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Executive Summary
The aim of this paper is to show how to use the cumulative prospect theory,
created by Kahneman and Tversky, that takes into account the customer’s
parameters of risk-aversion and reaction to extreme events, loss and gains, in order
to plan an investment strategy (mainly based on portfolio insurance techniques) to
receive a target annuity after a previously established period of time.
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N

owadays the use of automated methods to take financial decisions is increasing. In particular,
there is always more interest in the use of robo-advisory to plan investment strategies.
Nevertheless, in this field is still common the presence of elementary methods, which do
not reproduce accurately the complexity of the real world (e.g. the human behavior). What we
would like to do is to use a more complex and robust framework, that is the cumulative prospect
theory, in order to better choose a passive investment strategy on the long term, which could be
applied to a target annuity plan for individual investors. In this paper, we mainly focus on the world
of portfolio insurance strategies. Therefore, we will use the prospect theory value function (which is
in a sense an "evolution" of the standard theory of expected utility maximization) in order to choose
the best long-term investment strategy that will guarantee a target annuity plan whose aspects
had been decided by the customer. We emphasize that we use a prospect theory model whose
parameters had already been calibrated on the customer, in order to better and more realistically
reproduce and understand his real behavior in front of risky choices.

1.

Prospect Theory

1.1 General Description
We will start by describing the main aspects of the prospect theory and the most evident differences
with respect to the classical utility theory formulated by Von Neumann and Morgenstern. The
version we will make reference to is the cumulative prospect theory, which is slightly different from
the simple prospect theory. The most practical way to explain the difference between the two is that
"cumulative" means that, instead of using punctual probability (for discrete random variables) or
density (for continuous random variables) we will use cumulative distribution functions. From an
historical point of view, the prospect theory was the original one, made by Kahneman and Tversky
in 1979, whether they improved it with the cumulative version in 1992. Let’s see now the main points
of their theory. We can consider this approach as a part of the behavioral finance research. This
model was introduced to improve the representation of risk-aversion after some experiments (for
instance, with questionnaires) that showed that the classical theory of expected utility maximization
did not reproduce some observed phenomena. The cumulative prospect theory has mainly four
differences with respect to the classical expected utility theory maximization.
The first: instead of maximizing the utility of absolute wealth, the interviewed tend to maximize the
utility on the gained wealth (or the lost one) with respect to a reference level.
The reference which is conventionally taken is the initial wealth invested in the risk-free asset. We
can summarize this fact saying that the classic utility theory maximizes on absolute wealth, whether
⇤ At
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FIGURE 1: Distortion functions

the prospect theory maximizes on variations with respect to a reference level.
The second difference is that people tend to have a distortion in perceiving or evaluating rare events’
probability. This has an impact in personal estimation of the probability to have extreme gains or
losses, therefore we should keep them in mind in building our model. In fact, in prospect theory,
instead of weighing the utility associated to gains with their probability, we weigh it with the
distortion of the probability (or, in the variant we will use, we will weigh the distortion with the
utility function). This distortion will increase the weight given to rare events, and will decrease the
one given to events with high probability.
The third crucial point of prospect theory is that we have to distinguish between losses and gains.
This make us introduce different parameters of distortion between gains and losses, and also
different parameters in the utility functions. The prospect theory investor is risk-averse for gains
and risk-seeking when losing.
Finally, the fourth important aspect is that the customer’s choice depends also on the way we ask
questions to him (for example, the order of the questions or the structure of the questionnaire have
an impact on his choices). Not only the estimation of probabilities, but also the context has an
importance in facing risk and taking decisions.
We call B the reference level, so that portfolio values higher than this will be considered gains,
whether lower values will be considered losses. The total portfolio value is indicated by W (which
stands for "wealth"). We make reference to Carole Bernard and Mario Ghossoub, Static Portfolio
Choice under Cumulative Prospect Theory:

V (W ) =

Z +•
0

w + [1

FW

B ( x )] du

+

(x) +

Z 0

•

w [ FW

B ( x )] du

( x)

where x is the gap between wealth and reference, and where w+ and w are the distortions.
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w+ ( p ) =

pg
p g + (1

and
w ( p) =

1
g

p)g

pd
p d + (1

p)d

1
d

,

with 0 < g, d < 1. Kahneman and Tversky estimated that g = 0.61 and d = 0.69, whether Camerer
and Ho took g = 0.56. With the parameters chosen by Kahneman and Tversy, we get these distortion
functions (if we want them to be monotone and increasing, we should have g > 0.28): as we can
see from the picture 1, the distortion functions increase the perceived value of small cumulative
distribution function values (because people overestimate in their reasoning process the probability
of extreme events) so on the left the functions lie over the bisector, whether on the right we can see
that the functions are under the bisector, which means that the distortion functions take lower values
than the cumulative distribution function (the interpretation is that people tend to underestimate
the probability of events when it is high).
Then the functions u+ and u represent the two branches of the utility function (respectively for
gains and losses) whose argument, differently from classic utility theory,are variations of wealth
from reference. They are defined for x > 0 by
u+ ( x ) = x a
and for x > 0 by

l( x ) b

u (x) =

with 0 < a  b < 1 < l. Always with Kahneman Tversky parameters values, we get the plot in
figure 2 for the utility function.
Another version of the cumulative prospect theory is given by Xue Dong He and Xun Yu Zhou.
Behavioral Portfolio Choice: An Analytical Treatment, and they use this value function :
V (W ) =

Z +•
B

u+ ( x

B ) d [ w + (1

F( x ))]

Z B

•

u (B

x )d[w ( F( x ))]

The difference is that here the integrand is the utility, and we measure the space using the distortion,
whether in Bernard-Ghossoub the space is measured with the utility and the integrand function is
the distortion.
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FIGURE 2: Utility function

2.

Portfolio Insurance Strategies and Option Replication

Once we have the parameters’ values, we can use them to create an appropriate investment strategy.
We will discuss in more detail the implementation of the target annuity in next section, whether
now we focus more on the presentation of all the investment strategies we explored. We deeply
considered portfolio insurance strategies. These strategies are well known and some of them
have been used for a long time, in particular in the USA, and, according to Hull, they had also
a catastrophic impact in 1987 on the Dow Jones Industrial Average crash. The idea behind these
strategies is to preserve a part of the investment (this guaranteed part of the capital is usually called
the "floor", and with this term we can also call the percentage of the capital that we are referring to)
and, at the same time, have the possibility to earn more than the risk-free assets in case of bullish
market. Let’s now consider all of them and give a presentation of the main aspects.
2.1 Constant Proportion Portfolio Insurance
This is maybe the most important portfolio insurance strategy, introduced by Black and Jones in
1987. The are some parameters which are crucial, in the sense that is a strategy mainly based on two
values: the multiplier m of the CPPI and the floor. They are crucial and they intuitively represent
respectively how much we are aggressive in our strategy and how much of our initial capital we
would like to preserve with certitude. Let’s now in more detail the definition of the strategy. We call
G the guaranteed wealth, and the floor will be the discounted value of G at the current time:
Ft = e

r ( T t)

G

In some references is possible to find that the expression "floor" is used for the percentage of the
guaranteed capital with respect to the initial value of the portfolio instead of its amount in number
www.iasonltd.com

