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Executive Summary
The main concern of this work is on the understanding of the drivers of financial
contagion within the banking sector. The interbank market represents the major
channel through which liquidity shocks propagate within the financial system. The
analysis provides a description of the repo market’s dynamics, that represents the
main source of short term funding for financial intermediaries. The evolution of
the structure of this market is characterized by a sharp increase in complexity and
concentration. This tendency has increased the exposure of the financial system to
systemic outbreaks. Moreover, we consider a theoretical framework based on graph
theory, that is able to reproduce a financial network and its dynamics in response
to a set of liquidity shocks. The work takes into consideration two distinct graph
models, Erdös and Rényi model and the Scale Free model. The former is
characterized by a binomial degree distribution while the latter produces network
structures characterized by power law degree distributions, that are suitable to
reproduce the high levels of concentration that are actually observed in real
financial configurations. The resilience of the banking sector is then evaluated
through the use of an enhancement of the model for the dynamics of financial
contagion, developed by Gai, Haldane and Kapadia [15] that is applied to the two
network structures previously introduced. The analysis also stresses the
importance of both micro and macro-prudential regulation in order to prevent
systemic outbreaks. From a macro perspective, the introduction of a periodical
stress testing framework for liquidity risk would increase the central supervision
over the risk of observing crunches in the interbank market that might impair
several interlinked financial markets and ultimately the real economy.
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The Propagation of Liquidity
Shocks in the Interbank Market:
an Analysis on Systemic Risk
Giampietro Bernini

Giacomo Colombo

Livio Purromuto

he years that followed the 2008 recession highlighted the importance of market liquidity in
determining the overall stability of the financial system. Liquidity crunches in the interbank
market quickly evolved into credit crunches that ultimately affected the whole economy. It is
possible to understand this process, and the reasons why seemingly small shocks generated such
catastrophic effects, only by looking at the structure of the financial system and by analysing the
role played by the institutions that were initially hit. Stress tests are a useful tool in order to identify
vulnerabilities within financial systems, but they are largely partial equilibrium and they are not
able to evaluate the intertwined effects between market risk, credit risk and funding liquidity risk.
Furthermore, the current stress testing frameworks are built on the single banks’ indicators for
capital requirements, without considering the possibility of systemic crises, where the insolvency of
a given bank could infect the entire financial system, leading other banks to bankruptcy.
The aim of this work is to present an analytical framework that can be used to disentangle the
drivers and the consequences of financial contagion in the interbank market. The analysis takes
into consideration the major channels from which banks, and other financial institutions, obtain
short term funding to meet their obligations, focusing on the structure and on the dynamics that
drive this market. The ability of banks to obtain financing plays a central role for liquidity shocks’
propagation. Starting from these considerations, the analysis developed in this work tries to clarify
the means by which a crisis spreads from a specific shock to the whole financial system, a process
that is commonly known as financial contagion.
In order to perform the analysis, we considered a modelling framework that was initially derived
by Gai, Haldane and Kapadia [15] and that we enhanced through the withdrawal of some of its
assumptions. The model was then applied to two different network configurations: the first is
based on the model developed by Erdös and Rényi [13] and it is characterized by a binomial degree
distribution; the second, developed by Bollobàs et al. [7], is obtained through a network generator
for scale free graphs and the resulting network has a more realistic power law degree distribution.
The rest of the paper is organized as follows. Section 1 provides a brief introduction to stress
testing frameworks, highlighting their main weaknesses and how they are unable to capture the
possibility of a systemic risk scenario. This is especially true in highly complex and concentrated
structures, such as the current financial systems.
In Section 2 a detailed description of the three main approaches to the study of financial contagion
is provided. Some related literature is presented for each stream. Ultimately, the approach that was
taken in this work is the one based on graph models and network topology because of its theoretical
rigorousness. In particular, the last paragraphs of Section 2 provide an introduction to network
topology, that is based on the mathematical tools typical of graph theory. The aim of this section is
to introduce an analytical framework that will be used throughout the following chapters in order
to understand the phenomenon of financial contagion.
Section 3 presents a detailed description of the modelling framework. It is centred on the
dynamics of contagion in the unsecured interbank market and integrates a role for repo market.
This model will be used to perform various simulation of a liquidity crunch within the two network
structures described above.
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Finally, the main findings obtained from the different simulations are discussed in Section 5.
These results were derived through the application of different experimental configurations of the
model.

1.
1.1

Stress Tests, Liquidity and Contagion Risk

Main Weaknesses of the Current Stress Test Frameworks

Stress tests consist of bottom-up or top-down exercises, aimed at assessing the financial resilience of
Banks under adverse macroeconomic scenarios. Regulators require banks to undergo such periodic
exercises with varying degrees of severity, in order to ensure that Banks will be able to overcome
future economic shocks. In some cases, Banks whose stressed capital falls below a minimum
set by Regulators are prohibited from making capital distributions, such as dividends and stock
repurchases.
Stress Test exercises have variable frequency, depending on the reference Authority. For example,
the programs provided by the Federal Reserve in US, such as Comprehensive Capital Analysis
and Review (CCAR) and Dodd-Frank Act Stress Test (DFAST), or those carried out by the Bank of
England, take place annually, while the exercises conducted in the European Union by the EBA are
run every two years.
Anyway, the key component of all types of Stress Test exercises are the macroeconomic scenarios
provided by the Regulators on the basis of broad financial parameters (such as GDP, unemployment
or commodity prices.) Banks are therefore required to model their firm’s performance under such
conditions. The amount of capital to be held by a bank depends on the severity of the scenarios
used in the Stress Tests.
Although Stress Tests are very useful to identify some vulnerabilities within the financial systems
or to support bank management during times of crisis, one of the main criticisms that have been
raised against almost all of the stress-testing models concerns that they are largely partial equilibrium
and do not feature adverse feedback effects between market risk and funding liquidity risk, which
were at the core of the recent global financial crisis.
More specifically, consider the EBA EU wide stress tests. Current stress testing frameworks
for credit risk and market risk are too concentrated on the single bank’s indicators for capital
requirements and do not take into consideration the possibility of a systemic risk scenario. The
underlying assumption behind the EBA exercise is that banks’ balance sheets and the interbank
market structure remain static during the whole period of the stress window. This implies that when
an adverse shock hits the banking sector, the concerned institutions cannot alter their strategies in
order to implement remedial actions. However, dynamics of contagion, whose spread within the
network may lead to a liquidity crunch, depend crucially on banks’ reactions to the initial shock.
The failure to capture the dynamics of shock propagation within the financial network might lead
an overestimation of the actual resilience of the banking sector to adverse scenarios. In addition, as
pointed out by the European Court of Auditors (ECA), the EBA exercise is aimed at assessing the
Bank’s solvency, but liquidity is not directly taken into account.
In order to capture the liquidity risk, European banks are currently relying on two main
indicators:
• The Liquidity Coverage Ratio (LCR), defined as the ration between the bank’s stock of highquality assets (HQLA) and the estimated total net cash outflows over a 30 calendar day stress
scenario, ensures that financial institutions hold an adequate stock of unencumbered HQLA
that can be easily used to obtain funding liquidity even in market distressed conditions. The
effects of the LCR’s introduction improved the banking sector’s ability to absorb shocks arising
from financial and economic stress, thus reducing the risk of propagation of losses from the
financial institutions to the real economy.
• The Net Stable Funding Ratio (NSFR) is defined as the ratio between the amount of stable
funding available and the amount of stable funding required. Unlike the LCR, which is a
short term ratio, the latter, that has a time horizon of 1 year, measures the bank’s medium and
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long term resilience. The NSFR requires banks to hold a stable funding profile in relation to
their off-balance sheet assets and activities. The goal is to decrease the probability that shocks
affecting a bank’s usual funding sources might erode its liquidity position, increasing its risk
of bankruptcy. The NSFR standard seeks to diversify banking founding sources and reduce
their dependency on short-term wholesale markets.
In addition to the metrics described above, the Basel Committee on Banking Supervision, starting
from 2011, set additional capital charges for the Global Systemically Important Banks (G-SIBs),
in order to reduce the negative externalities associated with institutions that are perceived as
not being allowed to fail. The magnitude of these capital charges is based on a multi-indicator
methodology, which takes into account five different indicators that reflect the size of banks, their
interconnectedness, the lack of readily available substitutes or financial institution infrastructure
for the services they provide, their global (cross-jurisdictional) activity and their complexity. Each
indicator has the same weight (20%) and they can be composed by more sub-indicators (for example,
if an indicator is given by two sub-indicators, their overall weights will be 10% of the total). For
each bank, a score is associated for each of the five indicators, calculated by dividing the individual
bank amount (multiplied by 10,000 in order to express the score in terms of basis points) by the
aggregate amount for the indicator summed across all banks in the sample. The overall score is then
computed as an average of the five indicator scores.
A bank will be classified as G-SIBs when its final score exceeds a cut-off level. Furthermore, the
final score range also determines the bucket of each G-SIBs: there are five buckets, to each of them
is associated a capital charge amount (respectively 1%, 1.5%, 2%, 2.5% and 3% of the bank’s risk
weighted assets). Each year, the Committee runs this assessment and the Financial Stability Board
(FSB) publishes the list of the banks classified as G-SIBs.
Finally, in 2019, the ECB introduced the so-called LiST (Liquidity Stress Test Exercise), in order
to strengthen the controls over the liquidity risk of the main EU players. The exercise involves
4 different scenarios (baseline, adverse, extreme and business view) and is focused on the Net
Liquidity Position (NPL) and it can be considered a sensitivity analysis of liquidity risk. This metric,
computed as the difference between the amount of liquidity reserves and the cumulated cash flows,
allows to evaluate the survival time of an institution: when the NPL assumes negative values, the
Entity is not able to fulfil its contractual obligations. Furthermore, LiST presupposes the freezing
of the interbank market (hypothesis in line with the run-off assumption), which translates into the
collapse of the two main channels through which banks obtain short term liquidity: the repo market
and the unsecured interbank market.
The 2019 run was applied to a sample of about 100 significant banks subjected to the Single
Supervisory Mechanism (SSM). Following the exercise, the ECB applied specific remedial actions to
the institutions that performed under expectations, such as the setting up of additional liquidity
buffers or the reduction of exposures in specific maturity bucket.
Although the LiST methodology has the unquestionable advantage of allowing the Regulator to
assess banks’ ability to survive idiosyncratic stress scenarios, the framework just described shows
some critical points, such as:
• The idiosyncratic scenarios are calibrated in a prescriptive and generic way by the ECB,
without considering the different economic and financial situations of the single institutions.
As a result, banks will be unlikely to adopt this framework in their liquidity risk monitoring
processes.
• The methodology does not allow the institutions to implement managerial actions to limit the
impacts arising from stressed scenarios.
Notwithstanding, LiST can be seen as a starting point for a possible review of banks’ internal
governance for liquidity risk.
1.2

