curve environment: the model establishes a link amongst
the forward Libor fixings at different future dates
on the same tenor by means of their dependence
on two common stochastic state variables, whose
dynamics are capable to capture the nowadays typical humped term structure. The link between the
Libor on different tenors is established via two deterministic scaling functions for the rate level and
the volatility level. The framework is enough flexible to fit market prices, but no financial or economic
rationale lies behind the type of functions and links
chosen by the two authors.
In general, the approaches to model Libor-Ois
spreads proposed so far by market practitioners
and academicians aim just at matching market
prices, usually with ad hoc assumptions, without
trying to explain the evolution of the spreads by the
credit factor that they represent. Although these
approaches can be fully justified on the grounds
of the their effectiveness to the purpose, nonetheless they rely on the existence of a liquid market
where all types of main instruments (FRAs, swaps
on Libor with all the tenors, Caps&Floors) are actively traded and quoted. When the market is not
so liquid on some instruments (e.g.: swaps vs 1M
Libor for maturities longer than 1 year), a general
model can be used to evaluate them, even if it is calibrated on the traded liquid instruments. Clearly,
this means that the model is able to deduce the

Libor-Ois spreads for any future date and on any
tenor, which implies it is based on the common risk
factors driving all the spreads.
In what follows we introduce a unified set of
models that are able to reproduce the “humped”
shape of forward basis, yet that are capable to
match the upward sloping basis curve for spot starting deposits. The models have some nice properties:
i) they are based on the default risk generating the
spreads, ii) they model simultaneously basis for all
the (major) tenors (1, 3, 6 and 12 months), iii) they
all rely on the factual assumption that the panel
of banks, whom the Libor refers to, may change
over time and that the any defaulting, or credit
worsened, entity can be replaced within the panel
itself.

THE MAIN IDEA UNDERPINNING
THE FRAMEWORK
The Libor rates can be thought to be made of two
components: i) a risk-free part, generally considered to be equal to the Ois rate for the corresponding expiry, and ii) a credit spread that remunerates
the lender for the credit risk it bears in lending
money to a defaultable borrower. In our framework,
the (Ois) risk-free rate is modelled as independent
of credit spread; moreover, the credit spread is typically referred to in the market lore as the Libor-Ois
basis. Besides, we will consider four major tenors:
1M, 3M, 6M and 1Y, used in most contracts; other
spreads can be derived within the approach that
we will outline, although they are less used as a
reference index in interest rate derivatives. Additional factors, such as liquidity risk, are not directly
considered in this set of models, although their
inclusion is possible.
Classical credit spread models that consider a
single counterparty, whose default is commanded
by a stochastic default intensity, generate a set of
monotonically increasing credit spread curves, starting from different initial values (spot spreads) for
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FIGURE 2: Forward credit spreads for deposits with respectively 1M, 3M, 6M and 1Y maturity, derived by assuming a stochastic
default intensity that follows a CIR process of the type in equation (29), with parameters λ0 = 0.06%, κ = 1.5, θ = 1.0%, σ = 5.0%.

our four tenors and reaching a common asymptotic
value. An example is shown in Figure 2.
Unfortunately this is not the type of term structures we observe in the market. The Libor-Ois
(credit spread) basis does not simply represent the
risk related to a single counterparty. Actually, the
Libor rates are the interest rates, for the relevant
maturity and currency, that a panel of major banks
is expected to pay when borrowing money from a
similar institutional counterparty. For reasoning’s
sake, let us think of the Libor panel as identified by
a single representative bank.
The representative bank of the Libor panel is an
entity whose default risk may structurally change
over time. By “structural change”, we do not simply mean the possibility that the default probability
may stochastically evolve over time; we also mean
that, since the representative bank is a sort of average synthesis of the default risks of the banks
included in the panel, if the panel changes in its
composition, then also the default risk of representative bank will change as well. This happens even
if the probabilities of default of the banks currently
included in the panel, and of the banks currently
excluded, but which could potentially replace some
of the former ones, are deterministic and known.1
To make things concrete, suppose the Libor
panel is made of 10 banks all with a probability
to go bankrupt over next year equal to 1%: the representative bank will trivially have a 1-year default
probability of 1%. Assume now a bank replaces
one of the current ones belonging to the panel, and
let its default probability for 1 year be 0.8%. The

representative bank should now have a 1-year default probability of 0.98%. Hence, its default risk
has changed even if we did not assume any deterministic or stochastic evolution of the default
probabilities of all the banks, either included or
outside the Libor panel.
In the real world, when one of the banks currently belonging to the Libor panel experiences a
worsening of its credit standing or even, in the
extreme case, a default, then it is expected to be
replaced by a new external bank, with a good credit
standing that will likely improve the average credit
quality of the panel. As a consequence, one would
expect the credit spread of the representative bank
to be lower.
The possibility that the panel changes its component banks is crucial to account for the humped
shape of the forward Libor-Ois basis. Actually, restricting the observation to daily published Libor
fixings, one immediately realise that Libor-Ois basis are increasing with the maturity of the deposits.
This means that the market expects a rising probability of default over time. This is not very strange,
as credit spread curves for single debtors, either
corporates or banks, usually show the same upward slope. One would expect that the Libor-Ois
basis for future dates (embedded in the forward
rates applied to forward starting deposits) show
an upward slope too; on the contrary, the prices
of FRAs and of swaps quoted in the market imply
a downward slope of the forward rates, after an
initial increase up to the maturities of 3 - 5 years.
Besides, even if market forward spreads are raising,

1 We do not claim we are introducing some revolutionary idea here: we are simply trying to expose what is very likely the way
market agents (traders) think when they need to make a price for a spot starting deposit or for a FRA. Similar explanations of the
Libor panel composition, and change of it, have been proposed also in older works, such as in Morini [8].
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FIGURE 3: A simplified explanatory graph depicting the gradual transition from a High forward Libor-Ois basis curve, to a Low
forward Libor-Ois basis curve (starting delayed), due to a change of the representative bank.

they do not reflect the forward spreads implied in
the Libor spot rates (see, for example, Mercurio [5]).

could be replaced by new banks) and / or a change
in the credit worthiness of the current members,
then we would not get monotonically increasing
curves anymore. We will try to give a more visual
representation of this concept

From this phenomena, it is possible to deduce
the reasoning the lenders follow in setting spot and
forward rates: if one has to lend today (spot) a given
amount of cash to a bank of the panel, she knows
exactly which is the default risk she would bear.
This risk is condensed in the Libor-Ois spreads for
spot starting deposits, which are increasing in time,
meaning that a higher probability of default for the
representative bank is attached to longer maturities.

