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EDITORIAL

D

ear Readers,

The Spring 2016 issue of Argo newsletter collects important
contributions of both academics and practioners in the fields of
banking, finance law and regulation.

In particular, the Bank-

ing and Finance part will deal with pricing and hedging topics,
while the Energy and Commodity Finance present two interesting articles: one related to the impacts of the regulation in the
energy fields, the other focused on the energy storage system.
As anticipated, we open this new issue with the Banking
& Finance section.

After one year from the previous publica-

tion, Marco Bianchetti, Sergei Kucherenko and Stefano Scoleri
updates us on the High-Dimensional Quasi Monte Carlo approach to perform pricing and hedging of the multi-asset options.
The Energy and Commodity Finance section contains two contributions. The first is presented by two expert practioners in the
field of energy trading: with focus on the italian power wholesale
market, Andrea Ottaviani and Cristiano Campi analyse how the
introduction of energy storage systems can create new opportunities for the asset-based power trading (considering also the related
regulatory constraints). The second article is an interesting study
presented by Lorenzo Parola and Francesca Morra on the consequences of the MiFID regulation for the operators in the energy fields.
We conclude as usual by encouraging the submission of
contributions for the next issues of Argo in order to improve each time this newsletter.

Detailed information about

the process is indicated at the beginning.

New and challeng-

ing articles are upcoming with the next releases indeed.
Enjoy your reading!
Antonio Castagna
Andrea Roncoroni
Luca Olivo
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Pricing and Hedging
Multi-Asset Options
with High-Dimensional Quasi Monte
Carlo: FD vs AAD Greeks

The authors 1 apply Quasi Monte Carlo
(QMC) techniques to the computation
of prices and greeks of financial derivatives, with particular focus on options on
multiple (possibly correlated) underlyings. Special focus is on greeks computation: they compare standard approaches,
based on finite differences (FD) approximations, with adjoint methods (AAD)
providing evidences that, thanks to increased convergence rate and stability,
switching from standard Monte Carlo to
QMC simulation, the FD approach can
lead to the same accuracy as AAD thus
saving a lot of implementation effort
while keeping low computational cost.

counterparty risk mesures and XVAs), typically involve multi-dimensional multi-step simulations: the
latter require a complex framework and an industrial approach, therefore representing a typical high
budget, high effort project in banks. Usually, Monte
Carlo techniques are used in production systems
in order to daily compute risk figures for large
portfolios with multiple counterparties. This is a
computationally intensive task, since each instrument necessarily has to be re-priced many times, in
different scenarios.
Quasi Monte Carlo represents a very efficient
alternative to standard Monte Carlo, capable to
achieve, in many cases, a faster convergence rate
and, hence, higher accuracy [15, 12, 23, 38, 39, 43, 17,
40]. The idea behind Quasi Monte Carlo methods is
to use, instead of pseudo-random numbers (PRN),
low discrepancy sequences (LDS, also known as
quasi-random numbers) for sampling points. Such
LDS are designed in such a way that the integration
domain is covered as uniformly as possible, while
PRN are known to form clusters of points and always leave some empty areas. Indeed, the very random nature of PRN generators implies that there is
a chance that newly added points end up near to
previously sampled ones, thus they are wasted in
already probed regions which results in rather low
convergence. On the contrary, LDS “know” about
the positions of previously sampled points and fill

Marco BIANCHETTI
Sergei KUCHERENKO
Stefano SCOLERI
odern applications of computational Finance, both on Front Office side (pricing and hedging derivatives books) and
on Risk Management side (estimating market and

M

1 The views expressed in this article are those of the authors and do not represent the opinions of their employers. They are not
responsible for any use that may be made of these contents.
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the gaps between them. Among several known
LDS, Sobol’ sequences have been proven to show
better performance than others and for this reason
they are widely used in Finance [15, 12]. However,
it is also known that construction of efficient Sobol’
sequences heavily depends on the so-called initial
numbers and therefore very few Sobol’ sequence
generators show good efficiency in practical tests:
see [40].

quantities which need to be computed besides price
both on the Front Office side (for hedging purposes)
and on Risk Management (to monitor the risk of
a portfolio w.r.t. individual risk factors). If a simulation approach is used to price the instrument,
standard techniques (Finite Differences, FD) require
bumping each risk factor and re-pricing the instrument on each MC path. The computational cost
of computing all the greeks, therefore, increases
linearly with the number of underlying risk factors
and becomes particularly expensive for options on
multiple underlyings. One popular and faster alternative to finite differences is Adjoint Algorithmic
Differentiation (AAD) [14, 24, 13, 19, 8, 9, 6, 10].
It is based on the “Pathwise Derivative” method:
unbiased estimators of the Greeks are obtained by
differentiating the discounted payoff along each
MC path, see [4, 12]. If we want to compute the
gradient of a single output w.r.t. many variables
(as in the case of Greeks of multi-asset options),
the adjoint mode of algorithmic differentiation can
be employed to dramatically increase the efficiency
of pathwise differentiation. In particular, it can be
proven that the computational cost of evaluationg
a function and its gradient with AAD is less then
approximately four times the cost of evaluating the
function alone, independently of the number of
derivatives to compute. So, the relative computational cost of computing all the greeks with this
approach is constant (and this constant is a small
number, say ≤ 4) making AAD favourable in presence of many risk factors, such as in the case of
multi-asset options. The main goal of the present
work is to apply adjoints to simple test cases in
multi-asset option pricing with both MC and QMC,
and to precisely measure its efficiency w.r.t. finite
differences, taking into account the accuracy of the
computation.

Compared to Monte Carlo, Quasi Monte Carlo
techniques also have some disadvantages. Firstly,
there is no “in sample” estimation of errors: since
LDS are deterministic, there is not a notion of probabilistic error. There have been developed some
techniques, known under the name of randomized
Quasi Monte Carlo, which introduce appropriate
randomizations in the construction of LDS, opening up the possibility of measuring errors through
a confidence interval while preserving the convergence rate of Quasi Monte Carlo: see [12]. Secondly, in contrast to PRN, not all the coordinates
of LDS are equally well distributed: this is particularly true for high-dimensional sequences, where
the late cooridnates usually lose some uniformity.
Even though some quasi random number generators, such as BRODA Sobol’ sequences [2], are
known to maintain strong uniformity properties up
to very high dimensions [40], it might seem that
QMC suffers of a sort of “curse of dimensionality”.
However, many financial problems, while being
formulated in high dimensions, show a low “effective dimension”, in the sense that few variables
are actually important. Therefore, a clever sampling strategy from the LDS would assign the most
important variables to the first coordinates, thus increasing the efficiency of the simulation. The effective dimension measures the number of important
variables in a quantitative way: it is defined starting from the ANOVA decomposition of the model
function and can be computed from the knowledge
of Sobol’ indices and Global Sensitivity Analysis
[5, 20, 21, 39, 34, 37, 17, 33, 18]. Moreover, it can be
decreased thanks to standard techniques which, basically, consist in reordering the variables appearing
in the model function. In the present work, we use
in particular the Brownian bridge (BBD) and the
Principal Component Analysis (PCA) constructions
for the discretisation of Brownian motions along the
time direction, and PCA as well as the Cholesky algorithm in the factorisation of the covariance matrix
of underlying assets [15, 12].

This work extends [1]. The article is organized
as follows: The first section sets the financial problem we want to face. The second part instead gives
a quick overview of Quasi Monte Carlo methodology needed in the following discussions. The
third section briefly reviews the basic concepts and
techniques behind AAD and its application to option pricing in a simulation approach. In the fourth
section we present the results of prices and sensitivities (greeks) computation for selected payoffs: the
performances of MC and QMC with both FD and
AAD are assessed and compared via a thorough
error and speed-up analysis. Finally, conclusions
and directions of future work are given.

“Greeks” represent the sensitivity of the price of
a financial instrument with respect to specific risk
factors and are formally defined as partial derivatives of the price function. They are very important
8
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The Financial Problem

a Nr f -dimensional geometric Brownian motion,
in (3) µi (t, S) = µi Si (t) and [Σ(t, S) dX P (t)]i =
σi Si (t) dXiP (t) for i = 1, . . . , Nr f , with constant drift
and volatility parameters, µ = (µ1 , . . . , µ Nr f ) and
σ = (σ1 , . . . , σNr f ) respectively. The covariance matrix is defined as

Prices and greeks of financial derivatives are defined as expectation values under a given probability measure, so that their evaluation requires the
computation of multidimensional integrals. The
payoff of a generic financial instrument, written on
Nr f assets, with payment date T will be denoted as
P (S(t), θ), where S(t) is the vector of underlying
asset values (S1 (t), . . . , S Nr f (t)) at time t ∈ [0, T ],
and θ is a set of relevant parameters, including instrument parameters, such as strikes, barriers, fixing
dates of the underlyings S, etc., described in the
contract, and pricing parameters, such as interest
rates, volatilities, correlations, etc., associated with
the pricing model. Using standard no-arbitrage
pricing theory, see [11], the price of the instrument
at time t = 0 is given by
V0 (θ) = EQ [ D (0, T )P (S(t), θ)|F0 ],

Σ = DRD

where D = diag(σ1 , . . . , σNr f ). Geometric Brownian
motion dynamics can be reformulated in terms of
independent Brownian motions W P (t):
Nr f

dSi (t) = µi Si (t) dt + Si (t)

∂V0
,
∂Si (0)

Vi =

∂V0
,
∂σi

(5)

where A is a square root of Σ, any matrix such that
AA T = Σ. The solution to equation (5) in a riskneutral world (under the risk-neutral probability
measure Q) is given by3

(1)

N

rf
1
Si (t) = Si (0) exp r − σi2 t + ∑ Aik WkQ (t).
2
k =1

(6)

We notice that Y (t) = DX (t) = AW (t), appearing in (5) and (6), is a Nr f -dimensional Brownian
motion with covariance Σ. In this work, we use
two different methods in order to find such matrix A, for any fixed t ∈ [0, T ]. The first one is
the Cholesky method, which yields a triangular
matrix thus reducing the number of elementary
operations subsequently needed to compute the
Brownian motion. The second one is the Principal
Component Analysis (PCA) construction, which
requires a diagonalization of Σ. Let λi and vi be
the Nr f eigenvalues and an orthonormal set of corresponding eigenvectors of the covariance matrix,
respectively4 . Then, the covariance matrix can be
written as
Σ = V Λ VT ,
(7)

(2)

called delta and vega, respectively. Notice that
model parameters σ denote the volatilities of assets
S and are assumed to be constant in a Black-Scholes
framework.
The underlying assets dynamics is described by
a set of stochastic differential equations (SDE). A
generic Wiener diffusion model in Nr f dimensions
is generally considered and it is characterized by
the following dynamics:
dS(t) = µ(t, S)dt + Σ(t, S) dX P (t),

∑ Aik dWkP (t),

k =1

where Ω, F , Q is a probability space with riskneutral probability measure Q and filtration Ft at
time t, EQ [ · ] is the expectation with respect to Q,
RT
D (0, T ) = exp {− 0 r (t)dt} is the stochastic discount factor, and r (t) is the risk-neutral short spot
interest rate. Notice that the values of S at intermediate times t before final payment date T may
enter into the definition of the payoff P . Greeks are
derivatives of the price V0 (θ) specific parameters θ.
In the present work, we will consider in particular
the following first order component greeks:
∆i =

(4)

where Λ = diag(λ1 , . . . , λ Nr f ) and V
(v1 | · · · |vNr f ). It follows that
A = VΛ1/2

(3)