7

Research Paper Series

FIGURE 3: Two simulations of the CPPI strategy with 2 floors (respectively 90% and 80% at each time), over ten years
and a basket made of correlated risky assets. In the second one, we can recognize the presence of two floors

of currency units. Even in our paper, it will be evident from the context at each time which is the
use of the word "floor" that we do.
At each time we can reallocate the portfolio, we compute the cushion: Ct = Vt Ft which corresponds
to the total value of the portfolio minus the floor (it is the exceeding wealth with respect to the floor).
We choose a multiplier m and our equity exposure will be Et = mCt . All the remaining wealth, if
positive, will be invested in risk-less bonds. Dealing with the multiplier (that usually take values
such as 3,4 or 5), we can choose it in different ways. If we know the maximum possible loss of the
asset on a period when we cannot reallocate the capital (for example, let say it is 20% ), then the
1
maximum allowed multiplier will be approximately the inverse of the loss (m ⇡ 0.20
= 5).
It is very important to remind that the CPPI strategy’s value is path-independent if the asset is just
a geometric Brownian motion, whether it is path-dependent if we let the asset have jumps.
In general there is no strategy that dominates the other (in the sense that its returns’ cumulative
distribution function lies always under the other), but we know that it is preferable to choose OBPI
if we expect the asset value to have just small gains with respect to the current value, whether we
gain more with CPPI if the asset has great increases in value.
Since the returns’ distribution of the strategy depends on its main parameters (floor and multiplier)
we can say that we could optimize the choice of them by using the known prospect value function
of the customer. By maximizing the customer’s prospect value we will choose the most appropriate
parameters of the strategy according to the customer’s behavior and risk-aversion (and this will
be possible also for the other strategies: we can choose the most appropriate values for the crucial
parameters by maximizing the customer’s prospect value function).
2.2 CPPI with 2 Floors
This is a variant of the CPPI strategy. A common problem with CPPI is that, once the cushion is zero
(because of a fall of the risky asset value) then we will not have another possibility of investment in
equity. This means that in case of good returns after a market crash, we will not be able to invest in
stock after the first big loss. This make us choose a strategy with two floors (for example 90 % and
80 % ). We will start the strategy with the biggest floor (in our example, it is 90 % ) and then, once
the cushion is zero, we will change the floor to 80 % . This will let us exploit an eventual bullish
market after the first bearish moment. In case of always non-zero cushion, the second floor will
never be used.
2.3 Stop Loss
With this strategy, we choose as an input a given percentage (e.g. 80%) that will be the part of the
maximum stock-value we will save. With Stop-Loss, at each time our capital is either all invested
in stock, either completely invested in the risk-less bond, there is no portfolio composition. We
start putting the total wealth in the stock, and we keep track of the best reached value by the risky
asset. When the asset value falls below the 80% of the maximum attained value, we clear our equity
position and invest all the capital in bond. A the same way, if the stock reaches again the 80% of the
best attained value, then we clear our position in risk-less security and invest all our wealth in stock.
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FIGURE 4: Image from M. Rubinstein, H. E. Leland. "Replicating options with position in stock and cash". (Financial
Analysts Journal / January-February 1995), showing the needed money to finance the replicating strategy