For simplicity, let us begin by assuming that
market expects only improvements, that is: changes
in panel composition and / or panel members’
credit standing that would result in a lower average
credit spread. Given the current spot Libor-Ois basis curve, we would now have to include the future
possibility of a transition to a substantially lower
basis curve when computing expected future basis.

If the deposit is forward starting (as the one underlying FRAs), then the lender should account for
the fact that on that future date the representative
bank is no more the same as today, since some of
the banks composing the panel may be replaced by
new ones. The replacement can be due to the credit
worsening or by the default of one or more banks;
the new banks entering in the panel to replace the
excluded ones will have very likely a better credit
standing that would improve the average credit
quality of the panel and hence of the representative
bank, to which the forward (FRA) Libor rates refers
to. For this reason, the forward Libor fixings implied in the FRAs’ and swaps’ market price are not
increasing, as the spot spread curve would suggest,
but decreasing, to take into account the general
expected improvement of the credit quality of the
panel over time, originated be the possible changes
of the panel of banks.

The resulting basis curve could then be seen as
a gradual transition from a high Libor-Ois basis
curve, denoted as H and corresponding to the current panel, to a low Libor-Ois basis curve, denoted
as L. Assume the market will begin to monitor the
new lower credit spread curve from a certain future
time onwards; therefore we can imagine the L basis
curve as starting with a certain time delay, as can
be seen in Figure 3. At each time in the future,
there will be a certain probability of a shift from
the Libor-Ois basis curve H to the curve L: at time
0 the expected Libor-Ois basis curve will resemble
the one depicted in the figure.
The set of models we will present in this article, all share this basic idea; they differ only in
the specific risk-neutral dynamics of the expected
future panel changes. To make the models analytically tractable and usable in practice, we make
the simplifying assumption that only two types of
banks exist in the market: H and L, with the former
having a higher credit risk than the latter. These
two types of banks have the same type of dynamics

To summarise, the Libor-Ois forward basis is
actually a weighted average of forward spreads of
the single members of the panel. If we assume that
the market expects a likely future change of the
composition of the panel (i.e.: some panel banks
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FIGURE 4: Modularity of the modelling approach

for their respective default intensities, although a
different set of parameters refers to the H and the
L class.
To specify the risk-neutral dynamics commanding the expected gradual transition from the H to
the future L basis curve, let us start assuming that
the initial Libor panel is given in its composition
of H and L banks. We consider three different assumptions for the transition dynamics, each one
producing a different final Libor-Ois basis modelling:

All of these models assume that the replacement dynamics are independent from the singlecounterparty default intensity dynamics and the
Ois instantaneous rate dynamics.
We will structure the paper as follows:
1. Specify the assumptions for Ois instantaneous
rate dynamics and derive the caplet and floorlet prices.
2. Specify the assumptions for singlecounterparty default intensity dynamics and
derive the results for classical credit spreads

1. The initial Libor panel is made of a single representative bank that may be totally replaced
by a new, different, representative bank, according to a continuous-time Markov process
with two states (H and L) and a well defined
instantaneous transition matrix.

3. Specify separately for the three model variants, the transition dynamics assumptions
and derive the respective results for expected
credits spreads, spread probability density
functions, Libor caplet prices and implied
volatility smiles.

2. The initial Libor panel is made of a given
number of banks that differ in type (H or L):
the replacements occur at random discrete future times, driven by continuous-time Markov
process. At every random replacement time,
each of the banks in the panel can be replaced
by another bank of any type, according to a
transition matrix.

Remark 1 (Modular Approach). We wish to highlight that one of the features of our approach to basis
modelling is modularity (see Figure 4). Actually, we
separately specify:
1. the dynamics for the (Ois) risk-free rate;
2. the default intensity dynamics, having two different sets of parameters for H and L, but also
sharing an identical type of dynamics for the two
types of banks;

3. The Libor panel is a continuous weighted average of banks that differ in type (H or L) and
timing of entry in the panel: a deterministic
continuous-time replacement process drives
the gradual replacement dynamics towards a
different panel composition.
Summer 2015

3. the panel reshuffling/transition dynamics, according to the chosen assumption amongst the three
proposed above;
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Moreover, we assume a mutual independence between
all of these separate dynamics.
All this means that the user is then free to choose
her own preferred dynamics for the Ois and the default
intensities, even if we will adopt a CIR dynamics for all
of them in what follows. Our choice should be regarded
as taken just for explanatory purposes.

simply compounded forward rates. The total Libor rate applied to the deposit is L(ts , ts + τ ) =
R(ts , ts + τ ) + S(ts , ts + τ )
The credit spread represents a fair default risk
premium over the risk free rate. As such, it is calculated in order to equate the discounted expected
value of the risky deposit, under the risk neutral
measure Q, (considering both cases of default during the contract lifetime and survival until maturity)
to:

LIBOR-OIS BASIS MODELLING

• the unit notional, if ts = 0 (i.e.: if the deposit
starts today);

Assume that, for a given reference currency, a group
of (major) banks enter the Libor panel at time t. To
simplify the analysis, we assume they are all equal
to a representative bank that can go bankrupt with
known default probabilities for any future date.
The default probabilities can be considered as an
average of the default probabilities of the single
banks of the panel: one may think that if she lends
money at time t to one of these banks, she will bear
an expected default risk equal to that referring to
the representative bank.2
Consider for the moment that the representative
bank is exactly similar to a specific institution with
its own default risk; alternatively said, lending spot,
or forward at a future date, an amount of money
to the representative bank is no different than lending to a specific bank operating in the market that
wishes to borrow (we will relax this assumption
soon). The (risk-neutral) survival probability3 of
the representative bank of the Libor panel, at time
t up to time T, is:
 R

T
SP(t, T ) = EQ e− t λs ds Ft

• the unit notional times the expected survival probability of the counterparty until ts ,
EQ [1τ F >ts +τ |Ft ] if ts > 0 (i.e.: the deposit
starts on a future date, and we weight the
notional by the probability that the deposit actually starts, or that the counterparty survives
at the start time).
Let us start by considering a spot starting deposit.