=

(8)

is a square root of Σ. Even though the PCA factorization isn’t faster than the Cholesky method,
it is optimal in the sense that, if the eigenvalues
are ordered so that λ1 ≥ λ2 ≥ · · · ≥ λ Nr f , most of
the variance of the Brownian motion Y is explained
by the first few principal components: formally, if

with initial conditions S0 , where P is the real-world
probability measure, µ is the real-world drift, Σ
is the Nr f × Nr f volatility matrix, and X P (t) is a
Nr f -dimensional Brownian motion under P with
correlation matrix R2 . In particular, in the BlackScholes model the underlying assets S(t) follow

2 A correlated N -dimensional Brownian motion with correlation matrix R satisfies E[ dX ( t ) dX ( t )] = ρ dt, where i, k = 1, . . . , N
i
rf
k
ik
rf
and ρik are the entries of R, which is a symmetric, positive (semi)definite matrix with diagonal terms equal to 1.
3 We assume a constant interest rate r for simplicity. See [3], appendix B, for a generalization to stochastic interest rates.
4 Since Σ is symmetric and positive semidefinite, it has N
r f real non-negative eigenvalues and, by the spectral theorem, an
orthonormal set of eigenvectors.
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Z1 , . . . , ZK (K ≤ Nr f ) are independent standard norh
i
mals, then the error E kY − ∑iK=1 ai Zi k2 is minimized taking ai√as the columns of A as given in (8)
and Zi = viT Y/ λi , called the ith principal component of Y. This optimality turns out to be relevant
in QMC applications.

to the following formula,
Wi (t0 ) = 0,
q
Wi (t Nts ) = ∆t Nts 0 Zi1 ,
∆tkj
∆t jh
Wi (t j ) =
Wi (th ) +
W (t ) +
∆tkh
∆tkh i k

The solution to the pricing equation (1) requires
the knowledge of the values of the underlying
assets S at the relevant contract dates T1 , . . . , Tn .
Such values may be obtained by solving the SDE
(3). If the SDE cannot be solved explicitly, we
must resort to a discretization scheme, computing
the values of S on a time grid t1 , . . . , t Nts , where
t1 < t2 < · · · < t Nts , and Nts is the number of
time steps. Notice that the contract dates must be
included in the time grid, T1 , . . . , Tn ⊂ t1 , . . . , t Nts .
For example, the Euler discretization scheme consists of approximating the SDE (3) by

th < t j < tk ,

Nr f
σ2
i
2 ∆t j + ∑k=1

j = 1, . . . , Nts ,
(9)

Aik ∆Wk (t j ),

i = 1, . . . , Nr f , j = 1, . . . , Nts .

(10)

where ∆Wi (t j ) = Wi (t j ) − Wi (t j−1 ).
Clearly, the price in eq. (1) will depend on
the discretization scheme adopted. We consider
three discretization schemes in eq. (10): standard
discretization (SD), Brownian bridge discretization
(BBD) and Principal Component Analysis (PCA). In
the SD scheme the Brownian motion is discretized
as follows:
∆Wi (t j ) =

q

∆t j Zij ,

where Zij are Nts Nr f
variates5 .

l = 2, . . . , Nts ,

where ∆t ab = t a − tb . Unlike the SD scheme, which
generates the Brownian motion sequentially across
time steps, the BBD scheme uses different orderings: as a result, the variance in the stochastic part
of (12) is smaller than that in (11) for the same time
steps, so that the first few points contain most of
the variance. It follows that, with the BBD, much of
the shape of the Brownian motions are determined
by the first few coordinates of Z. However, in this
way, the points of the Brownian motion where to
concentrate the variance are somewhat a priori determined.
The PCA discretization scheme optimally samples from the gaussian vector so that most of
the variance of the Brownian path is explained
by the first few coordinates of Z. It is based
on the PCA factorization of the covariance matrix C of the (discretized) Brownian motion vector (Wi (t1 ), . . . , Wi (t Nts )). In the case of a multidimensional Brownian motion, when the covariance
matrix Σ of the underlying assets is also factorized
by PCA, the optimality of principal components
would be reduced if an independent PCA time discretization were applied to each component. Therefore, one has to work with the full covariance matrix C ⊗ Σ of the (discretized) Nts Nr f -dimensional
Brownian motion


Y1 (t1 ), . . . , YNr f (t1 ), . . . , Y1 (t Nts ), . . . , YNr f (t Nts )
(13)
and then apply a single PCA directly to it. This
also reduces the computational effort of the diagonalization, [12]. As we will discuss in the following
sections, QMC sampling shows different efficiencies
for SD, BBD and PCA.

where ∆t j = t j − t j−1 , ∆Xi (t j ) = Xi (t j ) − Xi (t j−1 )
and t0 = 0. In particular, the discretization of BlackScholes solution (6) leads to
Si (t j ) = Si (t j−1 ) exp r−

∆tkj ∆t jh
Zil ,
∆tkh
(12)

Si (t j ) = Si (t j−1 ) + µi t j−1 , Si (t j−1 )∆t j +

+ [Σt j−1 , S(t j−1 )∆X (t j )]i ,

s

i = 1, . . . , Nr f , j = 1, . . . , Nts ,
(11)
independent standard normal

Low Discrepancy Sequences and Quasi
Monte Carlo methods

In the BBD scheme the first variate is used to
generate the terminal value of the Brownian motion, while subsequent variates are used to generate
intermediate points, conditioned to points already
simulated at earlier and later time steps, according

The nominal dimension of the computational problem of finding option prices and greeks is D =
Nts Nr f , the product of the number of time steps
required in the discretization of the SDE (9) and

5 Gaussian numbers Z are usually sampled from a N N -dimensional gaussian vector using PRN or QRN generators. As will be
ts r f
ij
discussed in the following sections, the sampling order chosen to fill Z has a relevant impact when QRN such as Sobol’ sequences are
used.
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the number of risk factors (the underlying assets):
indeed, the expectation value in (1) is formally an
integral of the payoff, regarded as a function of D
standard normal variables Z1 , . . . , ZD . The pricing
problem (1) is thus reduced to the evaluation of
high-dimensional integrals. This motivates the use
of Monte Carlo techniques, where the integral is
approximated with the arithmetic average of the
integrand function at a given number N of randomly chosen points in the integration domain.
Independent standard gaussian vectors Z are easily
recovered through transformations of independent
uniform variates drawn in the D −dimensional unit
hypercube. These are, in turn, generated by appropriate Random Number Generators (RNGs). In
particular, Pseudo Random Number Generators
(PRNGs) are computer algorithms that produce deterministic sequences of pseudo random numbers
(PRNs) mimicking the properties of true random sequences. The most famous PRNG is the Mersenne
Twister [22], with the longest period of 219937 − 1
and good equidistribution properties guaranteed
up to, at least, 623 dimensions. Pseudo random
sequences are known to be plagued by clustering:
since new points are added randomly, they don’t
necessarily fill the gaps among previously sampled
points. This fact causes a rather slow convergence
rate. Consider an integration error
ε = |V − VN | ,

defined by (see [15])
D
DN
( x1 , . . . , x N ) =


n S D ( ξ ), x1 , . . . , x N
− m(ξ ) ,
= sup
N
ξ∈HD

S D (ξ ) =
= [0, ξ 1 ) × · · · × [0, ξ D ) ⊂ H D ,

1/2

σ
= √ ,
N

(16)
where
h
i
n S D ( ξ ), x1 , . . . , x N =
N

N

=

D

∑ 1{xk ∈S D (ξ )} = ∑ ∏ 1{xk,j ≤ξ j }

k =1

(17)

k =1 j =1

is the number of sampled points that are contained
in hyper-rectangle S D ⊂ H D . It can be shown that
the expected discrepancy of a pseudo
√ random sequence is of the order of ln(ln N )/ N. A Low Discrepancy Sequence is a sequence xk kN=1 in H D such
that, for any N > 1, the first N points x1 , . . . , x N
satisfy inequality
D
DN
( x1 , . . . , x N ) ≤ c ( D )

lnD N
,
N

(18)

for some constant c( D ) depending only on D, see
[25]. Unlike PRNGs, Low Discrepancy Sequences
are deterministic sets of points. They are typically constructed using number theoretical methods.
They are designed to cover the unit hypercube as
uniformly as possible. In the case of sequential sampling, new points take into account the positions of
already sampled points and fill the gaps between
them. Notice that a regular grid of points in H D
does not ensure low discrepancy, since projecting
adjacent dimensions easily produces overlapping
points.
A Quasi Monte Carlo (QMC) estimator uses
LDS instead of PRN while sampling from the uniform distribution. It is empirically observed in most
numerical tests [17, 5] that the QMC error scales as
a power law in the number of scenarios

(14)

(15)

where σ is the standard deviation of the integrand
function. Although ε MC does not depend on the dimension D, as in the case of lattice integration on a
regular grid, it decreases slowly with increasing N.
Variance reduction techniques, such as antithetic
variables [15, 12], only affect the numerator in (15).

ε QMC ∼

In order to increase the rate of convergence, that
is to increase the power of N in the denominator of (15), one has to resort to Low Discrepancy
Sequences (LDS), also called Quasi Random Numbers (QRNs), instead of PRNs. The discrepancy
of a sequence xk kN=1 is a measure of how inhomogeneously the sequence is distributed inside the
D-dimensional unit hypercube H D . Formally, it is
Spring 2016

∏ ξ j,
j =1

where V is the true value of the integral and VN
is the value of the Monte Carlo estimate obtained
with N Monte Carlo scenarios (using N pseudo
random points). By the Central Limit Theorem the
root mean square error of the Monte Carlo method
is
ε MC = E(ε2 )

D

m(ξ ) =

c
,
Nα

(19)

where the value of α depends on the model function and, therefore, is not a priori determined as for
MC. When α > 0.5 the QMC method outperforms
standard MC: this situation turns out to be quite
common in financial problems. Moreover, α can
be very close to 1 when the effective dimension of
the problem is low, irrespective of the nominal dimension D. See [1] for a review on the concept of
11
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effective dimensions and on the techniques usually
adopted to compute it.
We stress that, since LDS are deterministic, there
are no statistical measures like variances associated
with them. Hence, the constant c in (19) is not
a variance and (19) does not have a probabilistic
interpretation as for standard MC. To overcome
this limitation, Owen [27] suggested to introduce
randomization into LDS at the same time preserving their superiority to PRN uniformity properties.
Such LDS became known as scrambled (see also [12]).
In practice, the integration error for both MC and
QMC methods for any fixed N can be estimated
by computing the following error averaged over L
independent runs:

εN

v
u
u1
=t
L

L

∑




(`) 2

V − VN

,

SobolSeq8192 can be up to and including dimension 213 , and satisfy additional uniformity properties: Property A for all dimensions and Property
A’ for adjacent dimensions (see [40] for details6 ).
It has been found in [40] that SobolSeq generator
outperforms all other known LDS generators both
in speed and accuracy.