Complex Systems and Financial Markets

From the analysis outlined in the previous paragraph, it is clear that the current stress test methodologies adopted by the Supervisory Authorities have some substantial weaknesses. First, they are
unable to capture the interrelationships between market and liquidity risks. Second (and closely
www.iasonltd.com
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related with the first point), the current frameworks do not allow to take into account the process of
propagation of liquidity shocks and the consequent degree of systemic risk that is entailed by the
strong connections among the various institutions within the financial markets.
The exposure of the interbank market towards systemic risk increases with its degree of complexity and concentration. As a matter of fact, empirical data show that the evolution of the system over
the last decades is characterized by a sharp increase of these indicators. Today the financial system
is much more interconnected and centralized than before. Indeed, a small number of institutions
plays a pivotal role and anything that impacts their ability to convert excess reserves into funding
expose the whole financial network to systemic events.
Figure 1 shows the evolution of the global financial system from 1985 to 2010, where each node
is referred to a Country, while the links represent the cross border claims between them and the
thickness of the linkages reflects the value of the underlying transactions. The figure shows that the
volume of intra-system exchanges - a proxy for network complexity - increased dramatically and
also that the degree of concentration had a sharp growth, with the emergence of the prominent role
in the network of the major financial centres.
In such complex systems, small liquidity shocks can easily escalate into systemic liquidity crises,
which, in turn, lead to credit crunches. The repo market plays a crucial role in the liquidity shocks
propagation, as it is the major channel from which financial intermediaries obtain short term funding
to meet their obligations. In particular, the repo market enables market participants to provide
collateralized loans to one another, and financial institutions predominantly use repos to manage
short term fluctuations in cash holdings, rather than general balance sheet funding.
Repurchase agreements can be viewed as the most important source of funding not only for
commercial banks but also for leveraged institutions such as investment banks and hedge funds.
These latter operate with large leverage ratios and, as a consequence, they find may have difficulties
to obtain funding through unsecured transactions. Repo operations, reducing sharply the risk
associated in dealing with them, represent a way to obtain short term funding. Moreover, they often
use this liquidity to finance their leveraged positions by pledging as collateral the same assets they
purchase with this funding.
Repo market is constantly increasing, as shown in figure 2 where the continuous line represents
the volume of repo and reverse repo transactions in the European market. A similar trend can be
observed in the US market, where the daily turnover is of about $1 trillion.
Given its dimensions and its centrality for the well-functioning of the whole financial system,
any sustained disruption in this market could quickly have a deep impact on several interlinked
financial markets with the effect of raising the probability of a systemic event. The freezing-up of
repo markets in late 2008 was one of the most damaging aspects of the Great Financial Crisis [5].
1.3

Towards Financial Contagion Modelling

The topic of financial contagion is gathering a lot of interest within the financial community due
to the importance of modelling the phenomenon in order to understand and prevent the whole
financial system from liquidity crunches which can rapidly turn into credit crunches. Over the last
15 years a broad strand of theoretical and empirical literature has developed several model-based
stress-testing frameworks where solvency risk, funding liquidity risk and market risk of banks are
intertwined.
Among the precursors of these theories it is worth mentioning Elsinger et al. [12], who proposed
one of the first models for stress testing systemic risk that quantifies contagion effects through
interbank linkages and common assets. Alessandri et al. [2] studied a methodology that allowed
to subsume credit risk and funding liquidity risk from deterioration of bank’s credit beyond given
thresholds. Acharya and Yorulmazer [1] built a model with two banks, each with risk-averse
depositors, where the returns on assets across the two banks have a common factor. The failure
of one bank conveys adverse information about the common factor and, in turn, increases the
borrowing costs of the surviving bank.
Nowadays the scientific literature related to financial contagion can be divided into three main
approaches that will be further discussed in the next section.
The first approach is based on Game Theory and it mainly seeks to explain “how coordination
failure between a bank’s creditors and adverse selection in the secondary market for the bank’s assets
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FIGURE 1: Interbank Exposures from 1985 to 2010 [15]
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FIGURE 2: Volume of the EU Repo Market [9]

interact, leading to a vicious cycle that can drive otherwise solvent banks to illiquidity. Investors’
pessimism over the quality of a bank’s assets hampers the bank’s recourse to liquidity, which
influences the incidence of bank runs. This, in turn, makes investors more pessimistic, driving down
other banks’ recourse to liquidity even further”[3].
The second stream is based on the so-called “Agent Based Models“. The focus of these models is
on the interactions among the components of a given system, the agents (for example individuals,
companies, financial institutions). These models heavily rely on advanced computational techniques
and their main concern is on the computational performance and on the forecasting accuracy, while
the theoretical rigorousness of the argumentation is put in second place.
The third literature stream tries to adapt the mathematical tools typically used for the study of
complex systems to a financial context. As a matter of fact, modern financial systems can be viewed
as complex network structures, characterized by an intricate web of interconnections among several
institutions such as banks and hedge funds. Starting from this point of view, financial systems can
be represented as directed graphs in which each node corresponds to an institution and the links
reflect the structure of interbank credits and obligations. This framework is closely embedded in
economic theory and statistics.

2.

Approaches to Financial Contagion Modelling

This section outlines the most important features of the three main approaches that can be found in
the literature on financial contagion.

2.1

Game Theory Based Models

The first family of models that directly addresses the study of contagion risk revolves around the
behavioural dimension and the natural tool used to analyse individual-collective conflicts that affect
risk, the Game Theory. In the economic field, the Game Theory can be defined as the study of the
ways in which interacting choices of economic agents produce outcomes with respect to the utilities
of those agents, where the outcomes in question might have been intended by none of the agents.
In order to understand how the Game Theory is suitable for explaining the risk of contagion and
the interrelationships between market risk and liquidity risk, consider a pool of banks that need
to finance themselves in a given financial context. At the initial moment, investors offer a certain
pooling price for the assets they intend to purchase from banks. Due to the information asymmetry,
the price is lower the more pessimistic the potential investors are. This, in turn, translates into
reduced recourse to liquidity by banks and the consequent reduction in its ability to meet maturing
liabilities. As banks increase their liquidity risk, their likelihood of bankruptcy rises and investors
Bayesian update their beliefs about the quality of the assets. If a given bank is more likely to fail
because its assets are of a lower quality than the ones of a surviving bank, investors become more
pessimistic. This leads to a vicious circle, where investor pessimism increases banks’ liquidity risk,
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which in turn increases investor pessimism. On the other hand, if investors are suitably optimistic
at the starting point and the most of the banks in the system are able to survive to the initial shocks,
investors will become increasingly optimistic in the next steps of the game. This, in turn, improves
other banks’ recourse to liquidity and thereby mitigates their funding liquidity risk.
The above described dynamic can be observed in the study conducted by Anand, Gauthier
and Souissi [3], which is a good example of how Game Theory has been used to study the
interdependence between market risk, solvency risk and liquidity risk within a stress test framework
inspired by Canada’s 2013 Financial Sector Assessment Program (FSAP), which was managed by
the International Monetary Fund (IMF). In their stress test model the bank run is endogenous and
it depends on the bank’s funding composition and maturity profile, its credit and market losses
and, finally, the awareness about the bank’s solvency perceived by creditors. The market risk is also
endogenous; it is driven by the pervasiveness of adverse selection, which is function of the quality
of bank’s assets and the investors’ previous beliefs about their quality. Finally, the fundamental
dynamic of the model is a two-way feedback interaction between the adverse selection of investors
seeking to purchase assets and coordination failure between the creditors of banks that leads to
endogenous runs. The results provided by their research show how the investors ’initial belief is
the fundamental key that guides the risk of contagion. If investors are pessimistic, banks’ ability to
use liquidity through the sale of their assets will be limited. As a result, the probability of the bank
going bankrupt will increase, which, in turn, will increase investor pessimism.
2.2