Spot Credit Spread
The equation to determine the spot credit spreads,
assuming Recovery of Face Value (RFV), is:4

1=E

Q



D





D (0, τ ) · 1 + S(0, τ ) + R(0, τ ) · τ





=


 
= P D (0, τ ) · 1 + S(0, τ ) + R(0, τ ) · τ · SP(0, τ )
+ (1 − Lgd) · PD(0, τ ) =
1 + (S(0, τ ) + R(0, τ )) · τ
=
· SP(0, τ )
1 + R(0, τ ) · τ
(1 − Lgd) · PD(0, τ )
+
1 + R(0, τ ) · τ
(2)

(1)

where τ F is the time the default occurs, λt is the
(possibly stochastic) default intensity, which we assume independent from interest rates. We have also
that PD(t, T ) = 1 − SP(t, T ).
Assume for the moment we want to price a
deposit starting in ts and expiring in ts + τ: the
money is lent to a defaultable counterparty with
a well defined survival probability SP(ts , ts + τ ).
In case of default, we suffer a percentage loss of
the notional of the deposit market value equal to
the Loss Given Default Lgd. To further simplify the
notation, assume a unit notional.
The simply compounded risk-free (Ois) rate for
the period [ts , ts + τ ] is denoted by R(ts , ts + τ ) and
the simply compounded credit (basis) spread is
denoted by S(ts , ts + τ ). If ts > 0 these are the

We have indicated with D D (t, T ) the default
risk-free discount factor from T to t, and with
P D (t, T ) = EQ [ D D (t, T )] = 1+ R(t,T1 )(T −t) the price
in t of default risk-free zero-coupon bond expiring
in T.
By some simple algebra, we get from (2):

1 Lgd + R(0, τ ) · τ · PD(0, τ )
S(0, τ ) = ·
(3)
τ
1 − PD(0, τ )
If we define the adjusted default probability as
PD(0, τ ) = PD(0, τ )/(1 − PD(0, τ )), then we can

2 Clearly, once the deal is struck and the counterparty is known, the exact credit risk borne by the lender can be different from the
(average) credit risk of the representative bank.
3 It is likely superfluous stressing that we adopt a reduced form approach to default modelling.
4 This analysis is taken form Castagna and Fede [2].
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safely assume that Lgd ≈ Lgd + R(ts , ts + τ )τ. The
spot and forward spreads can then be respectively
written as:

rewrite the spread as:
S(0, τ ) =


1
· Lgd + R(0, τ ) · τ · PD(0, τ )
τ

(4)

S(0, τ ) ≈

Forward Credit Spread

 



(10)

and

In case of a forward start deposit, the forward credit
spread, assuming again a Recovery of Face Value,
is derived from the following equivalence:
E Q [1τ F > t s ]


= EQ D D (t,ts +τ )· 1+

Lgd
PD(0, τ )
τ

Lgd
PD(ts , ts + τ )
(11)
τ
Alternatively, if R(ts , ts + τ )τ is not negligible, we
can simply replace the original Lgd with Lgd∗ =
Lgd + R(ts , ts + τ )τ and consider R(ts , ts + τ ) a constant.
S(ts , ts + τ ) ≈

(5)

S(ts ,ts +τ )+ R(ts ,ts +τ ) ·τ

From Credit Spreads to Ois-Libor Basis

Working out the expectations:

We now relax the assumption that the representa
 tive bank is exactly the same as a given bank, and
= P D (ts , ts + τ ) · 1 + (S(ts , ts + τ ) + R(ts , ts + τ ))τ · we explicitly consider that it may change over time,
· SP(0, ts + τ ) + (1 − Lgd) · (SP(0, ts ) − SP(0, ts + τ )) mirroring the possible Libor panel’s changes.
We will introduce three different ways to model
1 + (S(ts , ts + τ ) + R(ts , ts + τ )) · τ
=
· SP(0, ts + τ ) the modification of the Libor panel, that will pro1 + R(ts , ts + τ ) · τ
duce three different models. We will dwell more
(1 − Lgd) · (SP(0, ts ) − SP(0, ts + τ ))
on the first model, giving an intuitive representa+
1 + R(ts , ts + τ ) · τ
tion of the panel transition process; the other two
(6)
approaches are a variation that can be easily understood once one grasps the mechanics of the first
In order to solve this equation, define the adjusted
one.
forward default probability as:
SP(0, ts ) =

EQ [ τ F > ts ]
−1
> ts + τ ]
SP(0, ts )
−1
=
SP(0, ts + τ )

PD(ts , ts + τ ) =

EQ [ τ F

Model 1: Stochastic Total Replacement of the Single Representative Bank
(7)

Assume we start with a given panel of banks characterised by a credit risk summarised in the spot
Libor-Ois spread curve and referring to the representative bank at time t = 0. The credit spread
curves are determined by the default probabilities
commanded by an intensity process λ H , as in equation (1). At a future time υ > 0 a change in the
panel may occur: a new representative bank enters
in the panel, replacing the bank currently entering
it. This new bank has a credit quality determined
by the default probabilities originated by another
intensity process λ L , which starts exactly when the
replacement occurs.
The representative bank may change over time
due to its credit standing change (typically a worsening) or default. Any transition implies a reset
of the process, meaning that the new process, referring to the new representative bank replacing
the old one, will start exactly when the random
transition event occurs.
Moving from a one-time to a continuous-time
replacement process, we can generalise the idea
outlined above in a rather straightforward fashion.
Assume that we are at time t = 0, and that we are
interested in determining the Libor forward spread

The forward credit spread S(ts , ts + τ ) is retrieved
with some algebra:
SP(0, ts )
(1 + R ( t s , t s + τ ) · τ ) =
SP(0, ts + τ )

= 1 + (S(ts , ts + τ ) + R(ts , ts + τ )) · τ
+ (1 − Lgd) · PD(ts , ts + τ )

(8)

By expressing the LHS in terms of conditional
forward default probabilities:
PD(ts , ts + τ ) · R(ts , ts + τ ) · τ + Lgd · PD(ts , ts + τ )

=

S(ts , ts + τ ) · τ
1 + R(ts , ts + τ ) · τ
Finally, we get:

S(ts , ts + τ )
(9)