Adjoint Algorithmic Differentiation
Our main concern in this work is the computation
of Greeks, price sensitivities, which are mathematically defined as partial derivatives of the price function. Their accurate evaluation is probably more
important than the evaluation of price itself, since
it is the basis to estimate and hedge the risk associated to a derivative transaction. As already noticed,
complex financial instruments can be priced only
resorting to Monte Carlo simulation. The main
drawback of this approach is that it is generally
computationally expensive to reach an acceptable
degree of accuracy. This problem becomes even
more striking when the computation of Greeks is
concerned: indeed, due to its simplicity, the most
widely used technique is to form finite difference
(FD) approximations and then re-price the instrument on bumped scenarios (with the relevant parameter shifted by a predefined finite amount). The
FD estimator of a generic greek (say, the sensitivity
w.r.t. to parameter θi ) is defined as7 [12]

(20)

`=1

where V is the exact, or estimated at a very large
extreme value of N → ∞, value of the integral and
(`)

VN is the simulated value for the `th run, performed using N PRNs, LDS, or scrambled LDS.
For MC and QMC based on scrambled LDS, runs
based on different seed points are statistically independent. In the case of QMC, different runs are
obtained using non overlapping sections of the LDS.
Actually, scrambling LDSs weakens the smoothness
and stability properties of the Monte Carlo convergence, hence, in this paper we will use the approach
based on non-overlapping LDSs, as in [38].
The most known LDS are Halton, Faure, Niederreiter and Sobol’ sequences. Sobol’ sequences, also
called LPτ sequences or (t, s) sequences in base 2
[25] became the most known and widely used LDS
in finance due to their efficiency [15, 12]. As explained in [36], Sobol’ sequences were constructed
under the following requirements:

∂V0 . Y (θi + h) − Y (θi )
=
∂θi
h

(21)

where Y is the discounted payoff and h the increment on θi . Clearly, the value of the greek is obtained by averaging (21) on many Monte Carlo
paths: all that is required for the computation of
the price is thus sufficient for the computation of
FD greeks as well, no additional implementation
effort is needed. However, this approach has two
disadvantages. The first one concerns the accuracy
of the computation: finite differences are subject to
truncation errors, which can be mitigated by the use
of central differences so that the bias of the greek
estimator (21) is of second order in the increment.
Bias can be decreased by choosing a small increment, however this would also increase the variance
of the estimator, even if path recycling is adopted,
so that a fine tuning is needed. It is often hard to
find the optimal increment and, in concrete applications, the same increment usually has to be applied

1. Best uniformity of distribution as N → ∞.
2. Good distribution for fairly small initial sets.
3. A very fast computational algorithm.
The efficiency of Sobol’ LDS depend on the
so-called initialisation numbers. In this work
we use SobolSeq8192 generator provided by [2].
SobolSeq8192 is an implementation of the 8192
dimensional Sobol’ sequences with modified initialisation numbers. Sobol’ sequences produced by

6 The most recent generator released by BRODA is SobolSeq65536 which, not only has the highest dimensionality available and
employs the super fast generation algorithm, but also the generated Sobol’ sequences satisfy Property A in all dimensions and
property A’ for the adjacent dimensions.
7 For simplicity, here the one-sided forward difference is shown. As will be discussed, generally central (two-sided) differences are
preferable.
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to many different situations (see [1] for a discussion
on error optimization with finite difference approximation of greeks). The second disadvantage of
FD techniques regards the computational effort: indeed, the instrument has to be re-priced as many
times as the number of derivatives to compute (actually twice as many, if central differences are used).
Therefore, the computational cost of evaluating the
price and all greeks, the gradient of the price function w.r.t. all relevant parameters, increases linearly
with the number of required sensitivities. This becomes particularly expensive in the case of options
on multiple underlyings, where at least deltas and
vegas w.r.t. each underlying are usually needed:
V0 (Si (0) + h) − V0 (Si (0) − h)
,
2h
V (σ + h) − V0 (σi − h)
Vi ' 0 i
,
2h

Carlo variance, so that the the implementation effort required by the latter seems hardly justifiable at
first sight. However, the major benefit comes from
the fact that, if one has to compute the gradient of
a single output w.r.t. many variables (as in the case
of greeks of multi-asset options), the adjoint mode
of algorithmic differentiation can be employed to
dramatically increase the efficiency of pathwise differentiation. We now describe the basics ideas behind this methodology. Algorithmic differentiation
(AD) is a set of programming techniques aimed at
calculating exact (free of truncation errors) derivatives of functions given as computer codes [14, 24].
Let f : Rn → R , f ( X ) = Y be a scalar function of n
variables X = ( x1 , . . . , xn ), such as the discounted
payoff regarded as a function of parameters θ. No
matter how complicated f might be, it is always
given as the composition of elementary functions
and/or basic arithmetic operations. AD exploits the
information on the structure of the code and on the
dependencies between its various parts, in order
to optimize the calculation of the derivatives. The
main tool which makes AD work is the chain rule,
which is repeatedly used on the arcs connecting the
nodes of the computational graph representing the
instructions needed to execute f . Here we discuss
only the adjoint mode of algorithmic differentiation (AAD), which is the most efficient when the
derivatives of few outputs w.r.t. many inputs are
needed9 . First of all, a forward sweep is performed
where, starting from the values of the inputs, the
value of the output is computed recording all necessary information in intermediate steps. After that, a
backward sweep is performed, where the derivatives
w.r.t all the intermediate variables, the adjoints, are
propagated from the output to the inputs until the
whole gradient is obtained in a single run.

∆i '

(22)

where the increment h is chosen to be h = eSi (0),
for deltas, and h = e, for vegas, for a given8 “shift
parameter” e.
Both disadvantages of FD techniques are removed by Adjoint Algorithmic Differentiation
(AAD), which we briefly review in the following.
This method was introduced in Finance in [13] and
further developed in [19, 8, 9, 6, 10]. Instead of the
FD estimator, let’s introduce the “Pathwise Derivative” estimator of the greeks [4, 12]:
∂V0 . ∂Y
=
,
∂θi
∂θi

(23)

which is simply the derivative of the discounted
payoff. If the pathwise derivative (23) exists with
probability 1 and if the payoff function is regular
enough (it is Lipschitz continuous, see [12] for other
sufficient conditions), then (23) provides an unbiased estimator of the greeks since expectation and
differentiation can be safely interchanged:


∂V0
∂E[Y ]
∂Y
=
=E
.
(24)
∂θi
∂θi
∂θi

X → · · · → Ui → Vj → · · · → Y

↓
X̄ ← · · · ← Ūi ← V̄j ← · · · ← Ȳ
In more detail: any intermediate instruction is an
intrinsic (unary or binary) operation of the form

In other words, we just need to differentiate the
discounted payoff path by path and the value of
the greek is then recovered by a Monte Carlo average as usual. Notice that the pathwise derivatives
have to be computed explicitly in order to compute
greeks according to this approach, so that extra implementation effort is needed. This can be tedious
for complex payoffs. Moreover, in the limit h → 0,
both the FD and Pathwise Derivative estimators
provide the same estimates with the same Monte

Vj = Vj ({Ui }i≺ j )

(25)

whose derivative is known from calculus. Here, the
notation means that Ui are the variables on which
Vj explicitly depends. The adjoints are then defined
as
∂Vj
Ūi = ∑
V̄ .
(26)
∂Ui j
j i

8 Of

course, the shift parameters need not to be the same for delta and vega. They can also be different for each component greek.
discussion of the tangent mode, useful when the derivatives of many outputs w.r.t. few inputs have to be computed, is left to
the references [14, 24, 6].
9 The
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Initializing Ȳ = 1 and propagating the adjoints
backward through each intermediate step, at the
end of the computation the adjoints of the inputs
(the gradient) are obtained.

sweep consists in the following set of instructions:
Si (t j ) = Si (t j−1 ) exp r−
1
m

Ai =

m

∑ Si ( t j ) ,

i = 1, . . . , n,

j =1

n

B̄ =

∑ A i wi ,

i =1

Y = e−rT max( B̄ − K, 0) .
The backward sweep, with adjoint computation,
reads as follows:
Ȳ = 1,
B̄ = Ȳ e−rT 1B̄>K ,
Āi = B̄ wi ,
S̄i (0) = Āi

Ai
,
Si ( 0 )

i = 1, . . . , n,

si = 0 ,
"
si + = Si (t j ) log



Si ( t j )
Si ( 0 )



−

σ2
r+ i
2

!

#
tj

,

(loop on j = 1, . . . , m),
1 si
, i = 1, . . . , n.
σ̄i = Āi
m σi
In figure 1 the relative cost of evaluating the price
and all deltas and vegas of the option w.r.t the cost
of evaluating just the price is shown for an increasing number of underlyings and for both FD and
AAD techniques. It is easily observed that, while
for FD the relative cost increases linearly with the
number of underlyings (or greeks to be computed),
for AAD it remains constant.
We want to stress that the results such as those
shown in figure 1, typically presented in many
works on adjoint methods in Finance, solely refer to the speed of the computation and by no
means are indicative of the accuracy of the computation. The latter is rather given by the details
of the simulation method, such as the number of
scenarios, the random number generator, the use
of variance reduction techniques, and so forth. Of
course, an optimal use of the simulation technique
will increase accuracy. Put in other words, the same
accuracy can be reached with less scenarios if the
simulation details are accurately chosen (QMC with
BBD): this is, therefore, another source of speed-up
of the whole computation, besides the mere use

We conclude this section with a simple example,
namely the computation of deltas and vegas of an
Asian call option on a basket, where the adjoints
can be easily hand-coded. The discounted payoff is
given by

= e−rT max( B̄ − K, 0) ,

Aik ∆Wk (t j ),

j = 1, . . . , m,

It is easy to appreciate that the cost for the propagation of the chain rule back to the inputs is of
the same order as the cost of evaluating the function f itself. Indeed, there’s a precise result stating
that, in the adjoint mode, AD provides the full
gradient of f at a cost which is up to 4 times the
computational cost of evaluating the function f itself, independently of the number of variables. This
explains the power of AAD, enabling an extremely
fast computation of an arbitrary number of greeks10 .
However, AAD also has some disadvantages w.r.t
FD: first of all, it is harder to implement than finite
differences and the implementation effort within
large architectures would be challenging without
the availability of automatic tools. Secondly, it is
not always applicable: in particular it cannot handle discontinuous payoffs. One must regularize
the payoff by explicitly smoothing the discontinuity, approximating a digital call with a call spread
or something smoother, or using conditional expectations, smoothing payoffs with barriers [12].
However this introduces a bias and the use of automatic tools is not straightforward, so that extra
effort is needed. Finally, second order Greeks do
not have the benefits of the adjoints for multi-asset
options. One usually is forced to use a mixed approach AAD+FD. Recently, also a mixed approach
AAD + Likelihood Ratio Method has been proposed
[7].

Y (S1 (0), . . . , Sn (0), σ1 , . . . , σn ) =

Nr f
σ2
i
2 ∆t j + ∑k=1

(27)

where B(t) = ∑in=1 wi Si (t) is a basket of n underlyings with weights wi and B̄ is its arithmetic average on a set of m fixing dates (t1 , . . . , tm ), where
tm is option maturity. We assume that the underlying assets follow a Black and Scholes dynamics (6). After assigning appropriate values
to inputs (S1 (0), . . . , Sn (0), σ1 , . . . , σn ), the forward

10 AAD, being mechanical in nature, can be automated. Indeed, several AD tools have been developed which automatically
implement the adjoint counterpart of a given computer code. These tools typically make use of source code transformations or
operator overloading. The latter are well suited to the object oriented programming paradigm. The drawback is that the computation
of derivatives is slower, since a preliminary step is needed where all the information of the original code is recorded in a kind of tape,
which is a representation of the computational graph necessary to run the forward and backward sweeps. A lot of memory is also
necessary since all intermediate variables cannot be overwritten. We refer to the literature for further details on AD tools [14, 24].
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FIGURE 1: CPU time needed to compute price and all greeks (deltas and vegas) divided by CPU time needed to compute only price
of an Asian option on a basket of n underlyings, for increasing n. Monte Carlo simulation with 200,000 scenarios is used. The red
curve refers to central finite differences computation, while the blue curve refers to AAD computation.

and B̄ its arithmetic average over Nts fixing dates
{t1 , . . . , t Nts } such that t Nts = T:

of adjoints instead of finite differences in a Monte
Carlo simulation. Since, ultimately, accuracy is the
main concern in a numerical computation, it is interesting to compare these two sources of speed-up
in real life financial applications. This is the topic
of the following section.