Agent Based Models

Many approaches in the literature try to study the phenomenon of financial contagion through
equation based models that are deemed too simplistic and poorly able to reproduce a plausible
result.
In a broader sense, there is currently a high level of uncertainty about which elements in
the structure of the financial system cause contagion and how it occurs. The examples of closedequations modelling that are based on economic equilibrium provide useful insights on the economic
theory behind the considered phenomenon, but also highlight some limitations in reproducing the
dynamic that was actually observed during the unfold of liquidity crisis.
The reason is that financial agents usually have different goals and strategies, thus behaving very
differently. In the current literature there are already a few examples of how agent based models
can be used in order to reproduce contagion risk but there are still ways to improve the setup of the
theoretical models behind these simulations.
Agent-based modelling can be defined as a computational technique where the components of
a system are encapsulated as agents, which can represent individuals, groups, companies and/or
countries, while the analysis of the system is carried out through the interactions of these agents[18].
For instance, Halaj [16] mentions the need to capture complex interactions of sophisticated agents.
Moreover, ABMs gained the attention of an expert group created by the Bank of International
Settlements studying linkages between liquidity and solvency in stress testing [4]. In this context,
Halaj and Laliotis [17] illustrate a possible way of integrating an ABM into the macro prudential
liquidity stress tests.
Interestingly ABM frameworks can be used to depart from the constraining DSGE modelling
paradigm opening the way to the introduction of several differentiated agents as opposed to the
representative agent approach. Indeed, Dosi et al. [11] analyse the impact of technological advances
on the macroeconomic variables trying to model the micro-behaviours of agents.
The main weakness of this approach is represented by the possibility of generalising the modelling results. As a matter of fact, the most of the attention is put on the optimization of the
computational techniques and on the forecasting accuracy while the economic and financial interpretation is put in second place, as well as the statistical rigorousness.
2.3

Graph Theory Based Models

The aim of this section is to introduce the theoretical framework that we decided to adopt in the
simulation of liquidity crunches in the interbank market. The analysis starts from the consideration
www.iasonltd.com
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FIGURE 3: Directed graph composed by five nodes [14]

of the main concepts associated to network’s topology that will be mentioned and used throughout
the work.
2.3.1

Network Topology

A network can be represented as a set G = ( I, V ) where I is a vector of indices that represent the
nodes of the structure and V contains the couples (i, j) ∈ I 2 which reflect the edges between the
different vertices. Edges may be directed or undirected producing two different kinds of network
structures. Figure 3 is an example of directed network composed by five nodes.
Moreover, networks can be uniquely represented by an adjacency matrix A( G ) whose elements
can assume either the value of 1 or 0, depending on whether the link (i, j) is contained in V or not;
if the network is undirected the adjacency matrix is symmetric.
Another important feature of a network is described by its weighted matrix W ( G ). It contains
the weights associated to each edge so that its element wij reflect the magnitude of the link that
connects i to j.
From a financial point of view, nodes will correspond to banks or other kinds of financial
institutions, edges reflect the lending relations among them while weights are associated to the
value of the exposures.
The structure of the financial system plays a central role in the determination of the contagion
dynamics, it is then important to understand which features increase its stability and on the contrary
what is detrimental for it.
Starting from a structure composed by n nodes, that is uniquely described by the adjacency
matrix A and by the weighted matrix W, we introduce the most important networks’ metrics that
have both an economical interpretation and an impact on financial stability.
The node-degree is the first topological feature that is introduced, it defines the number of outgoing
(out-degree k i ) and incoming (in-degree ji ) links to a given node:
n

ji =

∑ aij

(1)

j =1

and

n

ki =

∑ a ji

(2)

j =1

Where aij is the element in the ith row and jth column of matrix A indicating the presence of an
edge between the nodes i and j. For a financial institution the in-degree represents the interbank
assets and the out-degree the liabilities.
Another important feature is the node strength, that can be articulated into in-strenght sin and
out-strenght sout and it is associated to directed networks. It can be interpreted as the total amount
of interbank assets and liabilities:
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sin
i =

n

∑ wij

(3)

j =1

and
siout =

n

∑ w ji

(4)

j =1

Connectivity, instead, can be seen as the fraction of all the possible links within the network. If l
is the number of existing edges, it can be expressed as follows:
c=

l
n ( n − 1)

(5)

It can be interpreted as a measure of diversification but it is also an indicator of the possible
channels through which a shock may spread within the network.
Another important feature of a network is the average degree, which will be indicated with z. The
total number of in-going linkages within the network is equal, by construction, to the total number
of out-going linkages. Thus the average in-degree of the network’s nodes is equal to the average
out-degree:
n

z=

∑ ji =

i =1

n

∑ ki

(6)

i =1

Therefore, z represents the average number of counterparties that a bank has, and even more
clearly it represents both the average level of diversification and the average number of possible
channels for the propagation of shocks[8].
In a real graph, the number of vertices of given degree is called “vertex degree distribution” and
given a sequence of the possible degrees 1,2,. . . n which might characterize a node and a sequence
of probability p1 , p2 , ... it thus possible to define a probability distribution.
The joint degree distribution p jk corresponds to the probability that a given node has an in-degree
equal to j and an out-degree equal to k.
An important parameter of random graphs is represented by the value of the probability that
an edge between two nodes exists. When it overcomes a certain threshold, the graph’s properties
undergo structural changes. This phenomenon is similar to the sharp phase transitions that are
observed in physics when experimental parameters such as the temperature or the pressure reach
some critical level. In order to better clarify this point, we just mention a couple of practical
examples that are associated to the Erdös and Rényi model. This model will be outlined later on,
and the theoretical details will be provided in the dedicated section, here it is worth noting that the
appearance of cycles within the generated network takes place only when p overcomes the value of
1/n. Moreover, isolated vertices, i.e. vertices with no edges, disappear from the network when p is
log n
higher than the threshold n .
2.4

Two Examples of Graph Theory Based Models

This section outlines the main features of two important approaches towards the modelling of
financial contagion. They belong to the same theoretical framework, that is based on the analytical
tools typical of graph theory and complex systems analysis.
The first approach is illustrated in the famous work of Gai and Kapadia [14] “Contagion in
Financial Networks”. This paper has introduced a new analytical framework in the field of systemic
risk highlighting novel interesting aspects and providing a different perspective to look at the
interbank market.
Notwithstanding the important contribution of this research, it is necessary to recall the fact that
it is based on a purely theoretical framework that does not include empirical data about transactions,
claims and obligations between financial intermediaries. On the other hand, the second approach,
that was developed by Covi et al. [10] in “On the Origins of Systemic Risk” is based on a more
sophisticated model that includes five different channels for the propagation of economic distress.
The modelling framework proposed by the authors adopts a micro-structure that tries to reproduce
www.iasonltd.com
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FIGURE 4: Network obtained with the real data on the interbank market [10]