1
= · Lgd + R(ts , ts + τ ) · τ · PD(ts , ts + τ )
τ
For typical values of interest rates, and relevant
Libor tenors (i.e.: 1,3,6 and 12 months), we can
Summer 2015
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for a deposit starting in ts and expiring in ts + τ, as
indicated in Figure 5. At time ts the panel will be
the one at time 0 with probability w H0 (ts ); during
the period [0, ts ] a continuous replacement process
takes place: at each time ξ i , for i > 0, a new panel
can replace the original one, and the probability
that this is the panel existing at the start of the deposit in ts is indicated by w HL (ts , ξ i ). To each new
panel, corresponding to a given representative bank,
is associated a specific default risk, commanded by
a default intensity process starting in ξ i .

version of this model: it allows for a change in the
Libor panel after a total replacement of the existing
representative bank with a new representative bank
that can be either of type L or H.
Forward Libor-Ois basis curves
Whenever a series of replacement events occurs between t = 0 and t = ts , only the last of these events
is relevant, since on every replacement the previous
default intensity process stops and is replaced by
the default intensity process of the new representative bank replacing the old one. Once the last
replacement occurs, we can use the credit spread
equations defined in the beginning of this section,
relating the basis to the forward default probability
under the last extracted λ process.
Assume the last replacement time is ξ, so that
the new default intensity process λ starts exactly
in ξ. Consider two cases: in the first the last new
bank will be of type H, in the other it will be of
type L. Given the assumption that the functional
form of the intensity process λ between switching
events does not change, we have that the forward
default probability will be simply shifted in time by
ξ: PDz (ts − ξ, ts − ξ + τ ) (with z ∈ { H, L}), where

Hence, at time ts , loosely speaking, the representative bank’s default probability will be a weighted
average of all the default probabilities of the representative banks that can form the panel by the time
ξ i on.
It is important to highlight the fact that the deposit counterparty, i.e.: the borrower bank, is a specific member of the interbank population that is implicitly assumed to be an infinity of banks that can
replace the defaulted, or credit deteriorated, banks
included in the current and future panels. Whenever there is a credit standing transition or a default, the current representative agent changes and
the whole population changes accordingly. This
transition in overall population characteristics is
equivalent to a replacement of the representative
agent with a new kind of representative agent.

SPz (0, ts − ξ )
−1
SPz (0, ts − ξ + τ )
(12)
We also trivially have SPz (ts − ξ, ts − ξ + τ ) =
1 − PDz (ts − ξ, ts − ξ + τ ).
Additionally, denote the conditional credit
spread, under the replacement conditions, as
S H (ts − ξ, ts − ξ + τ ) and S L (ts − ξ, ts − ξ + τ ) respectively. Making use of the approximation introduced above, the credit spread is:
PDz (ts − ξ, ts − ξ + τ ) =

It is assumed that all banks have mutually independent default intensity dynamics. Therefore,
given this assumption of independence and infinite population, we imply that there will always
be a bank (embodied in the representative bank) to
which the Libor rate can be applied when it asks to
borrow money. In other words, although the Libor
panel is made of defaultable entities, the replacement process (jointly with the above mentioned
assumptions) ensures that the process of the LiborOis basis never stops, and that there is always to
opportunity to lend money to a Libor bank.

Lgd
· PDz (ts − ξ, ts − ξ + τ )
τ
(13)
where PDz (ts − ξ, ts − ξ + τ ) = SPz (0, ts −
ξ )/SPz (0, ts − ξ + τ ) − 1.
So far we showed the calculations for a credit
spread conditioned on a specific last replacement
event ξ ∈ (0, ts ). We need to integrate for all the
possible ξ’s in the interval (0, ts ), bearing in mind
that two last replacement time ξ’s are obviously
mutually exclusive. Therefore, to compute the unconditional Libor-Ois basis, we have to consider
these three general possibilities:
Sz (ts − ξ, ts − ξ + τ ) =

When we monitor the credit risk in a forward
starting deposit with a specific representative bank,
we always consider the possibility that it might go
bankrupt before the contract inception in ts and this
will be accounted for in the specific representative
bank’s credit spread by using the relevant forward
default probabilities. In case a specific representative bank defaults (i.e.: the panel stops existing and
a replacement occurs), we will move our monitoring
to another representative bank which is independent from the previously monitored one. Given
our assumptions we can rest assured that we will
always find a new representative bank to monitor.

1. the representative bank is never replaced,
therefore we will calculate the basis as the
one of the initial bank;
2. the representative bank is replaced at least
once and in the last replacement the new bank
is of type H;

We will provide in next section the formulae for
Forward Libor-Ois basis curves referring to general
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FIGURE 5: Visual rendering of the replacement process of the Libor panel of banks.

3. the representative bank is replaced at least
once and in the last replaced the new bank is
of type L.

The unconditional forward Libor-Ois basis is
simply the sum of the three terms above, since
they are mutually exclusive and they are already
weighted for their respective probabilities:

The first case has probability: w H,0 (0, ts ), and
the spread is:
S1 (ts , ts + τ ) = w H,0 (ts ) · S H (ts , ts + τ )

S Libor (ts , ts + τ )

= S1 ( t s , t s + τ ) + S2 ( t s , t s + τ ) + S3 ( t s , t s + τ )
(17)

(14)

The weight w H,0 (0, ts ), as well as the other weights
in the following formulae, are derived in Appendix
A5 .
In the second case, the spread is calculated by
integrating over all admissible ξ’s the conditional
spread S H (ts − ξ, ts − ξ + τ ) multiplied by the probability density function w HH (ts , ξ ).

Marginal forward Libor-Ois basis p.d.f.
To derive the forward Libor-Ois basis marginal
p.d.f., we need to condition it on:
• a certain state z ∈ { H, L}
• last replacement event in ξ ∈ (0, ts )

S2 ( t s , t s + τ )

=

Z ts
0

w HH (ts , ξ ) · S H (ts − ξ, ts − ξ + τ )dξ

• survival until ts − ξ

(15)

We need to derive the complete density, accounting for all possible ξ ∈ (0, ts ). To this end, consider
the three cases:

In the third case the spread is calculated similarly
to the second case:

1. No replacement of the representative agent
occurs in (0, ts )

S3 ( t s , t s + τ )

=

Z ts
0

w HL (ts , ξ ) · S L (ts − ξ, ts − ξ + τ )dξ

(16)

2. One or more replacements occur in (0, ts ),
with a last replacement event in ξ ∈ (0, ts )
collapsing in state H

Recall that the probabilities wz1 ,z2 (t, T ) refer to the
last replacement from z1 to z2 occurring between t
and T: they implicitly contain also all the possible
replacements from the two types of representative
bank occurring before the last one.