Numerical Experiments
Asset Options

with

B̄ =

B ( t j ).

(29)

• strike: K = 100,
• number of underlying assets: Nr f = 5,
• number of fixing dates: Nts = 16,
• basket weights: wi = 0.2, i = 1, . . . , Nr f .
The inclusion of the Asian basket option allows to
test a simple path dependent option.
We assume that the stochastic processes S(t),
which govern the evolution of the underlying assets, follow a Nr f -dimensional geometric Brownian
motion as described in the first section, with the
following model parameters:

We selected the following instruments as test cases.

• spot prices: S0 = (80, 90, 100, 110, 120),

1. European basket call:
P = max( B( T ) −
K, 0).Asian basket call : P = max( B̄ − K, 0). In
the above definitions, K denotes the strike price, T
is the maturity of the option, B(t) is the value, at
time t, of a basket composed of Nr f underlyings
with weights wi

• volatilities: σ = (0.5, 0.4, 0.2, 0.3, 0.6),
• correlations: ρij = ρ, i 6= j , ρ = 0, 0.3, 0.6, 0.9.
Therefore, we assume for simplicity that all assets
have the same (constant) correlation ρ and we let ρ
vary from 0 to 1. We notice that the choice of the
values of S0 and σ ensures that the variables associated to different assets have different importance,

Nr f

(28)

i =1

Spring 2016

∑

j =1

2.• maturity: T = 1,

Selected Payoffs and Test Set-Up

∑ w i Si ( t ) ,

Nstep

Nstep

In all test cases we use the following payoff parameters:

Multi-

In this section we apply the methodologies outlined in the previous chapters to high-dimensional
problems of interest in the context of pricing and
hedging financial derivatives. Our aim is to test
the efficiency of both QMC vs standard MC and
FD vs AAD in computing prices and greeks (delta,
vega) of selected payoffs P , namely options with
multiple underlyings. Since we are just interested
in the numerical efficiency of the simulation, we
rely on simple dynamical models such as Black and
Scholes.

B(t) =

1
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• AAD: hand coded adjoints as described in the
third section.

which is a realistic case and is crucial in the application of QMC techniques, as will be discussed. The
processes S(t) are discretized across Nts time steps
t1 < · · · < t j < · · · < t Nts , where Nts = 16 also for
the European case in order to have the same dimensionality for both test cases. The dimension of the
simulation is D = Nts Nr f = 80.
The numerical computations are performed in
Matlab using different combinations of sampling
techniques, both in time dimension and in riskfactors space (the first one is the simulation method,
the second one is the time discretization scheme,
the third one is the factorization method of the
covariance matrix of the underlying assets):

In the following, we describe our results in detail.

Convergence Analysis
In this section, following an analysis similar to that
of [1], we compare the relative performances of
MC and QMC techniques with different sampling
strategies. This analysis is crucial to establish if
QMC outperforms MC, and in what sense.
Firstly, we analyze convergence diagrams for
prices and greeks with an increasing number of
MC paths and for different correlations. Figures 2
and 3 show the results for the European and Asian
basket options respectively: we plot just delta and
vega w.r.t. the fifth asset, for the case of correlation
ρ = 0.6. Similar results hold for other cases.
Next, we analyze the relative performance of
QMC vs MC in terms of convergence rate. We
plot in figures 4 and ?? the root mean square error, eq. (20), versus the number of scenarios N in
Log-Log scale. The observed relations are, with
good accuracy, linear, therefore the power law (19)
is confirmed, and the convergence rates α can be
extracted as the slopes of the regression lines. Furthermore, also the intercepts of regression lines
provide useful information about the efficiency of
the QMC and MC methods: in fact, lower intercepts mean that the simulated value starts closer to
the exact value. We plot just delta and vega w.r.t.
the fifth asset, for the case of correlation ρ = 0.6.
Similar results hold for other cases. Slopes and intercepts for the complete set of analyzed cases are
presented in tables 1 and 2.
We observe that, for the European option case,
QMC+BBD+PCA outperforms all other methods
and its convergence is smoother and more stable. For the Asian option case the same considerations hold for QMC+PCA+PCA method. These
results can be explained by the fact that the above
mentioned sampling strategies are optimal, in the
sense that they are intrinsically designed to extract the first coordinates of the gaussian vector
Z = ( Z1 , . . . , ZD ) to construct the most important
coordinates of the underlying assets’ vector

• MC+SD+CHOL,
• QMC+SD+CHOL,
• QMC+SD+PCA,
• QMC+BBD+CHOL,
• QMC+BBD+PCA,
• QMC+PCA+CHOL,
• QMC+PCA+PCA.
Regarding simulation parameters, we denote by N
the number of simulated paths for the underlyings
and by L the number of independent runs. Following the specifics of Sobol’ sequences, we take
N = 2 p , where p is an integer, since this guarantees
the lowest discrepancy properties. For the MC case,
we use Mersenne Twister generator, while in the
case of QMC we use SobolSeq8192 generator.
Simulation errors ε N are analyzed by computing the root mean square error (RMSE) as defined
by (20), where V is a reference value of prices or
greeks simulated with a large number of MC scenarios (N = 109 for European basket options and
N = 108 for Asian basket options). To assess and
compare performance of MC and QMC methods
with different discretization schemes, we compute
the scaling of the RMSE as a function of N by fitting
the function ε N with a power law c N −α (19). To
this purpose, we increase N = 2 p with p ranging
from 8 to 17. RMSE is obtained with L = 30 independent runs as discussed in the second section of
this article.
Finally, delta and vega sensitivities for the payoffs above are computed with the following alternative approaches:

S=


S1 (t1 ), . . . , S Nr f (t1 ), . . . , S1 (t Nts ), . . . , S Nr f (t Nts ) .

• FD: central finite differences (22) with path
recycling and with shift parameter e = 10−4
for the European case and e = 10−3 for the
Asian case
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Correlation
ρ=0

ρ = 0.3

ρ = 0.6

ρ = 0.9

Method
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA

Price
-0.49
-0.71
-0.75
-0.91
-0.92
-0.80
-0.75
-0.50
-0.71
-0.75
-0.92
-0.95
-0.78
-0.82
-0.49
-0.72
-0.79
-0.93
-0.97
-0.78
-0.80
-0.49
-0.78
-0.83
-0.97
-0.95
-0.86
-0.83

Slopes
Delta
-0.50
-0.54
-0.64
-0.63
-0.65
-0.58
-0.56
-0.48
-0.55
-0.60
-0.63
-0.65
-0.54
-0.59
-0.48
-0.60
-0.65
-0.64
-0.67
-0.60
-0.62
-0.47
-0.64
-0.64
-0.64
-0.72
-0.56
-0.58

Vega
-0.51
-0.67
-0.74
-0.76
-0.78
-0.74
-0.61
-0.51
-0.65
-0.62
-0.80
-0.65
-0.76
-0.64
-0.50
-0.62
-0.67
-0.81
-0.76
-0.75
-0.73
-0.48
-0.64
-0.74
-0.83
-0.85
-0.78
-0.74

Price
-0.04
-0.19
-0.07
-0.47
-0.42
-0.55
-0.51
0.12
-0.01
0.02
-0.36
-0.45
-0.46
-0.53
0.21
0.12
0.16
-0.28
-0.32
-0.40
-0.51
0.27
0.23
0.28
-0.22
-0.25
-0.29
-0.46

Intercepts
Delta
-2.00
-2.33
-2.14
-2.49
-2.51
-2.45
-2.47
-2.00
-2.33
-2.22
-2.49
-2.57
-2.49
-2.50
-2.00
-2.21
-2.13
-2.54
-2.67
-2.45
-2.52
-2.01
-2.13
-2.16
-2.64
-2.64
-2.57
-2.61

Vega
0.28
0.13
0.32
-0.17
-0.13
-0.15
0.07
0.28
0.21
0.30
-0.09
-0.17
-0.11
-0.01
0.27
0.25
0.24
-0.10
-0.23
-0.13
0.06
0.26
0.25
0.30
-0.09
-0.12
-0.10
-0.02

TABLE 1: Slopes and intercepts from linear regression of logarithmic error vs logarithm of number of simulation scenarios, for the
computation of prices and greeks of European basket options with different correlations and methods. Only significant digits are
shown.
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Correlation
ρ=0

ρ = 0.3

ρ = 0.6

ρ = 0.9

Method
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA
MC+STD+CHOL
QMC+STD+CHOL
QMC+STD+PCA
QMC+BB+CHOL
QMC+BB+PCA
QMC+PCA+CHOL
QMC+PCA+PCA

Price
-0.46
-0.70
-0.76
-0.76
-0.79
-0.87
-0.84
-0.49
-0.71
-0.82
-0.76
-0.89
-0.86
-0.93
-0.48
-0.74
-0.83
-0.81
-0.95
-0.89
-0.97
-0.49
-0.79
-0.84
-0.89
-0.94
-0.92
-0.95

Slopes
Delta
-0.47
-0.56
-0.56
-0.58
-0.58
-0.65
-0.57
-0.48
-0.55
-0.59
-0.56
-0.54
-0.57
-0.59
-0.46
-0.55
-0.57
-0.55
-0.61
-0.59
-0.55
-0.48
-0.54
-0.56
-0.58
-0.64
-0.53
-0.63

Vega
-0.46
-0.64
-0.80
-0.69
-0.69
-0.72
-0.64
-0.45
-0.68
-0.64
-0.70
-0.57
-0.75
-0.62
-0.48
-0.67
-0.70
-0.73
-0.61
-0.67
-0.73
-0.48
-0.76
-0.82
-0.77
-0.74
-0.82
-0.74

Price
-0.31
-0.57
-0.40
-0.75
-0.72
-0.79
-0.74
-0.19
-0.37
-0.23
-0.66
-0.69
-0.68
-0.81
-0.05
-0.21
-0.13
-0.56
-0.56
-0.57
-0.65
0.01
-0.09
-0.05
-0.48
-0.49
-0.52
-0.54

Intercepts
Delta
-2.13
-2.37
-2.31
-2.44
-2.47
-2.43
-2.62
-2.14
-2.33
-2.32
-2.52
-2.57
-2.53
-2.69
-2.14
-2.33
-2.35
-2.54
-2.49
-2.60
-2.81
-2.13
-2.39
-2.37
-2.52
-2.47
-2.71
-2.79

Vega
-0.10
-0.34
-0.02
-0.46
-0.45
-0.53
-0.39
-0.08
-0.24
-0.01
-0.48
-0.33
-0.46
-0.60
-0.05
-0.18
-0.12
-0.46
-0.52
-0.55
-0.46
-0.06
-0.09
-0.05
-0.50
-0.55
-0.49
-0.53