the banking sector and its connections and it is one of the few examples of contagion model that is
calibrated to real data.
The work of Gai and Kapadia published in 2010 can be surely considered as one of the first
paper that introduces the mathematical methodologies derived from complex systems literature in
the economic field aiming at detecting the determinants of financial networks’ stability. A similar
approach has been used in the field of epidemiology end ecology due to the strong parallelism
between the epidemic spread of a disease and financial contagion.
As already stated in the previous paragraphs, modern financial systems are made up of an
extensive set of interconnections among different financial institutions. They reflect the claims and
obligations that create links among their balance sheets.
According to the paper, complex and highly interconnected systems have the capability to
absorb shocks due to the several interconnections among institutions. It helps the whole system to
handle counterparty losses derived from a neighbouring bank default. This is due to the diversified
exposures and risk sharing benefits embedded in an interconnected system that may limit the spread
of contagion. On the other hand, it is easy to understand that if the defaulted bank has a lot of links
within the system, the probability to turn an initial shock into a contagious cascade of failures is
definitely very high.
The modelling framework relies on the following assumptions:
• The network structure is exogenously determined.
• Changes in network are not allowed once contagion begins to spread. This means that the
interbank exposures cannot be modified.
According to the authors, the contagion propagation may spread through credit losses originated
from the default of a bank belonging to the system. This can induce losses among other financial
institutions directly linked to the defaulted one. The magnitude will be related to the existing
exposures at the time of the event. Another channel of the propagation of financial losses is related
to the asset prices distress generated by the sales of the defaulted entities forcing other financial
institutions to write down their asset value. This is defined by the authors as an indirect effect and
could generate a second round of defaults. The mechanism behind this phenomenon is the so called
loss spiral that is what characterizes fire-selling [14].
The model proposed by Gai and Kapadia is made up of n financial entities. The network
structure, as mentioned before, is entirely random except for the degree distribution. In the
numerical simulation they chose a Poisson random graph in which each possible directed link is
present with independent probability p. Importantly, the structural characteristics of the financial
system are embedded into the distribution of the interbank linkages.
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The simulation starts with an idiosyncratic shock that lowers to 0 the value of all the external
assets of a random bank within the system. It produces counterparty credit losses to the nodes
directly linked to that bank and contagion spreads through the two channel described above.
The total assets of each bank are composed entirely by interbank assets, AiIB , and illiquid
external assets AiM , mortgages for example. It is also assumed that the interbank exposures of
every institution are evenly distributed among the neighbouring nodes, and in case a bank has no
incoming links then AiIB = 0. Due to the fact that every interbank asset represents a liability for
another institution interbank liabilities, LiIB , are endogenously determined. Moreover Di are the
consumer deposits (exogenous variable).
The contagion dynamics has its ground on the following solvency condition:

(1 − Φ) AiIB + qAiM − LiIB − Di > 0

(7)

Where Φ is the fraction of defaulted banks that have a directed link with bank i and q is the
resale price of the illiquid asset. So the solvency condition can be expressed as:
Φ<

Ki − (1 − q) AiM
AiIB

(8)

for AiIB 6= 0, where Ki = AiIB + AiM − LiIB − Di is the capital buffer referred to bank i. If the
number of the linkages of the same bank is ji its loss due to the default of a neighbouring entity is
equal to 1/ji of its interbank assets AiIB . Contagion spreads beyond the defaulting entity only if
there is at least a counterparty i for which the following condition is satisfied:
Ki − (1 − q) AiM
AiIB

<

1
ji

(9)

An important conclusion that can be derived from the authors’ findings highlights that the
consequences of a shock depend largely on the point initially hit by the shock and the probability of
contagion is higher when a “weak” node of the structure is forced into default.
One aspect that this model is not able to capture is the consequence of the failure of a targeted
node, as a matter of fact the initial shock hits a randomly selected institution. It would be interesting
to extend the current framework in order to include the possibility to choose the defaulting bank. In
this way it would be possible to simulate the failure of a big and highly interconnected interbank
borrower, that is what happened in 2008 with Lehman Brothers.
As stated before, the second approach, developed by Covi et al. [10] is based on a more
sophisticated model that includes five different channels for the propagation of economic distress.
The modelling framework proposed by the authors adopts a micro-structural approach characterized
by the fact that the overall behaviour of the system is determined by the sum the reactions to the
shocks undertaken by the different categories of agents within the structure. With respect to the
model analysed before, the one proposed by the authors is calibrated using real data.
The model begins with an initial shock coming from real economy that can propagate from one
institution to another through three different contagion channels.
The first is represented by the unsecured long term loans in the interbank market. Losses
can propagate from a defaulted bank to another institution through a credit exposure. The same
reasoning holds for the short term unsecured loans in the interbank market that represent the
second shock propagation channel. Lastly, common exposures towards illiquid assets might cause
capital losses in case that banks are forced to sell them at a discounted price in order to obtain the
liquidity that is necessary to pay back their debts.
To compute the distribution of the number of defaults the authors implemented a Monte-Carlo
simulation starting from a wide dataset of default probabilities, LGDs and correlation between
non-financial entities.
The analysis presented in this paper is of particular relevance because it gives the possibility to
quantify this risk and it permits to design specific policy interventions with the aim of reducing the
exposition of the financial system to it.
In particular, systemic risk is defined as the probability of a systemic event Et , conditional on a
set of information It−∆t available in a previous time:
SR = Pr (Et | It−∆t )
www.iasonltd.com
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Considering a system composed by N institutions it is possible to define the following variable:
(
1
πi,t
Dit =
0
1 − πi,t
where πi,t is the probability that bank i defaults at time t. Then Dt = ∑iN=1 Di,t represents the
number of defaults at period t. It follows that:


Dt
SR = Pr
> D | It−∆t
(11)
N
D is set at 1.5%. Empirical evidence gathered from the past century shows that a proportion of
defaulted banks on the total equal to 1.5% can be considered as a good threshold for the prediction
of a systemic crisis. Given this definition, in order to quantify systemic risk it is necessary to estimate
the distribution of the number of defaults Dt .
The database used in the empirical simulation was built by the authors together with the
European Central Bank and contains granular information about banks exposures among them and
towards non-financial corporations as well as security holdings.
The shocks considered within the model come from non-bank exposures and are modelled
endogenously. Moreover, the default of private sector firms depends on their default probabilities
and on correlations estimated from the market.
This means that shocks are not artificially applied to individual assets, but the true determinants
of these shocks (i.e. the random defaults coming from the real economy that represent the only
source of stochasticity of the model) are taken into consideration within the modeling framework.
The network structure derived from the dataset is composed 36 thousand directed linkages and 13
thousands of entities (nodes).
The microstructural network adopted allows for the transmission and amplification of a set of
initial shocks through the several layers of the model in order to simulate what really happens in a
real financial setting.
Initially some non-financial corporation are forced to default The banks that are exposed towards
the private sector through securities holdings suffer losses and contagion starts to spread if there
is at least one counterparty whose losses are high enough to push its capital below the minimum
regulatory requirements, in this case also the considered institution defaults. The default of an
institution generates a propagation of losses through the interbank exposures channel that have a
negative impact on their capital and as a consequence may default or go in distress. The next step
instead models a lack of liquidity in the interbank market due to fire selling and liquidity hoarding.
The presented sequence will be repeated until there are no more banks that suffer distress or that
are forced to default.
Monte Carlo simulations permit to estimate the probability distribution of the number of banks
that suffer distress conditions which will be used to compute the probability of a systemic event.
The average yearly probability obtained with this model is 4.8%.
As shown in figure 5 the probability to observe a systemic event is not constant over time and
would be interesting to develop a further framework in order to understand if the evolution of the
probability of a systemic event is characterized or not by a cyclical trend.
The most important contribution of the paper is related to the capability to combine microstructural models for financial contagion with a real dataset leading to the production of a probabilistic
distribution for the number of banks defaults within the system.
Moreover, the analysis identifies the main drivers of systemic risk in the interconnectedness
among the financial system’s actors and in the interaction of the different contagion propagation
channels.
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FIGURE 5: Probability of a Systemic Event [10]

3.
3.1

Model Description

Model Overview and Network Structure

The present chapter provides a detailed description of the model that we use to simulate the spread
of contagion in the interbank market. Our framework derives from the model developed by Gai,
Haldane and Kapadia [15], which is an evolution of the Gai and Kapadia [14] model presented
in section 2.4. The considered framework takes advantage of techniques primarily used in the
statistical physics and in the epidemiological literature, that are adapted to study the response of
the banking sector with respect to a set of different liquidity shocks. Interestingly, under some
network configurations the reaction of the interbank market is characterized by the presence of a
phase transition or tipping point.
The fundamental hypothesis lies in the parallelism between complex systems and financial networks. The financial system can be seen as a complex structure where institutions are interconnected
through a wide variety of connections, which represent the reciprocal claims and obligations among
them. A high average degree, which stands for the average number of directed links associated
to each bank, reflects a high level of diversification within the financial system. Diversification
increases risk sharing ultimately reducing the probability of a systemic event, but at the same time
in a more interconnected network every interbank exposure represents a possible channel for the
propagation of shocks.
In particular, a given financial system is composed by n intermediaries that belong to the same
category and that can be defined as banks. Each bank is represented by a node in the network,
while the exposures, in terms of unsecured interbank lending, between them are portrayed by
directed linkages. The number of in-going links of a bank i is denoted by ji (i.e. the in-degree of
the node), while the number of out-going links is k i (i.e. the out-degree of the node). The joint
degree distribution of in- and out-degree, p jk , represents the probability that a randomly chosen
bank simultaneously has in-degree j and out-degree k.
In this framework, unsecured interbank activities and repo operations play a central role in
the spread of contagion effects among the financial system’s operators. The model shows how
shocks to the haircuts applied to the collateral stock of banks could trigger liquidity crises and
how the generated economic distress is propagated and amplified throughout the financial network
causing the failure of many institutions. The presented framework is then used to perform various
simulations of liquidity crunches within two different network structures, that will be outline in
the following section. The first is based on the model developed by Erdös and Rényi [13], that is
characterized by a simple degree distribution. The second web model was developed by Bollobàs et
al. [7] and the resulting network has a more realistic power law degree distribution.
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FIGURE 6: Erdös and Rényi Graph Composed by 20 Nodes; p = 0.12