3. One or more replacements occur in (0, ts ),
with a last replacement event in ξ ∈ (0, ts )
collapsing in state L

5 Appendices are available in the paper version published online at http://www.iasonltd.com/wp-content/uploads/2015/03/ModellingCredit-Spreads-and-Libor-Basis-v-7.1-1.pdf.
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The respective probabilities are:

the Libor-Ois basis random variable may be expressed as:

1. w H,0 (ts )
S̃ Libor (ts , ts + τ )

1
(19)
=
S̃
(
t
,
t
+
τ
)
+
S̃
(
t
,
t
+
τ
)
i s s
∑ j s s
N i∈∑
Z
j∈ Z

2. w HH (ts , ξ )
3. w HL (ts , ξ )

L

H

The p.d.f. is:
gQ (S̃ Libor , ts , τ )

= g1Q (S̃, ts , τ ) + g2Q (S̃, 0, ts , τ ) + g3Q (S̃, ts , τ )

Denote with S M1 ,H (ts , ts + τ ) and S M1 ,L (ts , ts +
τ ) the value of a forward Libor-Ois basis calculated
according to Model 1 with initial state H and L
respectively. Suppose that there are m members
in ZH and N − m members in ZL . Thus the expectation of S̃ Libor will be the weighed average of the
forward Libor-Ois basis above defined:

(18)

where the functions g1Q (.), g2Q (.) and g3Q (.) are given
in Appendix A.

S Libor (ts , ts + τ )
N−m
m
=
· S M1 ,L (ts , ts + τ ) + · S M1 ,H (ts , ts + τ )
N
N
(20)

Model 2: Stochastic Partial Replacement with Detailed Libor Panel
In the Model 2 we extend the idea of Model 1 by
allowing for a detailed description of the initial Libor panel. In more detail, assume that the panel is
composed by N banks6 . They can be both of type H
and L, typically with a mix at the observation date
containing more of the former if Libor-Ois curves
are humped.
Each bank in the panel can be replaced by new
banks of both types in the future; the credit spread
of these banks is commanded by an intensity process that starts at the time the replacing banks enter
in the panel. The replacement process is modelled
in the same way as Model 1, by a continuous time
Markov chain.
The main difference between Model 1 and
Model 2 is that in the latter we consider the actual number of banks entering in the Libor panel,
although they can only be of two types. The modifications of the panel can occur for any of the N
banks at random future times, contrarily to Model
1, in which the (one) representative bank can be
replaced at future times by another representative
bank, thus completely renewing the composition of
the panel.

Marginal forward Libor-Ois basis p.d.f.
To find out the density of S̃ Libor (ts , ts + τ ), we need
to calculate the p.d.f. of the following random variable:
S̃ Libor (ts , ts + τ )

1
(21)
=
S̃i (ts , ts + τ ) + ∑ S̃ j (ts , ts + τ )
∑
N i∈Z
j∈ Z
L

Suppose that the spread of the bank i is independent from the spread of the bank j for every
i 6= j. The density we are looking at is simply the
convolution of the densities S̃i∈ZL (ts , ts + τ ) and
S̃ j∈ZH (ts , ts + τ )(ts , ts + τ ).
Denote
gQ
M1 ,H ( S̃, ts , ts

with

gQ
M1 ,L ( S̃, ts , ts + τ )

and

+ τ ) the Libor-Ois basis marginal
density according to Model 1, with initial states H
and L respectively. These are the respective p.d.f.
for S̃i∈ZL (ts , ts + τ ) and S̃ j∈ZH (ts , ts + τ ).

Forward Libor-Ois basis curves
If we denote the i member’s initial state as zi (0) ∈
{ H, L}, we have two kinds of random variables
depending on zi (0).
Each random variable S̃i will follow dynamics
according to Model 1, with initial state zi (0). We
divide the panel members in two subsets ZH =
{i zi (0) = H } and ZL = {i zi (0) = L}. Then
6 At

H

If there are m members in ZH and N − m members in ZL , the marginal density of the Libor-Ois basis is given by the convolution of two components:
i) the p.d.f. of the weighted sum of the m members
in group ZH and ii) the p.d.f. of the weighted sum
of N − m members in group ZL . Each member is
equally weighted by N1 .

the time of writing, the USD Libor panel is made of 18 banks; the EUR Euribor panel is made of of 25 banks.
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gQ
Libor ( y, ts , ts


where B(0, ts ) is the decay matrix, defined in (85),
Appendix B, and w0 is the initial Libor panel composition vector.
The second component is given by:

+ τ) =


N · gQ
(
N
·
S̃,
t
,
t
+
τ
)
∗···
s s
M1 ,H



S2 ( t s , t s + τ )



· · · ∗ N · gQ
M1 ,H ( N · S̃, ts , ts + τ )
|
{z
}
m


∗
N · gQ
(
N
·
S̃,
t
,
t
+
τ
)
∗···
s s
M1 ,L

=

Z ts
0

(22)

(24)
0
ϕ(u, ts ) · S(ts − u, ts − u + τ ) · du

where ϕ(u, ts ) is the new bank weight density vector (with H and L components) defined in equation
(83), Appendix B.
Finally, the complete forward Libor-Ois basis is
given by:



· · · ∗ N · gQ
(
N
·
S̃,
t
,
t
+
τ
)
s
s
M1 ,L
|
{z
}

S Libor (ts , ts + τ ) = S1 (ts , ts + τ ) + S2 (ts , ts + τ )
(25)
The formulae for the single components are in the
Appendix.

N −m

where ∗ denotes the convolution operator.
Model 3: Continuous Time Deterministic Replacement Process of the Single Representative
Bank

Marginal forward Libor-Ois basis p.d.f.
Let S̃ H (ts , ts + τ ) ∼ p̄Q
H ( S̃ H , ts , ts + τ ) and S̃ L ( ts , ts +
Q
τ ) ∼ p̄ L (S̃ L , ts , ts + τ ), where p̄zQ is the risk neutral
marginal p.d.f of a credit spread for a z-type bank,
for a deposit starting in ts and maturing in ts + τ.
Then:

The Model 3 for the Libor-Ois spread hinges on
the assumption that new replacing representative
banks gradually replace the representative banks
entering the initial Libor panel. So we have two
main differences between Model 1 and Model 3:
i) the initial panel can be a combination of H and
L type banks in Model 3, whereas it was a panel
made by a single type representative bank in Model
1; ii) in Model 3 the replacement is not total, as in
Model 1, but only a fraction of old representative
banks can be replaced by new H and L type banks;
finally iii) the replacement process occurs continuously and in a deterministic fashion in Model 3,
contrarily to the Markov chain process in Model 1.
The technical details of the transition mechanics are
in the Appendix B.