TABLE 2: Slopes and intercepts from linear regression of logarithmic error vs logarithm of number of simulation scenarios, for
the computation of prices and greeks of Asian basket options with different correlations and methods. Only significant digits are
shown.
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FIGURE 2: European basket call option price ( a) and selected greeks (b), (c) convergence diagrams versus number of simulated paths
for different combinations of methods: MC+SD+CHOL (black), QMC+SD+CHOL (blue), QMC+SD+PCA (cyan), QMC+BBD+CHOL
(red), QMC+BBD+PCA (magenta), QMC+PCA+CHOL (green), QMC+PCA+PCA (yellow). Reference values are marked by horizontal black solid lines and are computed with a MC simulation with 109 scenarios and with the same number of antithetic variables.
Number of dimensions is D = 5 × 16 = 80. Correlation is ρ = 0.6, the other parameters are as described in section
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FIGURE 3: Asian basket call option price ( a) and selected greeks (b), (c) convergence diagrams versus number of simulated paths for
different combinations of methods: MC+SD+Cholesky (black), QMC+SD+CHOL (blue), QMC+SD+PCA (cyan), QMC+BBD+CHOL
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Number of dimensions is D = 5 × 16 = 80. Correlation is ρ = 0.6, the other parameters are as described in section
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Payoff
European

Price/Greek
Price
Delta
Vega
Price
Delta
Vega
Price
Delta
Vega
Price
Delta
Vega

Asian

(1)

Accuracy
1%
1%
1%
0.1%
0.1%
0.1%
1%
1%
1%
0.1%
0.1%
0.1%

(1)

S∗
90
20
15
550
50
40
80
20
30
700
50
150

(2)

S∗
110
40
30
1000
150
80
60
10
60
500
30
350
(2)

TABLE 3: Speed-Up measures of QMC+PCA+PCA method (S∗ ) and of QMC+BBD+PCA method (S∗ ) w.r.t. standard MC, in
order to achieve 1% and 0.1% accuracy in the computation of prices and greeks of European and Asian basket options, for typical
correlations.

for all computed quantities, with a speed-up factor
up to 103 (price). For Asian basket options, where
the time discretization method plays a fundamental role, QMC+PCA+PCA is the best choice, with
few exceptions (vega). We notice in particular that,
in most cases, a ten-fold increase of the accuracy
a results in a two-fold increase of speed-up S∗ ( a).
However, in a few cases (price, asian vega), such
an increase can result in up to almost ten-folds
increase of S∗ ( a).
We notice that the Speed-Up measure actually
makes no reference to the computational time but is
rather defined as a ratio of number of simulations.
This, in turn, is proportional to CPU time. Therefore, it is interesting to fix a given accuracy and
compute the CPU time needed to reach it with various combinations of methods, including FD and
AAD. Indeed, even though adjoints allow for big
savings, in terms of computational time, w.r.t. finite differences, the accuracy of the computation
is rather given by the simulation method: fixing
a target accuracy a, QMC will reach it with much
less scenarios than MC, as measured by S∗ ( a). In
figures 6 and 7 we show absolute CPU times necessary to evaluate price and all greeks at a given
accuracy for MC and optimized QMC, with AAD
or FD, for our test cases of European and Asian
basket options with 5 correlated underlyings and
16 time steps, which is a quite typical case in real
financial applications.
We observe that, while QMC with AAD is of
course the best choice, QMC with FD runs in comparable times as MC with AAD for accuracies up
to few percent and is actually faster for higher accuracies. Increasing the number of underlyings,

Speed-Up Analysis
A typical question with Monte Carlo simulation
is how many scenarios are necessary to achieve a
given precision?. When comparing two numerical
simulation methods, the typical question becomes
how many scenarios may I save using method B instead of method A, preserving the same precision?.
A useful measure of the relative computational
performance of two numerical methods is the so
called speed-up S∗ ( a) [16, 30]. It is defined as
( A,B)

S∗

( A)

( a) =

N∗ ( a)
( B)

,

(30)

N∗ ( a)
( A)

where, in our context, N∗ ( a) is the number of
scenarios using computational method A (which
can be any of the different combinations of random
number generator, time discretization scheme and
covariance factorization algorithm discussed above)
needed to reach and maintain a given accuracy a
exact or almost exact results. Thus, the speed-up
S∗ ( a) quantifies the computational gain of method
B method A. The threshold number of scenarios
N∗ ( a) can be estimated from linear regressions results (see tables 1 and 2).
We show in table 3 the Speed-Up computation
results for QMC method with optimal sampling
strategies over standard MC, when accuracies of 1%
and 0.1% are to be reached. The simulation methods chosen for the computation of QMC Speed-Up
are those which achieved the highest performance
for our test cases, as concluded from section .
In the case of European basket option,
QMC+BBD+PCA largely outperforms MC method
Spring 2016
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FIGURE 6: European basket option. Absolute CPU time ( a) and logarithmic CPU time (b) needed to compute price and all
greeks (deltas and vegas), for different target accuracies: MC+SD+CHOL with AAD (blue), QMC+BBD+PCA with FD (red),
QMC+BBD+PCA with AAD (green). The number of underlyings is Nr f = 5 and the number of time steps is Nts = 16. Correlation is ρ = 0.3, the other parameters are as described in section
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AAD will become favourable w.r.t. FD in terms of
computational time when the same accuracy is to
be reached. Fixing target accuracy to 1% and increasing the number of underlyings11 , from figures
8 and 9 we observe that AAD becomes faster than
FD starting from Nr f ' 10. We recall that, since we
are using central differences, FD computation of all
deltas and vegas requires 4 · Nr f re-pricings.
It follows from these simple experiments that
AAD without QMC is not guaranteed to be faster
than FD if accuracy is concerned. We further comment on this in the Conclusions.

number of underlyings if standard (finite differences, or FD) techniques are employed. In section
we compared the computational effort needed by
FD and AAD in computing price and all first order
greeks with and without QMC, fixing the desired
accuracy. Remarkably, we obtain that QMC with
FD runs in comparable times as MC with AAD
for medium sized baskets, while the best choice
is clearly QMC with AAD, which allows for very
fast and efficient results as shown in figures 6-9. It
means that, taking into account the accuracy of the
computation, AAD is not guaranteed to be faster
than FD if it is implemented with standard MC
rather than QMC (at least for a modest number of
derivatives to be computed). Since, as discussed
in the third section of this article, AAD requires
a considerable implementation effort, especially
in industrial applications, our results suggest that,
if a financial institution doesn’t have AAD implemented, the use of FD coupled with QMC (which
is much easier to implement, just needs to change
the random number generator) remains competitive in many realistic applications. Moreover, if a
financial institution already has AAD, it should use
QMC instead of MC: this allows for huge savings
in computational time and achieves high accuracy,
in contrast to standard MC.

Conclusions
In this work we presented an updated overview
of the application of Quasi Monte Carlo (QMC)
and adjoint (AAD) methods to the computation of
prices and greeks of options on multiple underlyings. In particular, we selected two payoff types
(without and with path-dependency): European
basket call and arithmetic average Asian basket
call. We compared different discretization techniques of the diffusion processes of the underlying
assets, namely standard discretization, Brownian
bridge and principal component analysis schemes
as well as different factorization methods of the
covariance matrix of the underlying assets, namely
the Cholesky algorithm and principal component
analysis. Such techniques represent different sampling strategies from the gaussian vector, capable
to achieve different efficiencies if low discrepancy
sequences are used instead of pseudo random numbers. We have used BRODA implementation of
Sobol’ sequences throughout this work. This is particularly important since the chosen financial problem (pricing of multi-asset path-dependent options)
is potentially formulated in high dimensions and
QMC needs to be optimized in order to preserve
its enhanced convergence properties w.r.t. standard MC. We performed detailed and systematic
study of convergence and error diagrams, as well
as speed-up analysis of the different MC and QMC
simulations in the fourth section of the article in
order to support evidences that QMC with Brownian bridge (for the European case) or PCA (for
the Asian case) and with PCA factorization of the
covariance matrix largely outperforms its MC counterpart, enabling to reach the same accuracy with
much less scenarios (up to several hundreds less).
This latter fact is very important when the computation of a large number of price sensitivities
(greeks) has to be computed, because in this case
the computational time increases linearly with the
11 For

We conclude that the methodology presented
in this paper, based on Quasi Monte Carlo with
Sobol’ sequences, remains the method of choice
even at high dimensions and when sensitivities to
multiple inputs are computed through standard
finite differences techniques. Moreover, the use of
AAD with QMC is also a very promising technique
for more complex problems in finance, in particular
the computation of XVAs and their greeks or the
computation of counterparty risk measures such as
EPE or PFE. Such applications typically entail huge
simulations where ∼ 102 time steps and ∼ 103 (possibly correlated) risk factors are needed, leading
to a nominal dimensionality of the order D ∼ 105 ,
and where portfolios of ∼ 104 − 105 trades have to
be evaluated in ∼ 103 − 104 MC scenarios. Moreover, a fraction ∼ 1% of exotic trades may require
distinct MC simulations for the evaluation itself,
nesting another set of ∼ 103 − 104 MC scenarios.
Finally, hedging CVA/DVA, FVA, MVA or KVA adjustments to their underlying risk factors (typically
credit/funding curves) also requires the computation of their corresponding greeks each term
structure node, adding another ∼ 102 simulations.
This is the reason why the industry is continuously
looking for advanced techniques to reduce computational times. We argue that the methodololgies

simplicity we assume that S∗ ( a) is almost constant in the range Nr f = 1, . . . , 10.
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discussed in the present work may prove to significantly improve the accuracy, the stability and
the speed of such monster-simulations. It is also
interesting to further investigate the improvements
allowed by QMC in these situations through the
application of Global Sensitivity Analysis (GSA) as
done in [1]. The main obstacle is that, in contrast to
the single-asset case, GSA with correlated inputs is
not well established theoretically, since the interpretation of Sobol’ indices is less transparent. However,
it could still shed new light to understand which
is the optimal sampling strategy in the presence of
correlations and to compute the effective dimension
of the problem.
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The Energy Storage Systems
New Opportunities for the Asset Based Power
Trading and Regulatory Constraints:
The Case of the Italian Power Wholesale Market

With this article the authors analyse how
the introduction of energy storage systems at wholesale level can impact the
way a typical CCGT operating in the
Italian market is traded, and the potential effect on the overall trading P&L
from the additional flexibility provided
by adding a storage facility to the plant
and from gaining access to new sources
of revenue. The article looks at the
current regulatory setup for the Italian
power markets and at the technical characteristics, capex, o&m costs associated
to the mainstream battery technology as
of today, and provides indications on
what is required both in terms of regulatory developments and in terms of batteries technology improvements and cost
structure in order to achieve the “sweet
spot” from a trading and power generation asset optimisation point of view.

price setting mechanisms, to the major effort to create a global and multilateral protocol for dealing
with global warming, leading to several regional
carbon markets and its vast implications for the
power generation sector and emergence of the solar
and wind power generation sector.
There is now a “new big thing”, a new industry
is emerging from the twin push of the advancements in battery technology, mostly on the back of
the development of a commercially viable electric
car, and the need from the power generation sector
to address the main challenges faced by the renewable power generation: how to resolve the issue
for network stability from the intermittent nature
of wind and solar, and how to improve the profitability of renewable energy in a post government
sponsored renewable subsidy environment.