3.2

Random Graphs Models

The characteristics of the network structure that is used to model the financial system play a crucial
role in determining the extent of contagion propagation. The first topology that is taken into
consideration is generated through the model developed by Erdös and Rényi, while the second is
produced with a more sophisticated algorithm, due to Bollobàs, Borgs, Chayes and Riordan, that is
able to realize a network structure that exhibits a power law distribution and indeed is closer to the
real world configuration of the banking system.
The Erdös and Rényi’s model, also known as G (n, p) model, has two parameters n and p, where
n is the number of nodes included in the graph and p represents the edge probability. Therefore, p is
the probability, for each couple of vertices v and w, that the edge (v, w) that connects the two nodes
exists. The presence of each edge is statistically independent of all other edges. The graph-valued
random variable with these parameters is denoted by G (n, p). Usually the value of p is set as a
function of n, for example p = d/n, where d is a constant. Thus the expected degree of each vertex
is equal to nd (n − 1). Furthermore, the degree of each vertex is equal to the sum of n˘1 independent
random variables and the resulting degree distribution is binomial. Since p is the edge probability,
the expected degree of a vertex will be d ≈ pn and the degree distribution is:


 
n−1 k
n k
n − k −1
Pr (v has degree k) =
p (1 − p )
≈
p (1 − p ) n − k
(12)
k
k
1
where (n−
k ) is the number of ways of choosing k edges out of the n − 1 eligible possibilities,
k
while p (1 − p)n−k−1 reflects the probability that k edges are present, for node v, and that the
remaining n − k − 1 edges are not. When n is sufficiently large n − 1 can be approximated with n
without altering significantly the results.
Figure 6 provides an example of the G (n, p) model network structure. The number of connections
for each vertex is pretty stable within the network, with the more interconnected nodes being
characterized by values of in-degree and out-degree that are not far by the average level, that is
z = 2.65.
However, the Erdös and Rényi‘s model has a substantial limit compared to what is shown by
empirical evidence. Indeed, the binomial distribution falls off exponentially fast as one moves
away from the mean. This feature clashes with the characteristics of the graphs that appear in
many real-world applications, where the degree distributions do not show such a marked decay
when moving away the average value. On the contrary, empirical distributions usually exhibits "fat
tails”, as shown in figure 7. Graphs that represent real world phenomenons, in several fields of
application, appear to have power law degree distributions. A network is said to have power law
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FIGURE 7: Comparison between a binomial distribution and a powerlaw distribution

degree distribution when the number of nodes of a given degree decreases as a power of the degree
itself as in
Number of degree k vertices = c

n
kr

(13)

where r is a small positive real.
Although the Erdös and Rényi‘s model shows evident gaps in the reproduction of network
structures similar to those present in the real world, it provides some interesting insights on the
mechanisms that drive the spread of systemic risk and the main conclusions obtained with it are
not altered when switching to other more complex models.
The second topological structure is generated by a model for directed scale free graphs, for
which Bollobàs et al. [7] showed that the resulting degree distributions are power law distributed.
The idea behind the algorithm is the combination of growth with preferential attachment; the
graph grows one vertex at a time, and edges are added, perhaps only from the new vertex to old
vertices, or perhaps also between old vertices, where the old vertices involved are chosen with
probabilities proportional to their degrees et al. [7], both in and out (j and k). The model outlined
by Barabási and Albert [6] is one of the first examples of frameworks that are based on growth
with preferential attachment. On the other hand, the scale free graph model besides being more
sophisticated, produces directed graphs, while Barabási and Albert generates undirected networks.
The model is characterized by the following parameters that need to be non-negative real numbers:
• n: number of nodes;
• α: probability of adding a new node v together with an edge connected to an existing vertex
w, where w is chosen randomly according to the in-degree distribution;
• β: probability of adding a new edge between two already existing nodes, v and w, that are
selected independently. One is chosen randomly according to the in-degree distribution and
the other is picked randomly according to the out-degree distribution;
• γ: probability of adding a new node v together with an edge connected to an existing vertex
w, where w is chosen randomly according to the out-degree distribution;
• δin : bias for choosing nodes on the basis of in-degree distribution;
• δout : bias for choosing nodes on the basis of out-degree distribution.
The probabilities α, β and γ should add up to one. Letting vary the values of these parameters it
is possible to obtain networks with different average degree (z) values. More precisely, the impact
on the overall average degree is mainly determined by the parameter β, thus different values z can
be obtained by modifying β.
www.iasonltd.com
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FIGURE 8: Scale Free Graph Composed by 20 Nodes; α = 0.41, β = 0.54, γ = 0.05, δin = 0.2 and δout = 0.1

The directed graph that we consider grows by adding single edges at discrete time steps, for
simplicity the algorithm allows for multiple edges and loops. The latter do not have a financial
interpretation and will be removed before performing the simulations described in the following
paragraphs. The functioning of the generating process is based on an initial configuration G0 of the
directed graph, that might be for example composed by n(0) nodes connected through t0 linkages.
By setting G (t0 ) = G0 it is possible to say that at time t the graph G (t) comprises t edges and
a random number n(t) of nodes. Moreover, to choose a vertex v of G (t) according to dout + δout
amounts to pick v so that Pr (v = vi ) is proportional to dout (vi ) + δout , i.e., so that
dout (vi ) + δout
t + δout n(t)

Pr (v = vi ) =

(14)

While, to choose v according to din + δin means to choose v so that
Pr (v = vi ) =

din (vi ) + δin
t + δin n(t)

(15)

Where dout (vi ) and din (vi ) represent the out-degree and the in-degree of vi , as they result from the
graph G (t) [7].
The resulting network structures show power laws degree distributions that are consistent with
those that have been observed in the world-wide-web. Nonetheless, the model is kept simple in
order to allow the replication of many different scale free graphs rather than just the web graph.
Figure 8 provides an example of directed network generated by the scale free graph model. It is
evident that the vertices’ degree is not uniformly distributed, there are two nodes (node 0 and node
1) for which the number of connections is by far above the average level. For this realization of the
considered graph valued random variable the value of z is equal to 2.35.
3.3

Balance Sheets and Repo Haircuts

Figure 9 describes the balance sheet structure of the banks belonging to the network. The asset side
is composed by the following budget items:
• A F represents the amount of fixed asset, such as mortgages or corporate bonds. These assets
cannot be pledged as collateral in repo operations.
• AC stands for the collateral assets, that can be pledged as collateral in repo operations.
• A RR is referred to the reverse repo assets.
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FIGURE 9: Banks’ balance sheet composition [15]

• A IB are the unsecured interbank assets.
• A L represents the fully liquid assets, that can be used as collateral in repo operations without
suffering any haircut (i.e. h = 0). This category is composed by cash, central bank’s reserves
and high quality government bonds.
The liability side is composed by the following budget items:
• D is referred to the retail deposits;
• L R represents the liabilities resulting from repo operations;
• L IB are the unsecured interbank liabilities;
• K is the capital.
In the considered modelling framework, we introduce a certain degree of heterogeneity among
banks through the diversification of their balance sheets composition. As a matter of fact, the relative
weight of several items is generated using a randomization function, while others are determined
endogenously (see section 4.2 for more details). For what concerns the unsecured interbank liabilities
(L IB ), it is assumed that the amount of them is evenly distributed among the connected banks and
moreover that it is independent on the number of connected nodes (if a node has no out going links
then LiIB = 0). Furthermore, it is important to observe that the aggregated amount of the unsecured
interbank assets is equal to the aggregated value of the liabilities because of a liability for a bank
corresponds to an interbank asset for another financial institution. So it is true that:
n

n

i =1

i =1

∑ AiIB = ∑ LiIB

4.