2.4

Var-Based Portfolio Insurance

The VBPI is a portfolio insurance strategy that takes as input value the probability (that we will call
a) to descend under the guaranteed level. This criterion is based on the Var computation. Making
reference to F. Štulajter, Multi-horizon portfolio insurance model, we implement the VBPI as a CPPI
with a dynamic multiplier:
exp(rt )
mVBPI =
exp(rt ) exp( Qa (c T,t ))
where the function Q(.) denotes the a-quantile of the compounded returns distribution function
from the time t up to T which represents the maturity of the investment period. with r we mean as
usual the risk-free interest rate.
2.5 Time Invariant Portfolio Insurance
The TIPP is a variant of the CPPI portfolio insurance strategy where the guaranteed capital increases
in case of good performance of the risky assets. This means that the cushion will be reduced and
this strategy will be more conservative than standard CPPI. The principle behind this strategy is the
ratchet. If the asset is performing well, then the portfolio value will increase. In that case, we will
include this gain in the floor, so that it will not be part of the cushion. This strategy lets us preserve
eventual gains on the stock from future crashes by adding them to the floor.
2.6 Options Replication
Dealing with the application we were interested in, we focused on replicating strategies that did not
need any borrowed amount of money. In fact, we wanted to have an investment strategy that was
completely financed by the customer’s wealth, without needing extra-funding. This is not the case
if, at the beginning of the replicating strategy, we just have in our portfolio only the money to cover
the cost of the option replication.
www.iasonltd.com
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As explained also by Hull, the delta-hedging strategy is based on a "buy high, sell low" approach,
which means that we will lose a certain amount of money at the maturity, and this quantity is the
cost of the delta-hedge (also called the value of the derivative, or its premium).
Actually, if we just have this amount of money in our portfolio we will not be able to correctly
replicate the option, since the theoretical delta-hedging is based on a continuous borrowing at
risk-free rate. Therefore, as we can see in picture 4, the needed amount of money to replicate the
option without borrowing is the y-intercept of the tangent to the intrinsic value of the option curve.
In conclusion, as we verified empirically, in order to correctly replicate the option without needing
extra-funding during the investment time, the initial wealth has to be at least the option premium
plus the discounted value of the strike. In fact, as we can see from the picture, the maximum
possible absolute value of the intercept is equal to the strike (when the line is tangent to the curve to
a point whose abscissa tends to infinity).
2.7 Option Based Portfolio Insurance
The OBPI is a portfolio insurance strategy which is based on the replication (or eventually the
purchase) of a European option payoff, where the strike is the part of the capital that we would like
to guarantee.
We can implement the OBPI in three main ways: with call options, with put options (the equivalence
is given by the put-call parity) or in a synthetic way.
With call options: if we want to guarantee the amount G at the end of the investment period, we
buy ZCB for a value of e rT G and l call of strike G
l . We take l such that at the beginning we have a
total portfolio value equal to our initial wealth.
The same will happen for put options: by the put-call parity, we buy l shares and l put of strike G
l.
The synthetic way to implement an OBPI, in absence of the already mentioned European options,
corresponds to the their replication with a strategy that uses the risky asset and the risk-less one. In
our research we have always done a delta hedging - based strategy to replicate the derivatives.
Otherwise, according to P. Bertrand and J.-L. Prigent, Portfolio Insurance Strategies : OBPI versus CPPI,
the OBPI strategy is equivalent to a dynamic CPPI with this multiplier:
mOBPI =

St N (d1 (t, St ))
C (t, St , K )

So, in case we want to replicate the payoff of an OBPI, we can also simply use a CPPI strategy
with this particular dynamic multiplier.
2.8 Comparison with Performance Indexes
In order to compare these strategies, we can start by using some usual performance indexes. What
we are immediately going to see is just a kind of static comparison between the strategies, looking
at some classic and standard performance indexes. In a different way, in the next chapter we will
compare the strategies during a dynamical application, which is the context of a target annuity
planning, where the strategies will interact also with other parameters (the annuity, the monthly
payment, the initial investment and so on). For the moment, let’s start by the static comparison with
usual performance indexes.
The Sharpe Ratio is an indicator which was introduced by Sharpe in 1966 as a ratio between rewards
and variability of the investment. It is defined with this formula:
SR =

E [r p ] r f
s

where r p is a random variable that represents the investment return, r f stands for the risk-free
interest rate, and s is the volatility of our returns. In this way, we compare the risk-premium (the
average excess return with respect to the risk-free rate) to the risks we are taking.
The use of the simple volatility of returns as a measure of the risks we are taking is quite naive, but
still useful and immediate. Normally the Sharpe Ratio is considered a very good indicator when
returns are normally distributed, since a Gaussian distribution is completely determined by its first
two moments. Otherwise (such as in this case), we have to use other more complex indicators that
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take into account also the skewness and kurtosis of the returns distribution, or other criteria based
on the Var and on quantiles.
The main weak points of the SR as a performance indicator are two: first, from a theoretical point of
view, it should be appropriate only for Gaussian distributed returns, since it uses only the first two
moments. Second, it takes as a measure of risk the volatility of returns, that does not distinguish
between returns higher than r f or lower than it. This means that standard deviation does not
distinguish between gains and losses, and just looks at the gap with the reference (which is the
mean). This can be really inappropriate, since we consider at the same way gains and losses when
we estimate risks.
Let’s now introduce some among the most important and useful variants of the SR.
The adjusted Sharpe Ratio is defined as
h
S
SR Adj = SR 1 + ( )SR
6