The Italian Wholesale Power
Market
Set Up and Structure of the Italian Power
Market
The liberalized electricity market was set up in Italy
as a result of Legislative Decree no. 79 dated March
16, 1999 ("Bersani Decree") as part of the implementation of the EU directive on the creation of an internal energy market (Directive 96/92/EC repealed by
Directive 2003/54/EC), with the creation and the
start of operations of the Italian Power Exchange
IPEX in April 2004.
The electricity market is divided into:

Andrea OTTAVIANI
Cristiano CAMPI
he last fifteen years have seen many
paradigm changing events in the broad
energy world: from the shift of oil, products and LNG trading flows from the Atlantic to the Pacific area, to the shale revolution in
the US disrupting long established OPEC’s energy

T
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• Day-Ahead Market - MGP
31

ENERGY STORAGE SYSTEM
• Intra-Day Market – MI (5 markets)

This boom in renewables increased the volatility and interest in day-ahead and week products,
mainly due to the difficulty of long term forecast
for wind and solar. The liquidity in the short term,
has consistently risen also due to the change to
the deadline for the submissions to day ahead offers into the Italian power exchange IPEX, that in
Febraury 2015 was uniformed to 12.00 am CET ,
like all the others European power Exchanges.
Another factor that has helped to increase the
liquidity is the exit of the banks from the power
trading activity ( due to regulation requirements
too onerous and shrinking margins) and the emergence of hedge funds, that thanks to the futures and
cleared market can access directly and develop their
strategies in the market in a credit efficient manner.
In the chart displayed in Figure 4 we can see the
exponential growth of financial and cleared (swaps,
exchange executed, broker cleared) market in Italy
in the last 2 years coupled with the reduction of the
physical market.
We expect this trend of shifting the trading
activity into the short term curve to increase in the
medium term, due to the impact of batteries and
energy storage technology that will help to boost
the renewable production and will allow a more
precise schedule and nomination.

• Dispatching Services Market – MSD
In the MGP and MI - also referred to as Energy Markets - producers, wholesalers and end customers, as well as Acquirente Unico (Single Buyer
for retail customers) and Gestore dei Servizi Energetici (aggregator of most of the small size renewable generation ) buy and sell wholesale quantities
of electricity for the next day.
MGP and MIs clear at marginal prices and are
managed by Gestore dei Mercati Energetici (GME).
In the MSD, Terna ( the Italian TSO) procures
the resources it needs to manage and control the
system (solving intra-national congestions, as Italy
is divided in 6 zones, creating energy reserves, realtime balancing).
The participation in to the exchange is not compulsory, market operators can trade also on the
forward and futures market.
In the forward market the transactions can be
bilateral (directly between two counterparties) or
OTC (over the counter or voice) brokered (in Italy
are currently active 7 brokers) physical and financial (swaps). There is also a futures market that
has seen increasing volumes in the last two years,
where a centralized exchange allows transactions
of standard futures products. At the moment EEX
( European Power exchange ) and IDEX ( Italian
derivatives exchange) are the two established exchanges in this market , with ICE and CME currently doing the first steps to enter.
It is interesting to look at the volumes traded on
the OTC and Exchange cleared markets. Looking at
the volumes traded in 2014 and 2015, we see a big
change: the interest of the market is shifting from
the long term to the short term. The volumes on
the curve from month to day ahead are increasing
one and half time in less than one year, while long
term trade volumes are almost flat (refer to Figure
1 and 2).
The main reasons of the increased liquidity on
the short term part of the curve are mainly related
to the increase of PV production in the Italian mix,
as you may see from Table 1.
The demand has increased by 1.5% in 2015 compared to 2014, renewables production (Hydroelectric, geothermic, wind and solar) accounted for
28.5 % of the national demand, with PV production representing more than 9% of the total Italian
production. This has been reflected in the traded
market with the loss of interest for the peak product whose spread with the baseload is consistently
reducing and becoming more unpredictable. In Figure 3 the percentage of the trading volumes of the
peak products on all maturities in 2014 and 2015.

Relevant Regulations
• The first document of Italian Autority on the
subject is “Documento di consultazione 613/2013,
Prime disposizioni relative ai sistemi di accumulo – orientamenti”, then defined in delibere
574/2014 e 614/2014.
• In the current Italian legislation, the storage
devices are considered equivalent to generation units or pump storages (art.4). The definitions and prescriptions are still transient,
waiting for the reform of the balancing market
to which the Autority sends back for further
specifications
• The Autority has also defined clear rules for
the test and development of new system storages by Terna (Italian TSO) with delibera 17th
July 2014 12/14, where are defined parameters and trials to be done. Terna should release updated results every 6 months but to
date, nothing has been published.
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FIGURE 1: Volumes traded in the OTC and Exchange cleared markets. Short Term in Blue, Long Term in Red.

FIGURE 2: Short Term volumes breakdown by sector in 2014 and 2015. Source: ETS analysis on Trayport data.

Hydro
Termoelectric
Geotermoelectric
Wind
PV
Total net production

Total production in GWh
2015
2014
delta %
44751
59575
-24,9
180871 167080
+8,3
5816
5566
+4,5
14589
15089
-3,3
24676
21838
+13,0
270703 269148
+0,6

Import
Export
Net( Import-Export
Pump Storage
Demand

50846
4465
46381
1850
315234

46747
3031
43716
2329
310535

+8,8
+47,3
+6,1
-20,6
+1,5

TABLE 1: The table shows the increase of PV production in the Italian mix that caused the increase in liquidity on the short term
part of the volume curve. Source: Terna, “Rapporto Mensile sul Sistema elettrico Consuntivo Dicembre 2014 e Dicembre 2015”.
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FIGURE 3: Percentage of the trading volumes of the peak products on all maturities in 2014 and 2015. Source: ETS analysis on
Trayport data.

FIGURE 4: Exponential growth of financial and cleared market in Italy in the last 2 years coupled with the reduction of the physical
market. Source: ETS analysis on Trayport data.
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Secondary, tertiary power and ancillary
services valorisation

Analysis of a potential impact
on trading strategy and
economics of power storage
technology

Storage technology is moving from niche technology beyond few small demonstration projects
to a realistic replacement for traditional methods
(mostly acting on the supply side like “peakers” gas
generators or on the demand side like interruptible
contracts) to provide grid balancing services for the
Transmission System Operator (TSO) to maintain
quality and reliability of electricity delivery (surge
capacity, load-balancing).
Several projects in the European and US power
markets have now been implemented based on two
main drivers:

Overview of batteries applications in the
wholesale power markets
The battery technology impacts the power markets
in two main areas:
1. off grid: in geographical areas where the connection to the main grid is not economical
or practical, where typically the economics of
storage are evaluated against the best alternative provided by generating electricity using
a diesel reciprocating engine:

• Deployment of vast arrays of batteries controlled by the TSO;
• Development of networks of distributed storage systems where domestic PV coupled with
a battery is remotely optimised by a third
party in order to provide ancillary services to
the TSO.

• Islands and remote residential areas;
• Emergency and transient residential areas (refugees camps, frontline military
installations);
• Remote industrial settlements (mines, off
shore platforms).

Avoided system costs considerations

2. on grid: evaluating the impact of batteries on
the economics of the power transmission and
distribution system, where typically the economics of storage are evaluated against the
best alternative provided by gas/oil peaker
and or investments to upgrade the distribution system:

The stabilising effect on the transmission and distribution network deriving from the deployment
of battery banks and distributed storage system
has an indirect but important impact on the capital
expenditure that TSOs have to sustain in order to
maintain the network in good functioning order,
these advantages can take many shapes and forms:

• Smoothing of erratic energy supply shift
from large scale PV and wind power
plants;

• Deferral of maintenance and replacement
costs resulting from lower day to day stress
in the existing infrastructure;

• Participation to balancing markets;

• Congestion relief resulting in reduced system
and infrastructure upgrades capex;

• Improvement of the flexibility and economics of distributed generation grids
from the domestic PV installations;

• Provide on-site power for sub stations across
the system reducing the overall running cost
of the network system.

• Peak-Off Peak intrinsic value valorisation;
• Avoided grid maintenance and improvement costs as result of a more stable
transmission and distribution network.

At the moment in Italy there are still barriers
to the utilization of these technologies who limit
the advanced experimentation and development,
regulatory barriers and acceptance by the market
operators. These barriers can broadly be classified
as following:

Peak – Off Peak Optimisation
An immediate application of a large scale battery
installation is the valorisation of the intrinsic value
that can be realised by maximising the production
of high price power at peak hours to a level beyond the nameplate capacity of the power plant
by charging the battery during low priced off peak
hours.
Spring 2016

• Tariff Structure: In Italy the feed in component of the tariff paid to renewable generator
is much larger than the market component of
the tariff thus reducing the incentive for the
renewable operators for optimising the plants’
activity and dispatching.
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FIGURE 5: 100 MW battery storage (left) vs 100 MW gas turbine (right). Source:Vassallo A. (2013).

• Market Pricing/1: In Italy there is no negative
pricing for power , thus reducing the incentive for dispatching the renewable plants in
an economical way.

is to consider the increased production that can be
sold into the market, thanks to the battery. All the
power plants in Italy in fact must reserve 1,5% of
their installed capacity to offer to the TSO a service of regulation of the grid frequency ( primary
reserve). So considering a 210 MW CCGT in zone
South, we can use a battery of 3.5 MW that will
allow us to sell into the market additional 3.5 MW,
that otherwise would have been used by Terna for
the primary reserve regulation. With the hypothesis of one charge complete every day, and ratio
Energy/capacity= 1, the total losses of the battery
will be 3.5 * 365= 1,277.5 MWh/year; considering a
cost of 0.9M /MWh, the total investment in the battery will be mln 3.15 . We consider a marginal cost
coherent with a plant of this size working baseload
all year for 2015, at 40 /MWh.
The return on the investment is given by the
bigger revenues on MGP, due to the increase in
capacity sold ( +3,5 MW), minus (losses x marginal
costs). Considering that the average South price for
the year 2015 was 49.416 /MWh , the increased revenues amount is mln 1.515 , while the total cost of
the yearly losses of the battery is 1,277.5*40=51,100
. So the yearly potential higher margin is equal to:

• Market Pricing/2: Lack of a real intra-day
power market reduce the extrinsic value that
can be extracted from the renewable plants.

Simulation of the benefit of a battery coupled with a CCGT in the South Zone of
Italy
The big benefit of a battery is to provide first ,secondary and tertiary reserve, and that can ramp up
and down in instants, with a reliability and flexibility much higher than a CCGT.
A battery offers a service double than the one
offered by a CCGT: it can store energy from the
grid when there is too much and provide it back to
the grid when is needed, while a CCGT can only
ramp up or down only 14 of the volumes secured
by a battery (Figure 5).
In valuing the return on investment on a battery
linked to a CCGT we need to consider, not only
the MGP (day ahead market), but also the revenues
from the balancing market (MSD).
At the moment there’s a regulatory gap: the
participation of batteries to the MSD is postponed
until the reform of the whole balancing market is
completed. Looking at what has been published
to date, the intention of the Autority seems to be
to consider batteries equivalent to pump storage
and dispatchable power plant, but further details
will be defined once the reorganization of the MSD
market is completed.
So the only reasonable way to evaluate the contribution of a battery attached to the CCGT in Italy,

(3.5 ∗ 8, 760 ∗ 49.416) − 51, 100 = 1, 463, 994
i.e. the net revenues from the battery (in ), minus

(3.5 ∗ 40 ∗ 8760) = 1, 226, 400
i.e. the costs of charging the battery (in ), equals
237,594 profit/year.
It means that the breakeven of the investment
will arrive after more than 13 years, considering
the spread unchanged. Of course at the moment
this doesn’t seem a good result, but considering the
vertical decrease of the cost of the storage devices
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Conclusions

and the fact that the battery can guarantee primary
reserve also when the power plants is off for maintenance, we think that there’s good potential for this
technology to be used and applied. In fact If we do
the same calculation for the forward year 2017, we
can assume a cost of the battery of 0.5M/MWh, so
the investment is reducing to mln 1.75 ; considering
37/MWh the price of electricity for South Italy and
the marginal cost of CCGT @ 29 /MWh and we
obtain a profit of:

In conclusion, batteries and energy storage systems
will impact the Italian power market, and the behaviour of the main operators, as we have seen in
the changes of the volumes and structure of traded
deals. But before we get there, the Italian power
market regulations need to be update in order to
acknowledge and normalise the participation of
batteries in the Italian wholesale electricity market.