(16)

The Liquidity Condition of Banks

The liquidity condition of banks that is introduced in this section is based on the following
assumptions:
• There is no possibility for systematic retails deposits inflows or outflows;
• Unsecured interbank funding is always rolled over and banks cannot recall unsecured assets
or sell their fixed assets;
• Unsecured interbank assets cannot be pledged as collateral.
www.iasonltd.com
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The resulting condition is:
AiL + (1 − h − hi ) AiC + (1 − hi ) AiRR + LiN − LiR + ei > 0

(17)

where:
• h is the average haircut applied to the assets that can be pledged as collateral (i.e. AC ) and it is
such that h ∈ [0, 1];
• hi is the idiosyncratic haircut applied to bank i. It can be seen as a penalty for banks that have
a greater probability of default;
• LiN is the new unsecured interbank lending raised by bank i;
• ei is the idiosyncratic liquidity shock;
• LiR is the repo liability to repay in the current period.
Furthermore, the term (1˘h − hi ) AiC of condition 17 represents the maximum amount of repo
lending that can be obtained by pledging the collateral assets. Moreover, reverse repo assets are
secured with collateral that is subjected to the same aggregate haircut h. Finally, the securities
obtained as collateral can be fully used to get other funding and the maximum amount of lending
that can be obtained in this way is equal to (1 − hi ) AiRR .
Condition 17 states that a bank is liquid provided that the amount of available collateral (AiL )
is sufficient to obtain the necessary funds to pay back its repo liabilities. When this condition is
not satisfied the considered bank needs to obtain the amount of liquidity that is necessary to repay
its obligations. According to the model, there are three different actions that can be adopted. The
first one is to increase the interest rate offered by the bank on the unsecured interbank market.
Financial institutions do not usually adopt this way, as it would give clear signals of weakness to
the other market participants, with the consequent loss of profitability. The second option involves
the sale of their fixed assets (AiF ) triggering a fire sale dynamic. Obviously, this second path also
entails significant negative effects and the serious probability that the bank will undergo real losses
that can decay its capital position. Finally, the third possibility is to hoard liquidity through the
withdrawal of the unsecured interbank lending AiIB held against other banks in the system. This
action is deemed less reputational costly with respect to "paying up" for funds or selling assets in a
fire sale. Moreover, the evidence provided by banks’ behavior in the aftermath of the 2008 crisis
supports this assumption since liquidity hoarding was frequently observed while "paying up" and
fire sales occurred rarely. Given this, when bank i does not meet condition 17 it is assumed that it
tries to hoard liquidity through the third action described above.
Under these assumptions the liquidity condition turns into:
AiL + (1 − h − hi ) AiC + (1 − hi ) AiRR + LiN − LiR − µλLiIB + ei > 0

(18)

where:
• µ is referred to the proportion of banks that are connected to the bank i in the network
structure and that decide to withdraw their interbank deposits;
• Hoarding banks on average withdraw a fraction λ of the deposits held at bank i (λ is set to 1
throughout the simulation).
4.1

The Contagion Dynamics

It is important to notice from expression 18 that a bank’s decision to hoard liquidity increases the
possibilities that also other banks are forced to withdraw their unsecured interbank assets. At this
point the network structure plays a determinant role in the spread of contagion among the other
nodes of the system. In order to simplify the framework it is assumed that in the initial state the
following is true for all banks, meaning that the amount of collateral plus the securities obtained
through reverse repo lending are sufficient to obtain enough funding to pay back the repo liabilities.
Then changes in the aggregate haircut or in the idiosyncratic haircut can be interpreted as liquidity
shocks.
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Haircut change
∆h
∆hi

Impact on liquidity
−∆hAiC
RR
−∆hi ( Ai + AiC )

(1 − h − hi ) AiC + (1 − hi ) AiRR = LiR

(19)

The liquidity condition can be rewritten as:
AiL − ∆hAiC − ∆hi ( AiRR + AiC ) + LiN − µλLiIB + ei > 0

(20)

and rearranging we obtain
µ<

AiL − ∆hAiC − ∆hi ( AiRR + AiC ) + LiN + ei
λLiIB

(21)

Now suppose that a single bank suffers a haircut or idiosyncratic liquidity shock which is
sufficiently large to cause it to start hoarding liquidity. Recalling that interbank liabilities are evenly
distributed over different counterparties in the network and that bank i is assumed to have k i
borrowing links, if a single counterparty to bank i hoards then µ = 1/k i . Therefore, bank i will
continue to meet its liquidity condition provided that:
A L − ∆hAiC − ∆hi ( AiRR + AiC ) + LiN + ei
1
< i
ki
λLiIB

(22)

Therefore, contagion spreads beyond the first bank provided that there exists at least one
neighbouring bank for which:
AiL − ∆hAiC − ∆hi ( AiRR + AiC ) + LiN + ei
λLiIB

<

1
ki

(23)

Abstracting for the moment from idiosyncratic components and from the LiN term, the resulting
condition is:
AiL − ∆hAiC
λLiIB

<

1
ki

(24)

Condition 24, despite it is derived using some simplifications, offers some important insights
regarding the implications of the model treated. First, it can be observed that banks that hold a high
amount of collateral assets and/or that heavily rely on unsecured interbank funding are more likely
to be strike by the contagion effect. Second, shocks to the aggregate haircut impair their ability to
meet the liquidity condition, this is especially true for banks that are heavily dependent on the repo
market to obtain funding liquidity. On the other hand, deep stocks of fully liquid assets favor the
resilience of the financial system, as these assets can be pledged as collateral to obtain repo funding
without suffering any haircut. Therefore, high values of AiL allow financial institutions to obtain
funding without resorting to hoarding in the unsecured interbank market; these funding will be
used to comply with condition 17.
Taking into consideration the right hand side of condition 24, it is straightforward to understand
that liquidity hoarding is more likely for bank i when its out-degree, represented by k i , is low.
In other words, k i can be seen as the number of borrowing relationships that bank i holds in the
unsecured interbank market, if this number is high it means that the sources from which it obtains
funding in this market are well diversified and the risk associated to a liquidity shortfall due to
liquidity hoarding from a connected bank is low. The lower the value of k i the lower the benefits
from risk sharing. Thus connectivity in the financial system increases risk sharing and improves its
overall stability.
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4.2

Simulation Methodology

The simulation is performed maintaining the following assumptions:
• LiN = 0
• λ=1
The first assumption implies that banks cannot rise liquidity through new unsecured interbank
lending. Despite the fact that allowing for LiN 6= 0 reduces the likelihood of a systemic event, as Gai
and Kapadia [14] have shown, this assumption does not alter the main conclusions provided by the
model and indeed it is maintained in order to reduce the computational effort of the simulations.
The second assumption states that when a lending institution breaches condition 17 always
decides to withdraw the full amount of unsecured interbank lending, that it holds with its counterparties (full withdrawal assumption), irrespective of the effective size of the liquidity shortfall that it
is facing. The value of λ plays an important role in the determination of the spread of contagion, the
higher its value (i.e. the closer it is to one) the stronger is the amplification of the initial shock. As a
matter of facts this assumption might seem unrealistic but it is able to capture some dynamics that
characterize the behavior of a forward looking institution. More precisely, a value of λ close to one
might be unreasonable because usually contractual obligations prevents lenders from redeeming the
entire value of a deposit before a specified date. On the other hand, if a bank breaches the liquidity
condition because it has lost a portion of its deposits from a hoarding counterparty then it may
consider the possibility that in the future also the remaining part of the deposit will be lost. For this
reason a forward looking institution may decide to act as if it had lost its entire deposit [15].
As already mentioned the analysis considers two possible network configurations one obtained
through the Erdös and Rényi model and the other obtained through an algorithm that generates a
directed graph characterized by a power law degree distribution. Throughout the simulations, we
vary the average degree z, drawing 1000 realizations of the network for each z value. The obtained
networks are then shocked in different ways according to the experiment in question. The dynamics
of contagion follow the process described in the preceding sections, with the liquidity condition at
the centre of the propagation dynamics. For each realisation, these dynamics are followed iteratively
until no new banks are forced into hoarding liquidity or until every bank is hoarding. Contagion is
considered a systemic event when at least 10% of banks are forced into hoarding liquidity, and the
presented results identify the frequency of systemic liquidity crises and their scale in terms of the
average fraction of the system affected in each simulation.
The simulations take into consideration two categories of shock, a variation of the idiosyncratic
haircut hi applied to a single bank and a variation of the aggregate haircut h. The framework
provided in this description is used first to shock a randomly chosen institution and then a targeted
one. The idea is to disentangle the effects that the default of the most interconnected bank might
generate on the interbank market and the way in which it might affect financial stability.
The model outlined in the current section is applied to financial system composed by 250
banks with heterogeneous balance sheets. The propagation dynamics of liquidity shocks is mainly
determined by the amounts of fully liquid assets (AiL ), collateral assets (AiC ) and unsecured interbank
liabilities (LiIB ). The relative weights of these items, with respect to the whole balance sheet value,
are determined in a randomized fashion, drawing samples from a triangular distribution. It is a
continuous probability distribution with three parameters, left, mode and right, that respectively
represent the lower limit, the peak and the upper limit. Unlike other distributions, these parameters
directly define the shape of the resulting probability density function.
The pdf associated to the triangular distribution is:

2( x − l )

l≤x≤m

 (r−l )(m−l )
P( x; l, m, r ) =

2(r − x )

(r −l )(r −m)



0

m<x≤r
otherwise

This kind of distribution is often used in simulations when the underlying data generating
process is not known precisely but some knowledge of the limits and of the mode exists.
The observations for the three balance sheets items were obtained setting the functional parameters as follows:
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• Liquid assets: left = 1%; mode = 2%; right = 3%
• Collateral assets: left = 8%; mode = 10%; right = 12%
• Unsecured interbank liabilities: left =10% ; mode = 15%; right = 20%

5.