S̃1 (ts , ts + τ ) ∼ g1Q (S̃1 , ts , ts + τ )
g1Q (S̃1 , ts , ts + τ )



S̃1 (ts , ts + τ )
1
· p̄Q
,
t
,
t
+
τ
∗
=
s s
|b H (0, ts )w H (0)| H b H (0, ts )w H (0)



1
S̃1 (ts , ts + τ )
Q
∗
· p̄
, ts , ts + τ
|bL (0, ts )w L (0)| L bL (0, ts )w L (0)
(26)
where ∗ denotes the convolution operator.
Then the complete spread has the following
p.d.f.:

Forward Libor-Ois basis curves
The forward Libor-Ois basis S Libor (ts , ts + τ ) in this
model is the sum of two components:

S̃ Libor (ts , ts + τ ) ∼ g1Q (S̃ Libor − S2 (ts , ts + τ ), ts , ts + τ )
(27)
As explained in Appendix B, S2 (ts , ts + τ ) has infinitesimal variance and therefore is a deterministic
process. The detailed formula is given in Appendix
B as well.

1. the contribution of the initial panel, dampened by the effect of the replacement of new
banks, denoted by S1 (ts , ts + τ );
2. the integral of the contributions of all the new
banks that enter the panel in (0, ts ), denoted
with S2 (ts , ts + τ ).

LIBOR CAPLET&FLOORLET
VALUATION WITH STOCHASTIC
BASIS

Denote with S(ts , ts + τ ) = S H (ts , ts + τ )S L (ts , ts +
τ ) the vector containing the H and L single static
counterparty forward credit spreads. The first component is given by:

0
S1 (ts , ts + τ ) = B(0, ts ) · w0 · S(ts , ts + τ ) (23)
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The framework outlined above allows to retrieve
the marginal densities for the Libor-Ois basis in
each of the three models analysed. It is then possible, under the assumption of the Libor-Ois basis
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independent from the corresponding Ois rate, the
sum of both being the Libor rate.7
Let us start by considering a deterministic and
constant additive spread S̄: then a Libor caplet
would be equivalent to a caplet on an Ois rate with
adjusted strike K̃ = K − S̄. Let R(ts , ts + τ ) be the
forward Ois rate between ts and ts + τ, observed
at time t. A caplet on Libor rate L(ts , ts + τ ) =
R(ts , ts + τ ) + S̄ has a pay-off at the natural expiry
in ts equal to:

Caplet Libor L(ts , ts + τ ), K, ts , ts + τ =


= max R(ts , ts + τ ) + S̄ − K, 0


= max R(ts , ts + τ ) − (K − S(ts , ts + τ )), 0 =

= CapletOis R(ts , ts + τ ), K − S̄, ts , ts + τ

specification for the Libor rate dynamics that will allow for the valuation of Libor derivatives, including
caps&floors and swaptions.8
In what follows we will specify the default intensity dynamics as CIR processes9 and we will
show the basis curve it is possible to obtain by the
three models of Libor-Ois basis.

Forward Credit Spreads
Assume a bank of type z can go defaulted according to a jump process commanded by an intensity
whose dynamics - under the risk neutral measure
Q - follows a CIR process of the type:
q
Q
dλz (t) = κz (θz − λz (t)) · dt + σz λz (t) · dWz,t
(29)
where z ∈ { H, L} is a label variable indicating
whether the counterparty is of the H or L type
(high or low credit risk respectively). The initial
condition is λz (0).
Since the CIR process belongs to the affine exponential family, forward credit spreads may be
explicitly derived. Given the survival probability:

 Z t

SPz (0, t) = E exp −
λz (u)du
0
(30)

= Az (0, t) exp − Bz (0, t)λz (0)

At time t, the caplet
is worth CapletOis R(ts , ts +

τ ), K − S̄, ts , ts + τ and can be computed by any
available model commonly adopted in practice, e.g.:
a Black formula.
If we consider a stochastic credit spread and
assume its independence from Ois rates, we can
simply evaluate the Libor caplet as the Ois caplet
above conditioned on all admissible values of S̄.
We may then express the value of a Libor caplet as
the convolution between the Ois caplet (as a function of the strike K) and the marginal basis density
gQ (S, ts , ts + τ ), whose explicit formula is given for
each of the three models:

Caplet Libor L(ts , ts + τ ), K, ts , ts + τ =

= CapletOis R(ts , ts + τ ), K, ts , ts + τ ∗

γz =

Z +∞
−∞

CapletOis R(ts , ts + τ ), K − S, ts , ts + τ

κz2 + 2σz2 νz =

4κz θz
Az ( T, S)
σz2

2γz exp [(κz + γz )(S − T )/2]
=
2γz + (κz + γz ) (exp [(S − T )γz ] − 1)
2 (exp [γz (S − T )] − 1)
=
2γz + (κz + γz ) (exp [γz (S − T )] − 1)


∗ gQ (K, ts , ts + τ ) =
=

q



νz /2
Bz ( T, S)

(31)

Q

· g (S, ts , ts + τ ) · dS
(28)

the forward credit spreads is:
Lgd
Sz ( t s , t s + τ ) =
· PD(ts , ts + τ )
τ 



Lgd
Az (0,ts ) exp − Bz (0,ts )λz (0)

 −1
=
·
τ
Az (0,ts +τ ) exp − Bz (0,ts +τ )λz (0)

where ∗ indicates the convolution operator, setting
as the convolution domain K ∈ R.