(3.5 ∗ 8760 ∗ 37) − (1, 277.5 ∗ 29) =
= 1, 134, 420 − 37, 047 = 1, 097, 3723
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i.e. the net revenues from batteries (in ), minus
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i.e. the costs of charging the battery (in ), equals
208,232 , which means a payback period of 8 years
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What Are the Consequences
Arising from MIFID II for
Energy Operators?

As a consequence of MiFID II and
the related regulations, energy traders
will need to face issues which were
once relevant only for financial intermediaries. The real impact of the new
regulatory framework on energy markets is still to be discovered but energy
traders are already facing complex legal issues, such as the definition of financial instruments, and, consequently,
of financial services and the scope of
the new exemption regime. Both issues will be dealt with in this article.

July 4, 2012 on OTC derivatives, central counterparts and trade repositories.
• MiFID II: Directive No. 2014/65/EU of the
European Parliament and of the Council of
May 15, 2014 on markets in financial instruments, amending Directive No. 2002/92/EC
and Directive No. 2011/61/EU.
• MiFIR: Regulation (EU) No. 600/2014 of
the European Parliament and of the Council of May 15, 2014 on markets in financial
instruments, amending Regulation (EU) No.
648/2012.
• MAD II: Directive No. 2014/57/EU of the
European Parliament and of the Council of
April 16, 2014 on criminal sanctions for market abuse (market abuse directive).

Lorenzo PAROLA
Francesca MORRA

Some of them are already fully in force and,
combined with some regulations specifically aimed
at energy operators (REMIT: Regulation (EU) No.
1227/2011 of the European Parliament and of the
Council of October 25, 2011 on wholesale energy
market integrity and transparency), on one hand
broaden regulatory obligations on the so-called energy commodity firms, i.e. those companies engaging in energy commodity trading, and, on the other
hand, could require rethinking both their organi-

n the last few years, European legislators have
vigorously intervened on financial markets
regulations, with a view to improving their
efficiency, transparency and stability and to
ultimately protecting investors. This intervention
resulted in issuing a series of directives and regulations:

I

• EMIR: Regulation (EU) No. 648/2012 of the
European Parliament and of the Council of
Spring 2016
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zations and their modus operandi, with consequent
impacts on energy markets.
In particular, as regards the energy industry,
MiFID II, which will enter into force in February 201812 following a one-year deferment decided
upon a proposal by the Commission13 , introduces
two important changes vis-à-vis the current regime
(based on MiFID I14 ): (i) it broadens the definition
of financial instrument and (ii) restricts the scope of
the exemption regime that many commodity firms
have so far relied on.

one of the parties (otherwise than by reason
of a default or other termination event) (item
5 of Section C of Annex 1 to MiFID);
• options, futures, swaps, and any other derivative contract relating to commodities that can
be physically settled provided that they are
traded on a regulated market and/or multilateral trading facility (item 6 of Section C of
Annex 1 to MiFID);
• options, futures, swaps, forwards and any
other derivative contracts relating to commodities, that can be physically settled not
otherwise mentioned under item C6 and not
being for commercial purposes, which have
the characteristics of other derivative financial instruments, having regard to whether,
inter alia, they are cleared and settled through
recognized clearing houses or are subject to
regular margin calls (item 7 of Section C of
Annex 1 to MiFID).

Definition of financial instrument
As regards the first aspect, the definition of financial instrument is crucially important, because it is
on this basis that it can be determined whether an
activity is reserved or not. Exercising investment
services and activities professionally and vis-à-vis
the public is, indeed, an activity reserved to banks
and to brokerage firms. Investment services and
activities comprise a series of reserved activities
when they involve “financial instruments”. Subject
to certain conditions, these also include activities
involving commodity derivatives (including power
and natural gas derivatives). Therefore, it is evident that, the broader the definition of financial
instrument, thus including contractual forms that
are specific to the energy realm, the broader the
scope of reserved activities, with the consequent
need to obtain the status of investment firm15 to be
able to continue doing business.
Moving on, therefore, to the definition of financial instrument, three categories now specifically concern energy operators, insofar as relevant
herein:

These three categories have been recpatured under MiFID II but with some significant difference
and with the addition of another category.
First of all, emission allowances constitute a category unto themselves, as per Directive 2003/87/EC.
In this respect, it is worth emphasizing that the
novelty lies in the fact that not only emission allowance derivatives (as provided by the current
regime), but allowances themselves are considered
financial instruments.
Another important novelty pertains the new definition of the C6 category which, pursuant to MiFID
II, comprises:
• options, futures, swaps, and any other derivative contracts relating to commodities that can
be physically settled, provided that they are
traded on a regulated market, a multi-lateral
trading facility (MTF), or an organized trading facility (OTF), except for wholesale energy

• options, futures, swaps, forward rate agreements and any other derivative contracts relating to commodities that must be settled in
cash or may be settled in cash at the option of

12 In May 2016, the Italian Ministry of Economy and Finance submitted for consultation the implementing measures of the Directive
MiFID II, in order to modify the Italian Consolidated Law on Finance accordingly.
13 In February 2016, the Commission proposed an amendment to the second sub-paragraph of article 93(1) of MiFID II in such a
way tabled the directive’s entry into force by a year, and therefore as from January 3, 2018. Such a proposal has been definitively
approved by the European Parliament with the draft report 2016/0033 dated 16 February 2016.
14 Directive No. 2004/39/EC of the European Parliament and of the Council of April 21, 2004 on markets in financial instruments,
amending directives No. 85/611/EEC and No. 93/6/EEC of the Council and directive No. 2000/12/EC of the European Parliament
and of the Council, and repealing Directive No. 93/22/EEC of the Council (MiFID II).
15 The authorization as an investment firm does not only assume that certain requirements are met ab origine (e.g. directors meeting
the fit and proper person requirements, suitability of shareholders having qualifying holdings, minimum capital requirements),
but also implies the ongoing compliance with certain organizational and equity conditions (currently set out under Directive No.
2013/36/EU - CRD IV, by Regulation (EU) No. 575/2013 –CRR and by the Commission Delegated Regulation of April 25, 2016
supplementing Directive 2014/65/EU) and standards of conduct, as well as being subject to ongoing supervision and to the entire
regime provided by EMIR for financial counterparties (FC).
16 Under REMIT, wholesale energy products means "the following contracts and derivatives, irrespective of where and how they are
traded: a) contracts for the supply of electricity or natural gas where delivery is in the Union, b) derivatives relating to electricity or
natural gas produced/traded or delivered in the Union, c) contracts relating to the transportation of electricity or natural gas in the
Union, d) derivatives relating to the transportation of electricity or natural gas in the Union”, with the exception of contracts with
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products traded on an OTF that must be physically
settled16 .

Moreover, according to ESMA, the “necessary”
physical settlement requirement (“must be physically
settled”) of the underlying is substantiated if:

Essentially, the C6 category has also been extended to products traded on OTFs (with an exception). This inclusion is certainly relevant, if we
think that many of the brokerage platforms currently used by commodity firms to execute their
trading transactions will be considered OTFs17 .
The definition of contracts under C6 with the
features of wholesale energy products (as well as
the “derivatives contracts on C6 energy products”18
definition and the one under C7), has considerable
relevance and, therefore, it caused a lively debate
among European institutions, which ended up with
the adoption of the Commission Delegated Regulation of April 25, 2016 as envisaged by the MiFID II
in the second paragraph of Article 4.
At first, based on statements included in the
Frequently Asked Questions (FAQs) on MiFID II published on the European Union’s website, it appeared that wholesale energy products under REMIT would in fact be automatically excluded from
the scope of MiFID II. This would certainly have
followed a systematic logic, in order to avoid overlapping regulations. Subsequently, however, the
Final Report published by the European Securities and
Markets Authority (ESMA) on December 19, 201419 ,
clarified that a physically settled derivative - albeit considered a wholesale energy product under
REMIT - should not be considered a financial instrument solely when both requirements under item C6
are met, i.e. that it be traded on an OTF and that it
must be physically settled.
ESMA has also clarified what physical settlement of the underlying means, specifying that this
occurs not only in the case of actual delivery of
the commodity (in the case of electricity and gas,
indeed, it is inaccurate to speak of material delivery
to the purchaser), but also in the case of:

• the contract contains provisions ensuring that
the parties have implemented adequate measures for the settlement and acceptance of the
underlying;
• the contract provides for the unconditional,
unlimited, and enforceable obligation to settle
and accept the underlying;
• the parties cannot replace the requirement to
physically settle the underlying with a cash
settlement;
• the obligations placed on the parties under
the contract cannot be offset with other obligations arising from other contracts entered
into by the parties (“offset”).
This approach has been fully upheld by the
Commission, which incorporated the principles
above under Article 5 of the Delegated Regulation
also adding a further clarification regarding the
offsetting of the obligations arising from different
contracts stipulated by the parties.
It was therefore established that “operational
netting” shall be understood as any nomination of
quantity of power and gas to be fed into a gridwork
upon being so required by the rules of the Transmission System Operator. Hence, any nomination
of quantities based on operational netting shall not
be at the discretion of the parties to the contract.
The requirement to physically settle the underlying as set out above can be deemed verified insofar as the contract provides for instances of nonsettlement due to “force majeure” reasons or for
the so-called “bona fide inability to settle”, where:
• force majeure means an event or series of
events outside the parties’ control, which the
latter could not have reasonably foreseen or
avoided, which prevent one or both of them
from fulfilling their contractual obligations.
Normally, force majeure first triggers only a
mere suspension of contractual obligations
while the event persists, whilst the definitive
cessation of contractual effects occurs only

• delivery of documents representing title to
property rights on the commodities under the
contract and/or on given quantities of the
same;
• other methods allowing to transfer property
rights on the underlying without it being
physically settled20 .

final customers with a consumption capacity up to 600 GWh/year.
17 Organized trading facilities (OTF) are platforms that allow for the multi-lateral trading of financial instruments, in particular of
derivatives, cash bonds and emission allowances.
18 MiFID II also introduces, as a species of former C6 commodities derivatives, the new category of “C6 energy derivatives contracts”
for the sole purpose of exempting them, albeit only temporarily, from the application of the EMIR regime. More specifically, such
category comprises 1. coal or oil derivatives 2. traded on an OTF 3. that must be physically settled.
19 The Report is aimed at providing the Commission with a technical opinion for the purposes of the possible contents of the
delegated legislation that it will be required to enact pursuant to various provisions of MiFID II and of MiFIR.
20 “[...] including notification, scheduling or nomination to the operator of an energy supply network”.
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The new exemption regime

when contractual obligations effectively become impossible to fulfill;

Based on the current regime, many traders of energy products, including commodity derivatives,
have been able to do business without having to
obtain an authorization to operate as an investment
firm. And this by virtue of the exemption regime
provided under MiFID.
Indeed, even if financial instruments are traded,
there is no violation of reserved activities if a general or special exemption provided under MiFID
applies. For instance, an exemption may apply
when financial instruments trading occurs exclusively at intra-group level. It is worth specifying
that not all exemptions under MiFID have been
formally implemented by Italian laws, however, by
virtue of the direct enforceability of self-executing
directives22 , it is deemed in practice that the exemption regime under MiFID also fully applies in
Italy.
Insofar as relevant herein, the MiFID exemptions most frequently used by energy companies
have so far been:

• “bona fide inability to settle” means events other
than force majeure, objectively identifiable
based on contractually stipulated parameters,
which prevent one or more parties from fulfilling their obligations. In this case as well, in
a similar way to force majeure cases, these are
events that, except as otherwise contractually
provided, do not determine the immediate
cessation of the contract, but rather a suspension of contractual obligations.
In ESMA’s opinion, even the existence of nonperformance clauses that provide for compensation
of financial damages in case of default does not
nullify the requirement of physical settlement of
the underlying for the purposes of the exception
under category C6.
It is worth noting that the Agency for the Cooperation of Energy Regulators (ACER) and the Council of
European Energy Regulators (CEER)21 , did not agree
with ESMA’s approach as set out above. In their
opinion, the risk arising from ESMA’s statements
lies in the fact that non-“infrastructural” energy
operators, i.e. those that do not have storage, production or consumption capacity, could be excluded
from benefiting from the exemption. According to
ACER and CEER, indeed, in order to verify the
requirement that adequate measures must exist for
physical acceptance of the underlying, which must
be integrated for the purposes of the “necessary”
physical settlement, the Commission should have
clarified that it would suffice to implement specific
agreements (with the operators of relevant infrastructures, which usually happens in the energy
realm).
According to ACER, furthermore, if a wholesale
energy derivative contract traded on an OTF cannot
be settled in cash, this inevitably means that it must
be physically settled and, therefore, it does not
even fall within the C6 category (rather than falling
within that category but benefiting from the exemption). Finally, ACER had invited the Commission
to clarify that forwards that must physically settled
and that are not derivatives are not even comprised
within the C6 category. However those suggestions
have not been welcomed by the commission.