Experimental Results

Throughout the simulation there are different typologies of shocks that are applied to the two
network structures under consideration. In the first experiment a randomly chosen bank is hit by
a idiosyncratic haircut shock hi , that drives the institution into liquidity hoarding, then contagion
starts to spread if there exists a neighbouring bank that breaches condition 17. In the second
scenario the large idiosyncratic haircut shock comes together with an aggregate haircut shock that
increases h from 0.1 to 0.2. The following experiments consider the same shock configuration with an
important difference represented by the fact that the institution hit by the idiosyncratic shock is not
selected randomly but is the most interconnected bank, i.e. the node with the greater in-degree that
represents the most important lender in the financial system. Moreover, the last section describes
the implications associated to variation in banks’ balance sheet composition.
5.1

Random Idiosyncratic Haircut Shock and Aggregate Haircut Shock

The first experiment takes into consideration the network generated with the Erdös and Rényi model
[13].
The initial shock is represented by a large adverse idiosyncratic haircut movement that cause a
randomly chosen bank to start hoarding liquidity, this represents the starting point of the simulation.
Figure 10 shows that the frequency of contagion is a non monotonic function of z, that is a measure
of the connectivity of the system. Contagion happens for values of z between 0 and 15 and the
probability of a systemic event increases to almost one as z increases from 0 to 5 and then decreases
as z moves away from the value of 5. More precisely, contagion frequency starts to fall from the value
of one when z overcomes the threshold of 8.5. This can be interpreted as the tipping point or phase
transition of the model. The average degree of the system depends on the value assigned to the
parameters of the function that generates the network structure, and thus a small change in the value
of such parameters, that cause z to overcome the above threshold, might determine a very different
outcome. The reason why the probability of contagion does not drop to zero immediately when
z > 8.5 is due to the randomness of the network, for instance there might be some configurations
for which a systemic event can still be possible even if the threshold value has been exceeded
Importantly, it is possible to notice that when liquidity hoarding assumes a systemic dimension
it affects a considerable part of the network, around half of the institutions are forced into hoarding
liquidity. This means that conditional on the spread of contagion, the interbank market for unsecured
lending is supposed to freeze.
The second experiment combines an initial haircut shock directed to a single institution with
a shock to the aggregate haircut h. The value of the haircut is doubled, from 0.1 to 0.2 reducing
the ability of the whole banking system to obtain repo funding. Since collateral assets AiC account
for the 10% of the balance sheet the considered shock may generate an important impact on the
probability of contagion. Figure 11 confirms this intuition. The result is that contagion frequency
quickly increases from zero to approximately one as z moves away from zero and then it does not
decrease for a very wide range of z values. The phase transition that was observed in the previous
simulation is no more present and the interbank market is always driven into a systemic liquidity
hoarding. According to this network configuration, an adverse movement in the aggregate haircut
may produce extreme effects on financial stability making liquidity crunches almost sure for a broad
range of connectivity levels, the frequency of systemic event is equal to one even for very high
values of z.
The banks that are more severely impaired by the aggregate haircut shock are those that heavily
rely on repo operations to obtain funding liquidity.
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FIGURE 10: Erdös and Rényi Network; Single Random Idiosyncratic Haircut Shock

The described dynamic is able to reproduce what happened in 2007 when bad news on subprime
mortgages started to diffuse between financial institutions impairing the value of collateral assets
that were used to back repo operations. Many banks started to find it difficult to obtain funding
liquidity through secured operations and reacted withdrawing their unsecured interbank assets.
In this way a shock that had an impact on a relatively small number of assets, that were used as
collateral, had the effect of drying up the two main channels that banks used to obtain funding
liquidity, the repo market and the unsecured market.
The first kind simulation is performed also for the scale free network configuration, that exhibits
a power law degree distribution. This structure is more similar to the real shape of the interbank
network, where the majority of institutions have a low number of links with the other banks in
the system while there are few players that have a pivotal role and that are interconnected with
the majority of the other nodes. The resulting network structure is thus able to reproduce the
concentration of the financial system that is empirically observed.
Figure 12 reports the effect of a random idiosyncratic haircut shock. It is evident from this figure
that the scale free network is characterized by a higher robustness as the frequency of contagion
assumes lower values if compared to the Erdös and Rényi case, it does not exceed the value of 0.1.
In other words, according to the model, the probability of a systemic event is always below 10%
and the average proportion of hoarding banks in the system does not overcome the value of 30%.
The frequency of systemic hoarding and the scale of systemic hoarding show a non monotonic
evolution with respect to the value of z. Both the measures increase as the average connectivity
increases from o to 15 and after this threshold scale of contagion undergo a drop while the frequency
is characterized by a smooth decrease. Nevertheless the behavior of the scale free graph is not
characterized the presence of a tipping point.
The fact that fat tails distributions are on average more robust to random shocks is a well known
result in the literature on financial contagion [15], [10]. Nonetheless it is also evident that systemic
outbreaks can occur for a wider contagion window, i.e. contagion may spread within the financial
network with a non zero probability also for higher values of z albeit rarely. Thus, a financial
system characterized by a higher degree of concentration besides being more robust is slightly more
prone to undergo liquidity crisis. In the context of this analysis the increase in the concentration
of the system is achieved switching from a graph characterized by a binomial distribution (Erdös
and Rényi graph) to a graph that exhibits a power law degree distribution (scale free graph). An
important difference with the results of the previous simulation is the absence of a phase transition.
The dynamics of contagion follow a different pattern and as z varies there’s not a tipping after which
the behavior of the system dramatically changes. When the z overcomes the threshold value 15 the
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FIGURE 11: Erdös and Rényi Network; Single Random Idiosyncratic Haircut Shock and Aggregate Haircut Shock

frequency of systemic hoarding starts to decrease as high values of the average connectivity imply
more diversification of risks for each bank of the system. Put it differently, when it is considered a
network configuration characterized by a high degree of concentration, that is able to replicate the
features of the real world networks, the interbank market does not behave as a two state system.

6.

Targeted Idiosyncratic Haircut Shock and Aggregate Haircut
Shock

The consequences of an initial shock crucially depend on which part of the financial system is hit
[14]. This is the reason why before the crisis the resilience of the banking sector to a seemingly
deep shock led to an overestimation of its actual ability to afford adverse market scenarios. The
probability of a systemic event is low when the institution that originates the hoarding dynamic
does not play a central role within the system. On the other hand if the defaulting institution is one
of the most interconnected bank, then contagion may spread to the other nodes of the network with
a high probability.
It is thus interesting to switch from a framework where the initial shock hits a randomly selected
bank to a framework where the initially hoarding node can be selected on the basis of its in-degree.
The selected node in this case represents the institution with the highest number of lending relations
in the interbank market. This choice guarantees the maximum possible propagation of the shock in
the first round of contagion.
The first network configuration that is considered is again Erdös and Rényi. Figure 13 shows the
impact of a single haircut shock targeted to the bank with highest in-degree. With respect to the
random shock case the contagion window is not substantially different but contagion frequency
assumes higher values given the same range of z’s. The frequency of systemic hoarding is equal to 1
for practically every z value that belongs to the contagion window. Nonetheless the overall result is
not significantly different from the outcome of the previously performed simulation. The reason is
that in a network structure characterized by a binomial degree distribution the most interconnected
bank has only a slightly higher in-degree than the average institution. Therefore, the results of
this experiment can be justified by taking into account the statistical properties of the binomial
distribution.
Moving the attention to the scale free network, the resulting outcome in terms of contagion
frequency and in terms of the scale of liquidity hoarding is catastrophic. A systemic crisis is almost
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FIGURE 12: Scale Free Network; Single Random Idiosyncratic Haircut Shock

certain for values of z between 5 and 15, then the probability drops to around 0.8 as z varies between
15 and 20. For values of z higher than 20 it remains constant around the 0.8 level. The sharp decay
that is observed between 15 and 20 cannot be considered a tipping point as the behavior of the
system does not change substantially, the probability of a systemic event is still high after the decay.
This simulation confirms the result that was obtained previously, it is confirmed the tendency of
power law distribution of not having a phase transition.
In this network configuration the institutions characterized by the highest in-degree play a
pivotal role, they are connected through exposures in the unsecured interbank market with a vast
portion of the other entities comprised in the model.
When a targeted haircut shock to a single bank is combined with a change in the aggregate
haircut the effects on contagion are even deeper. Again, this kind of shock damages in particular
banks that are heavily involved in the repo market, that have the necessity to maintain a considerable
stock of collateral assets in order to be able to repay their repo funding.
The evidence provided by these simulations highlights the risks to which a concentrated banking
sector is exposed. If it is also taken into consideration the fact that usually the same institutions that
occupy a central role in the unsecured interbank market are also heavily involved in repo operations
then the risk of a systemic collapse can be properly understood.
6.1