A SPECIFICATION OF THE MODEL
WITH CIR INTENSITY DYNAMICS

(32)

Practical Examples
Having specified the dynamics of the intensity λ(t)
as a CIR process, we are now able show the time
structures for the Libor-Ois basis generated within
our framework. The aim of all the models is to
accurately reproduce the humped shape of the real
data (see Figure 1): it means that our model is designed to be flexible enough to reproduce the hump
in a realistic time interval, to match the slope of the

As we have mentioned above, the framework we
have sketched is modular, in the sense that, under
the stated assumptions, we can choose any dynamics for the intensity processes for H- and L-type
banks, and thus specify the Models 1, 2 or 3 we
have analysed above for the Libor-Ois basis.
Besides, we can choose any dynamics for the
(risk-free) Ois rate and then come up with a full
7 Similar

general formulae are given also in Mercurio [5].
have not studied the evaluation of swaptions in this work, but it is possible in the outlined framework.
9 See Cox, Ingersoll and Ross [3].
8 We
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Maturity
0
1
3
5
7
10
15
20
25
30

1M
0.81%
0.96%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%

3M
0.83%
0.96%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%

6M
0.86%
0.97%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%

1Y
0.90%
0.98%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%
1.00%

TABLE 1: Ois rates. The underlying short rate follows a CIR process with r0 = 0.80%, κOis = 1.5, θOis = 1.00% and σOis = 5.00%

Model 1
Model 2
Model 3

H
L
H
L
H
L

CIR Parameters
λ0
κ
θ
0.06%
1.0
1.8%
0.05%
0.5
0.5%
0.10%
1.0
2.5%
0.05%
0.3
0.4%
0.06%
1.0
1.8%
0.05%
0.5
0.5%

σ
1.0%
1.0%
1.0%
1.0%
1.0%
1.0%

ηH
0.2
0.2
0.2
0.2
0.2
0.2

Replacement Parameters
ηL
a HH
a HL
a LH
4
60%
40%
0%
4
60%
40%
0%
4
50%
50%
0%
4
50%
50%
0%
4
60%
40%
0%
4
60%
40%
0%

a LL
100%
100%
100%
100%
100%
100%

TABLE 2: Parameters for models with constant replacement

time structure and to replicate the spot (deposits’)
Libor-Ois spread.
Assume we set the parameters of the CIR intensity process for the H and L type banks, in each of
the 3 models, as shown in the table 2. We can then
check which type of shapes for the Libor-Ois basis
term structure the 3 models generate. Moreover,
we test also the flexibility of the model by introducing time dependent parameters in the transition
processes and in the exit intensity from the panel.
The starting Ois rates’ term structure is also
needed: we generate a curve by a CIR model for the
short rate whose parameters are chosen such that
they fit best the market quotes dealing on November 1st , 2014. In table 1 we show the term structures
of the forward Ois for the 1M, 3M, 6M and 1Y tenor.
The results are shown in figures 6(a,c,e), where
we used fixed parameters for the exit intensity from
the panel and for the transition dynamics specific
to each model. Note that in the Model 2 (Stochastic Partial Replacement with Detailed Libor Panel)
we considered a panel of 25 banks, such that 15
started as H type. Moreover, in the Model 3 (Continuous Time Deterministic Replacement Process of
the Single Representative Bank) we chose a starting
panel entirely composed of H type banks, that is
w H (0) = 1 and w L (0) = 0.
In figure 6(b,d,f) we show the Libor-Ois basis
term structure when allowing for time dependent
parameters of the panel exit intensity and transition
dynamics. The most accurate model seems to be
the second one, that is the model with stochastic
partial replacement with detailed Libor Panel. As a
Summer 2015

matter of fact, such a time structure does not suffer
the initial spike and moreover the hump correctly
cover the interval between spot date and 10-ish
years, switching from a concave to convex slope.

Credit Spread Marginal p.d.f.
Given a CIR specification for the dynamics of λz (t),
we wish to calculate the marginal p.d.f. of the
credit spread S̃z (ts , ts + τ ), which is indicated as
p̄zQ (S̃z , ts , ts + τ ).


f z (0,ts )
SP
Lgd
Since S̃z (ts , ts + τ ) = τ · f
− 1 , if
we define the random variable

SPz (0,ts +τ )
f (0,t +τ )
SP
x = fz s
,
SPz (0,ts )

we

may equivalently say that the relationship between
S̃z (ts , ts + τ ) and x is:


Lgd
1
S̃z (ts , ts + τ ) =
·
−1
(33)
τ
x
Note that the previous relation is a deterministic,
invertible and differentiable function. So, if we calculate the risk-neutral marginal p.d.f. of x first,
which we will denote as f zQ ( x, ts , ts + τ ), we are
able to deduce from it p̄zQ (S̃z , ts , ts + τ ). The details
are explained the Appendix A.
The CIR process belongs to the Affine Exponential Family, therefore the random variable:

 Z t +τ


s
Q
f
SPz (ts , ts + τ ) = E exp −
λz (u)du Fts
ts

= A(ts , ts + τ ) exp − B(ts , ts + τ )λz (ts )
may be expressed in terms of the λz (ts ) random
variable.
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((a)) Model 1 - constant parameters.

((b)) Model 1 - Time Variant Parameters

((c)) Model 2 - Constant Parameters

((d)) Model 2 - Time Variant Parameters

((e)) Model 3 - Constant Parameters

((f)) Model 3 - Time Variant Parameters

FIGURE 6: An example of forward basis curve with constant and time variant parameters.
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Since we wish to derive the p.d.f. of x, which is
a ratio of survival probabilities, let us define G ts the
probability measure associated with the numeraire
f (0, ts ). The associated Radon-Nikodym derivaSP
tive is:
dQ
1
(t) =
f
dG ts
SP(t, ts )
dQ
(ts ) = 1
dG ts
Using conditional expectations:


Q
Q
f z ( x ) · dx = E 1SPz (ts ,ts +τ )∈( x,x+dx) Fts


dQ
= EGts 1SPz (ts ,ts +τ )∈(x,x+dx) ·
F
t
s
dG ts

We finally get:
f zQ ( x, ts , ts + τ ) =
1
·
=
Bz (ts , ts + τ ) · x

1
· qz (ts , v) · pχ2 (ν,δz (ts ,v)) qz (ts , v) ·
·
Bz (ts , ts + τ )


Az (ts , ts + τ )
· log
x

(34)

Once we have f zQ (·), we are able to calculate the
p.d.f. of the credit spread p̄zQ according to (33)
(35)
p̄zQ (S̃, ts , ts

therefore to obtain our result we may equivalently
switch from Q to the Gts measure.
Let v ≤ t ≤ ts and define these auxiliary functions:
ψz