1. dealing on own account exemption: provided, except some exceptions, in favor of entities that
do not provide investment services or that
exclusively trade on own account in a nonorganized, frequent and systematic manner23 ;
2. ancillary exemption: provided in favor of entities trading financial instruments on their
own account or providing investment services in commodities derivatives or providing
the so-called exotic derivatives to clients of
their main business, provided that the former
amounts to an ancillary activity to their main
business as considered at the group level, and
provided that such main business is not the
provision of investment services or banking
services included in reserved activities24 ;
3. specialization exemption: provided in favor of
entities “whose main business consists in trading commodities and/or commodity derivatives on own account”. However, such exemption applies where such entities belong
to a group whose main business consists in
the provision of other investment services or
of banking services included in reserved ac-

21 Please see ACER’s recommendation No. 1/2015 of March 17, 2015, and the letter sent by CEER to the Commission on March 19,
2015 “MiFID II and the potential negative impacts on European energy markets and the goals of the 3rd Package”.
22 Self-executing directives are those that provide for precise and unconditional obligations upon a Member State, therefore creating
actual subjective rights upon the citizens and which, therefore, according to EU case law, can produce direct effects in domestic
systems irrespective of their formal implementation.
23 Art. 2 (1) (d) of MiFID.
24 Art. 2 (1) (i) of MiFID.
25 Art. 2 (1) (k) of MiFID.
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tivities25 . De facto, such exemption is currently the most frequently invoked by energy
traders.

those that trade on own account by carrying
out their clients’ orders;
• to persons providing investment services in
financial instruments, other than dealing on
own account, but solely to clients and suppliers of their main business.

Now, with the implementation of MiFID II, the
exemption regime described above will no longer
apply in the same terms. Indeed, there will be a
restriction on the scope of the dealing on own account
exemption and the specialization exemption will be
struck; moreover, the ancillary exemption will be applied based on criteria that differ from the current
ones.
As mentioned by the Commission26 , indeed,
“fewer commodity firms will be exempt from MiFID II
when they deal on their own account in financial instruments or provide investment services in commodity
derivatives on an ancillary basis as part of their main
business and when they are not subsidiaries of financial
groups. New regulation narrows down existing exemptions in the interests of greater regulatory oversight and
transparency taking into account the need for continued
exemptions for commercial firms and the risks posed by
these players”.
In particular, the dealing on own account exemption, even if preserved under article 2 (1) (d) of MiFID II, can no longer be invoked by energy traders
by virtue of the express exclusion of trading on
own account of commodity derivatives (in addition to emission allowances trading and relevant
derivatives).
Furthermore, the specialization exemption has
been entirely eliminated.
Finally, commodities derivatives traders (in addition to emissions allowances and relevant derivatives)27 will still be able to invoke the ancillary exemption but only if certain subjective and objective
requirements are met. From a subjective standpoint,
the exemption exclusively applies:

The mere existence of subjective requirements is,
however, not sufficient for the purposes of applying
the exemption, because the following requirements
must also be cumulatively met:
• the derivatives activity must be ancillary to
the trader’s main business (considered at
group level) and the latter must not consist in
the provision of investment services (or banking services) or in market making activities
on commodities derivatives;
• no high-frequency algorithmic trading technique must be applied28 .
From the re-written exemption it follows, first
of all, that any energy traders belonging to banking or “financial” groups will not be able to invoke
the exemption. Secondly, commodity firms will
have to evaluate based on specific criteria whether
their commodity derivatives trading can actually
be deemed ancillary.
Pursuant to whereas No. 20 of MiFID II, technical criteria to assess when an activity is ancillary vis-à-vis the main business should be clarified
within the context of regulatory technical and implementing standards first approved by the Commission and then by the Parliament and Council,
taking into account the criteria set out in the directive. In this respect, pursuant to article 2 (4) of
MiFID II, in September 2015 ESMA29 formulated
a proposal on how to define ancillarity, which is
based on two different tests to be considered jointly:
the so-called market share test and the main business

• to persons that trade such derivatives on own
account, including market makers, except
26

Cf. paragraph 13 of the FAQs under the memo of April 15, 2014.
Art. 2 (1) (j) of MiFID II. Please note, therefore, that the ancillary exemption is no longer set out under letter i) but under letter j).
28 Cf. whereas No. 59 of MiFID II, which sets out that “The use of trading technology has evolved significantly in the past decade and
is now extensively used by market participants. Many market participants now make use of algorithmic trading where a computer algorithm
automatically determines aspects of an order with minimal or no human intervention. [...]". In accordance with whereas No. 61 “A specific
subset of algorithmic trading is high-frequency algorithmic trading where a trading system analyses data or signals from the market at high speed
and then sends or updates large numbers of orders within a very short time period in response to that analysis. In particular, high-frequency
algorithmic trading may contain elements such as order initiation, generating, routing and execution which are determined by the system without
human intervention for each individual trade or order, short time-frame for establishing and liquidating positions, high daily portfolio turnover,
high order-to-trade ratio intra-day and ending the trading day at or close to a flat position. High-frequency algorithmic trading is characterized,
among others, by high message intra-day rates which constitute orders, quotes or cancellations. In determining what constitutes high message
intra-day rates, the identity of the client ultimately behind the activity, the length of the observation period, the comparison with the overall market
activity during that period and the relative concentration or fragmentation of activity should be taken into account. High-frequency algorithmic
trading is typically done by the traders using their own capital to trade and rather than being a strategy in itself is usually the use of sophisticated
technology to implement more traditional trading strategies such as market making or arbitrage.”
29 Regulatory technical and implementing standards – Annex I of September 28, 2015.
30 From an ESMA document dated March 21, 2016, it would appear that on March 14, 2016 the Commission notified ESMA of its
intention to accept the proposals set out in the Regulatory technical and implementing standards.
27
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test30 . The market share test is aimed at assessing the operator’s market share in a specific commodity derivatives speculative trading segment as
compared to overall transactions at European level.
Conversely, the main business test compares commodity derivatives speculative trading to all the
commodity derivatives transactions31 carried out
by the same group.
The operators relying on such exemption are,
however, required to file an annual statement with
the competent authority. If requested by the competent authority, these operators will also be required
to state what is their basis to claim the ancillarity
requirement.
The exemptions set out above are accompanied
by the one for operators subject to emission allowances cancellation obligations (which, as mentioned above, under MiFID II are financial instruments for all intents and purposes). In particular,
the directive does not apply vis-à-vis the “operators
with compliance obligations under Directive 2003/87/EC
who, when dealing in emission allowances, do not execute client orders and who do not provide any investment services or perform any investment activities other
than dealing on own account, provided that those persons do not apply a high-frequency algorithmic trading
technique”32 . However, this exemption does not
comprise “emission allowances derivatives” but exclusively applies to the certificates as such.
Specific exemptions are also provided for transmission systems operators (TSO) or for energy balancing systems operators in order to fulfill their
institutional duties33 .
Pursuant to artcile 3 of MiFID II, finally, each
Member State may introduce exemptions for some
activities that are authorized and regulated at national level, including: (i) the exemption for undertakings (normally joint-ventures) dealing in commodities derivatives (in addition to emission allowances and the relevant derivatives) to provide
hedging in favor of utilities34 that wholly own
the former or that exercise joint control on them
and benefit from the ancillary exemption35 and (ii)
the exemption for undertakings (normally jointventures) dealing in emission allowances (and relevant derivatives) to provide hedging to persons
liable to ETS that wholly own the former or that
exercise joint control on them and benefit from the

ancillary exemption36 .

What are the consequences?
The combined provisions of MiFID II concerning
the definition of financial instruments and the new
exemption regime will certainly affect the operations and obligations incumbent on commodity
firms.
Without a doubt, these businesses will have to
ponder the nature of their activities, most of all, in
light of the broader definition of financial instrument under C6 of MiFID II.
If such business consists in financial instruments
trading, energy traders will have to verify whether
(beyond any possible general exemptions) the new
ancillary exemption applies, based on the tests to
be defined at European level (and as yet only proposed by ESMA) and still take into account the
obligations arising from EMIR by virtue of the reference to MiFID’s financial instrument definition
(and MiFID II’s, when it becomes effective) set out
in such regulation.
Where the tests are not met, in order to be
able to continue doing such business, the traders
should obtain the investment firm status or rely
on third-party brokers. Considering the requirements (including those in terms of capital) and the
obligations arising from the investment firm status,
smaller-sized businesses will presumably go for the
second option.
Indeed, it is worth emphasizing that an investment firm is subject to a series of strict behavior and
supervisory regulations provided by the new regulatory framework. Without any pretense of exhaustiveness, we point out that, inter alia, an investment
firm has specific commodity derivatives position
limits and position reporting obligations pursuant
to MiFID, trading obligations for some contracts
pursuant to MiFIR, stricter obligations than those
provided for non-financial counterparties (i.e. firms
other than investment firms) pursuant to EMIR37 .

Conclusion
In conclusion, although it is difficult to predict the
consequences of the new regulatory framework in
terms of market impact, we can at least anticipate

31 These tests supersede the one initially proposed, based on “capital employed”, which rather referred to the resources invested in
a certain business.
32 Art. 2 (1) (e) of MiFID II.
33 Art. 2 (1) (n) of MiFID II.
34 Where these mean “exclusively local electricity undertakings as defined in Article 2(35) of Directive 2009/72/EC and/or natural
gas undertakings as defined in Article 2(1) of Directive 2009/73/EC”.
35 Art. 3 (1) (d) of MiFID II.
36 Art. 3 (1) (e), of MiFID II.
37 Please see note viii.

44

energisk.org

that the EU legislators’ goals (reducing market opacity and containing systemic risk) will not be implemented cost-free for energy companies, which (even
if they do not require the investment firm status)
will certainly have to face higher monitoring costs
and less operational flexibility. Furthermore, they
will have to rethink their organizational structure in
case they are forced to obtain the investment firm
status. Whether this will imply, with the exit of
smaller-sized players, a higher market concentration or not, this still appears as a legitimate question
to ponder.
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