(

3

K
24

)SR2

i

This indicator uses the first four moments of the distribution (S stands for skewness and K is the
kurtosis ), so it is more complete of information in case of non-Gaussian returns distribution.
The modified Sharpe Ratio is
E [r p ] r f
SR Mod =
MVAR
where
h
i
1
1
1
MVAR = E[r p ] + zc + (z2c 1)S + (z3c 3zc )K
(2z3c 5zc )S2 s
6
24
36

where S is the skewness of the returns distribution, K is the kurtosis, zc is the a-quantile of the
standard Gaussian distribution. As we can see, the modified SR is based on the use of the Var
approximation (using the first four moments of the returns distribution).
The Sortino Ratio is
E [r p ] r f
SortinoR =
sn
The difference with the SR is that sn is the standard deviation only of negative excess returns
(negative in the sense that they are lower than the risk-free return). In doing this, a common mistake
is to forget the number of simulations in the sample, whether the correct way is this one:
s
ÂiN=1 (min(0, r p (wi ) r f ))2
sn =
N

www.iasonltd.com
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FIGURE 5: Sortino ratio for a CPPI strategy with floor=0.9 (guaranteed capital evolving at risk-free rate) and one single
Merton process as risky asset

FIGURE 6: Omega performance indicator for a stop loss strategy on a ten years investment period, computed on 100.000
simulations. The risky asset is a single Merton process, the risk-free interest rate is 2%. On the x-axis the percentage on
the maximum value of the stock, which is the fundamental parameter given to the strategy
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FIGURE 7: Direct comparison between CPPI and Lookback option replication with floor=0.8, 10 years maturity, one single
Merton process as risky asset, multiplier=3, on 1.000 simulations

The final indicator we will consider is the Omega
W=

R•

(1
R rf

rf

•

F ( x ))dx
F ( x )dx

where F (.) is the cumulative distribution function of the distribution of returns, r f is the risk-free
interest rate.
We should remark that, among all the most common indicators, the Omega is the only one that
combines immediately all the moments of the distribution (since it is based on the cumulative
distribution function).
Usually, the presented indicators are used to compare different investment strategies, in order to
better evaluate the relationship between risks and excess return.
In a simpler way, we can directly compare the returns obtained following different strategies,
in order to understand in which market conditions a strategy is better than another one.

3.