=

qz (t, v)

=

δz (t, v, λz (v))

=

f zQ Θ(S̃), ts , ts + τ
τ
+ τ) =
·

2
Lgd
τ
Lgd S̃ + 1


(40)

This formula is explained in details in the Appendix. We are now able to make it specific to any
of the 3 models:

κ z + γz
σz2
2 · [ρz (t − v) + ψz + Bz (t, ts )]

1. for the first model the p.d.f. is given by the
formula (76) in Appendix A;

4 · (ρz (t − v))2 · λz (s) · eγz (t−v)
q(t, s)

2. once we have the p.d.f. for the first model, we
easily deduce the p.d.f. for the second model
applying (22);

Under the forward measure G ts , the distribution of
λz (t) conditional on λz (v) is given by:

3. the p.d.f. for the third model is explicitly
shown in formulas (103) and (104), Appendix
B.

ts

pλGz (t)|λz (v) ( x ) = qz (t, v) · pχ2 (ν,δz (t,v,λz (s)) (qz (t, v) · x )
(36)
where pχ2 (ν,δ) ( x ) denotes the marginal p.d.f. of a
Non-Central Chi-Squared random variable with ν
degrees of freedom and non-centrality parameter δ.
Given the G ts p.d.f. of λz (ts ), by inverting
this relation we are able to derive the
 p.d.f. of
Az (ts , ts + τ ) exp − Bz (ts , ts + τ )λz (ts ) under G ts .
f z ( t s , t s + τ ).
Set x = SP


1
Az (ts , ts + τ )
λz (ts ) =
· log
(37)
Bz (ts , ts + τ )
x

Practical Examples

Given the densities for each model, the Libor Caplet
will be a consequence of equation (28). We use
the same data for the Ois rates and the Libor-Ois
spreads as above. For the Ois forward rates we also
assume that they are lognormally distributed with
one constant volatility set at 30%. Please note that
we should have used a CIR model for the Ois rates
also to evaluate caplets, to be consistent with the
way we generated the Ois forward curves. Nonetheless, the purpose of this section is to show which
This is an invertible and differentiable function of
is the impact on the smile shape introduced by the
x. Its first derivative is:
Libor-Ois basis models we have introduced. For the
dλz (ts )
1
=−
(38)
same reason, we compare also the volatility smiles
dx
Bz (ts , ts + τ ) · x
produced by the Libor-Ois models with the smile
generated by a simply displaced Lognormal model,
Using the classical probability result for the p.d.f.
with
displacement set equal to the relevant forward
of an invertible and differentiable function of a ranLibor-Ois basis, assumed to be constant.
dom variable:
We are then able to calculate the implied volatilf zQ ( x, ts , ts + τ )
ity for each of the models as shown in Figures 7


dλz (ts )
and 8 for the 6M tenor. Implied volatility smiles
=
· qz (ts , v) · pχ2 (ν,δz (ts ,v)) qz (ts , v) · λz (ts )
and implied volatility surface for other tenors (1M,
dx
3M, 1Y) are shown in Appendix C.
(39)
Summer 2015

41

MARKET MODELS

((a)) Model 1 - Constant parameters

((b)) Model 1 - Time Variant parameters

((c)) Model 2 - Constant parameters

((d)) Model 2 - Time Variant parameters

((e)) Model 3 - Constant parameters

((f)) Model 3 - Time Variant parameters

FIGURE 7: Volatility smiles for a caplet with expiry 10 years and tenor 6M. Ois rate is modelled by Black model with implied
volatility equal to 30%.

42

iasonltd.com

((a)) Model 1 - Constant parameters

((b)) Model 1 - Time Variant parameters

((c)) Model 2 - Constant parameters

((d)) Model 2 - Time Variant parameters

((e)) Model 3 - Constant parameters

((f)) Model 3 - Time Variant parameters

FIGURE 8: An example of volatility surfaces for a caplet with expiry 10 years and tenor 6M. Ois rate is modelled by Black model
with implied volatility equal to 30%.
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((a)) Model 1 - Constant parameters

((b)) Model 1 - Time Variant parameters

((c)) Model 2 - Constant parameters

((d)) Model 2 - Time Variant parameters

((e)) Model 3 - Constant parameters

((f)) Model 3 - Time Variant parameters

FIGURE 9: P.d.f. for Libor-Ois basis refering to 6M tenor
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We are also able to plot the p.d.f. for each model
and for each tenor. Figure 9 shows the p.d.f. for the
6M tenor at different maturities for all the models.
The other tenors present almost identical shapes,
by differing from the 6M only for the center of
the peaks, since each tenor’s p.d.f. is centered on
its own forward rate. With the chosen set of parameters, the p.d.f. of the third model implies a
practically nil volatility. The other distribution for
the other two models, both in the constant and time
variant parameters, are multi-modal, due to the
replacement mechanism.

the issue of market illiquidity for some regions of
the term structure. In fact, in most cases available market quotes are not sufficient to cover the
whole Libor-Ois basis term structure for a given
tenor: practitioners can use our framework to deduce the illiquid parts of the curves for all tenors
from the quotes of actively traded instruments. In
our practical examples, the liquid 3M and 6M indexed instruments were sufficient to reproduce the
entire set of curves.
We noticed a rather high probability of replacement of the Libor panel: this is likely due to the fact
that not actively traded assets entered in the calibration process. This factor leads to high replacement
intensity, which in turn leads to small volatility for
Libor-Ois basis distributions.
If we consider only actively traded instruments,
we suspect that reasonable replacement parameters
will be sufficient for calibration. Our framework
could then be used to provide a more suitable interpolation and extrapolation method for the entire
Libor-Ois basis term structure.

CONCLUSIONS
In the present paper we provided a framework that
is based entirely on micro-founded inference and
credit risk arguments: all of the assumptions, dynamics and parameters derive from considerations
on how market practitioners typically deal with the
Libor-Ois basis.
The framework is flexible enough to capture the
features of the Libor-Ois basis quoted on the market. In fact it would be able to reproduce a broad
variety of complex basis term structures given the
right time structure for the replacement parameters.
We consider such a feature one of the strengths
of our setup. Since the replacement parameters in
our models have a straightforward interpretation,
they provide also a simple tool to analyze and interpret Libor-Ois basis expectations implied in market
quotes.
Furthermore, the present framework addresses
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