Variations in the Banks’ Balance Sheet Composition

In this section we consider the impact that liquid asset holdings and unsecured interbank liabilities
have on the the propagation of shocks within the financial system.
Liquid assets AiL are composed by cash, central bank’s reserves and high quality government
bonds. In the context of the model they assume a particular importance as they can be pledged
as collateral without suffering any haircut, in other words h = 0, they can be fully converted in
funding liquidity. Institutions that hold a high amount of this kind of assets are subject to a low risk
of breaching the liquidity condition (17), thus reducing the probability of withdrawing assets from
the unsecured interbank market.
Figure 15 displays the impact of random idiosyncratic shock on a Erdös and Rényi like financial
network where the fully liquid assets of each bank account for the 3.5% of their balance sheet (in the
previous simulations AiL was set to the value of 2%).
The simulation’s results confirm this intuition. The contagion window is narrower, with a
systemic event occurring for values of z between 0 and 7. The phase transition is still present but it
is shifted to a value of z that is slightly higher than 5.
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FIGURE 13: Erdös and Rényi Network; Single Haircut Shock Targeted to the Node with the Highest In Degree

FIGURE 14: Scale Free Network; Single Haircut Shock Targeted to the Node with the Highest In Degree
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FIGURE 15: Erdös and Rényi Network; Single Idiosyncratic Haircut Shock; 3.5% Liquid Asset Holdings

The second variation in the banks’ balance sheet composition takes into account the amount of
unsecured interbank liabilities LiIB . From a financial perspective, an institution that heavily relies
on unsecured interbank loans to fund its activities will be characterized by a high value of LiIB .
Indeed, the considered bank is exposed to the risk that its creditors withdraw a part, or the whole,
amount of their exposure when hit by a shock. Therefore the higher is the relative weight on banks’
balance sheet of LiIB the higher is the probability of breaching condition 17. As a consequence, a
high amount of the average interbank liabilities within the financial system has a negative impact
on stability, as it increases the probability of contagion spread.
This idea is tested through a simulation where LiIB is set to the value of 25% of banks’ balance
sheet. The results obtained using both the network configurations and considering a random
idiosyncratic initial shock, seem to support the fact that contagion happens for a wider range of
connectivity values and that the probability of a systemic event is higher with respect to the baseline
simulation. Figure 16 contain the results associated to scale free graph.

FIGURE 16: Scale Free Network; Single Idiosyncratic Haircut Shock; 25% Unsecured Interbank Liabilities
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7.

Conclusions

The modelling framework provided by Gai, Haldane and Kapadia (2011) represents a first step
towards the simulation of contagion risk. It can be considered as a good benchmark when the
true linkages between financial institutions are unknown, as it is often the case. Notwithstanding,
with the increasing availability of data about the true structure of the interconnections within the
interbank market, a model that is able to include empirical data about transactions, claims and
obligations would uncover more accurately the drivers of systemic risk. A possible way of adding
realism to the model could be, for example, to consider real balance sheets data for each bank.
Despite this conclusion, the simulation performed in the context of this analysis provides some
interesting insights.
The first observation that can be made is that banks that are heavily involved in repo operations
are more prone to incur in liquidity hoarding. They have to maintain a considerable stock of
collateral assets that are necessary to obtain repo funding, but at the same time the aggregate value
of this kind of assets is subject to large price movements that are driven by idiosyncratic shocks
hitting the single bank or by aggregate shocks.
Moreover, the results obtained from the different simulation settings highlighted the fact that
contagion frequency is non monotonic in z. This inference is in line with the current literature on
systemic risk, according to which the frequency of systemic hoarding firstly increases with z and
then, when the critical threshold is exceeded, it starts to decline. The intuition is that high levels
of the average connectivity are associated to a greater risk sharing, as the availability of different
liquidity providers reduces the risk of withdrawing assets from the unsecured interbank market.
Another interesting aspect is represented by the different effects that an identical shock has on
the two network structures considered throughout the analysis. The response of the Erdös and
Rényi network to both idiosyncratic and targeted shock, is characterized by the presence of a phase
transition. The financial network’s behavior is thus similar to a two states system, where either the
probability of a systemic event is close to 1 or almost equal to 0. Moreover, when contagion breaks
out, the majority of the institutions that are part of the financial system are driven into liquidity
hoarding, meaning that if a systemic event takes place it spreads through the whole network.
The results obtained for the power law graph highlighted the absence of a sharp phase transition
as in the Erdös and Rényi financial network. Considering this setting the frequency of contagion still
preserves a non monotonic evolution with respect to z, but here, the drop after the threshold value
of z, despite being evident, is not sufficient to move the probability of contagion from extremely
high levels to an around zero value. Moreover, the financial system under a power law network
configuration shows a high degree of stability with respect to random shocks. The system is thus
able to counterbalance the negative effects of liquidity shock in a better way than a Erdös and Rényi
financial setting. On the other hand, when the bank that is initially hit by the shock is the most
interconnected, the consequences are catastrophic. With contagion frequency that slowly decline as
z increases but remains always above the value 0.7.
The evolution of the financial system and in particular the evolution of the repo market structure,
both in the US and in the EU, points in the direction of a greater complexity and concentration.
As discussed in section 1.2, there are some institutions that act as net liquidity providers within
the repo market, they are interconnected through lending relationships with the majority of the
other banks. The same institutions usually play a pivotal role in the unsecured interbank market
too, being the major lenders within the system. Given these considerations, a power law network
structure is more appropriate than the Erdös and Rényi model, to describe the real configuration of
the interbank markets. The former is characterized by fat tails in its resulting in and out-degree
distributions, while the latter is marked by a homogeneous number of links for each node, and
thus is not able to reproduce the degree of concentration that characterizes real market structures.
This exposes the financial system to a significant level of systemic risk, as it is evident from the
simulation of a targeted shock in a scale free network.
The extent of systemic risk could, in principle, be reduced by the coordinated implementation of
adequate micro and macro-prudential regulation. The introduction, within the Euro area, of the two
liquidity ratios, the LCR and NSFR, whose aim is to guarantee the short and middle-term resilience
of banks to funding shocks, acts as a micro regulatory requirement that increases the stability of
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the system. Indeed, a liquidity buffer composed by cash, central bank’s reserves and high quality
sovereign bonds (high quality liquid assets, HQLA) provides a protection against adverse shocks to
haircuts, as this kind of assets can always be used to obtain funding liquidity and are not subject to
any haircut.
From a macro perspective, the introduction of a periodical stress testing framework for liquidity
risk would increase the central supervision over the risk of systemic outbreaks. A first attempt
in this direction, within the European Union, is represented by the Liquidity Stress Test Exercise
(LiST) conducted in 2019. Furthermore, macro-prudential regulation could reduce systemic risk
by discouraging network complexity, this could be achieved by raising the risk weights associated
to intra-financial system exposures [15]. The introduction of regulatory liquidity surcharges for
institutions that contribute to network complexity might reduce the propagation of liquidity hoarding
during periods of financial distress. With regard to this point, it is interesting to recall that within the
context of the G20 countries, the most important financial intermediaries, defined as systematically
important financial institutions (SIFIs), are subject to tougher regulatory controls if compared to the
other institutions. Nonetheless, additional capital charges for SIFIs and further regulatory limitations
on the extent of exposures between them, would help to reduce the degree of concentration in the
banking sector and its predisposition to systemic outbreaks.
As a final remark it could be interesting to underline the different approaches taken by the
scientific community and by the regulator to address the issue of systemic risk. As the current paper
shows, scientific research in the last two decades moved towards increasingly sophisticated network
models, that are able to get close to the real propagation mechanism of liquidity shocks and of
contagious defaults. On the other hand, the regulator tries to limit systemic risk with the imposition
of ratio requirements and with capital surcharges that are defined according to heuristic indicators.
The question is why policy makers do not wish to undertake a more structured approach, based on
the evidence gathered during two decades of research, in order to estimate in a more accurate way
the degree of systemic risk that is entailed by single financial institutions? A possible answer could
be associated to the fact that examples of network models that can be fed with real data are still few
and very complicated. For this reason, even if the amount of data about the structure of financial
markets is continuously increasing, the computational effort needed to implement state of the art
models might be too costly.
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