Target Annuity and Utility Optimization

In this section we will look at the final application of our previous research activity: the prospect
utility maximization in the plan of an investment strategy for a target annuity. We use the prospect
theory in order to choose an appropriate long-term investment strategy, which is adapted to
customer’s needs. We let him choose the five inputs (which are illustrated in the scheme below) that
represent his target and the capital he can invest, and according to his needs and his risk aversion
we will choose the best portfolio insurance strategy.
www.iasonltd.com
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The customer is planning for a long term investment. At the very beginning, he will start by
investing a huge amount of money, but this will happen only once. In this way, the portfolio starts
with a considerable value. After that, the customer will make a monthly payment, that will be a
regular contribution to the portfolio. This amount will be much less than the initial investment,
since this time the payment will be monthly and will go on for years.
After all the years the customer has been paying and contributing to this portfolio, he will stop
paying and he will start receiving the desired annuity. The annuity is a monthly income for the
customer, like a pension. As the previous payment, the amount of the annuity will be much less
than the original initial payment to create the portfolio, and, dealing with magnitudes, it will look
like the monthly payment, since it will be monthly too and it will last as well for several years.
Actually, all the parameters of the plan should be chosen by the customer himself, since it will be
his personal target annuity investment planning. We show now a scheme that illustrates with a
quick look the structure of the target annuity planning.
The first five inputs we have to consider are:
1. The duration of the period when we will make a regular monthly payment (T1 years);
2. The duration of the period when we will receive a regular monthly annuity (T2 years);
3. The initial capital that we invest at time 0 (C0);
4. The amount of the regular monthly payment (P);
5. The desired amount of the regular monthly annuity (A).
We can take, as an example, the following values for a sample investment strategy testing: T1 = 10
years, T2 = 15 years, C0 = 50.000 euros, P = 1.500 euros per month, A = 2.000 euros per month. In
this context, our algorithms will tell us which is the best investment strategy among the ones we
presented in the previous section, by maximizing the customer’s utility.
As we said before, our risky asset is actually a basket made of a constant proportion mix of several
risky assets, which are modeled with Merton Jump Diffusion processes with constant Poisson
intensity and jump amplitude (-20%).
We consider different drift and sigma parameters for each asset composing the basket, and we add
correlation both on the Brownian motions and on the jumps.
In this case, for example, in the context of a basket made of three risky assets with correlations,
jumps, different parameters and transaction costs, the utility maximization has been reached with a
CPPI 2 floor (90% and 80%) strategy and a multiplier equal to 1,5.
The parameters we used for the prospect utility: a = 0.8, b = 0.88, l = 2.25, g = 0.61, d = 0.69.
These were the parameters indicated by Kahneman and Tversky.
In general, we can use this comparison to first approximately choose the best portfolio insurance
strategy to use for our customer, and then optimize with more detail the parameters that the
investment strategy takes in input.
Finally, in order to be sure that the customer’s choices for the investment plan are not too demanding
(asking for too much target amount, and for too many years, without investing enough capital at
the beginning or with his monthly payments) we have to put a constraint. It could be done in two
ways: first, we could only let the customer have a target annuity plan when his utility will be at
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FIGURE 8: A simulation of three correlated assets and the corresponding basket value with equal weights, without
rebalancing

least greater than a certain pre-established amount. Second, the minimum amount can be given on
the probability of correct achievement of target. For example, if we want to plan an annuity for our
customer, we let him choose the inputs he prefers (time for payments, time for annuity, amount of
the monthly payments, amount of the annuity, initial investment) but we should warn him in case
his program is far too ambitious and he would not achieve his plan with at least a certain given
probability.
For example, with the previous parameters (which were very ambitious) we get these probabilities
of achievement with a standard CPPI strategy: we can see that the probability is too low for all the
tested multipliers.
In this case the probability to achieve the target is not satisfying, so we would tell the customer to
change at least one between the target annuity amount and the duration of the annuity.

www.iasonltd.com
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(a) CPPI

(b) CPPI2floors

(c) TIPP

(d) VBPI

FIGURE 9: Comparison of final prospect utility between some different portfolio insurance strategies

16

www.iasonltd.com

Research Paper Series

FIGURE 10: Target achievement for a CPPI strategy on 1.000 simulations
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4.

Conclusions

Our research let us deal with a behavioral finance model of investor’s utility, which was the cumulative prospect utility theory developed by Kahneman and Tversky. We used this model to plan an
investment strategy (based on portfolio insurance techniques) that can be adapted to customer’s risk
aversion and reactions to gains and losses. The context of application is therefore the investment
strategy for a target annuity plan. We compared different strategies using performance indexes
and investor’s utility. We added to our simulations some elements that made them more realistic
and trustworthy, such as transaction costs, conditional portfolio recomposition, short rate modeling,
correlation between assets and correlation between jumps.
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