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Executive Summary
The counterparty risk topic has become predominant over the past few years
according to the worldwide financial crisis happened in 2007-2008 and the
following European sovereign debt crisis. It began to receive a growing attention
from regulators, which required financial institutions to comply with more
punctual conditions concerning counterparty credit exposures arising from
derivatives, securities financing transactions, default and downgrade risks
characterizing the Over The Counter derivatives market. Consequently, banks
started to develop a series of effective and more accurate measures of risk, aimed at
estimating the future MTM (or MTFs) value of a derivative at a potential default
date, which is typically highly uncertain (as seen from today), over prescribed time
horizon and fixed grid of time buckets. The most common approach to quantify
the future MTM value is Monte Carlo simulation, which exhibits remarkable
difficulties in terms of high computational cost, particularly when the problem
dimension increase. Indeed, it’s particularly dependent on the number of
considered assets. This is why many financial players moved to more effective and
time saving technologies, e.g., based on grid computing and Graphics Processing
Units (GPU) capabilities. Within this paper we would like to approach an
alternative method based on different algorithmic strategies, quantization. The
present paper gives an initial overview of both Monte Carlo Method and
quantization approach with a subsequent comparison of the numerical application
results among different practical cases. The goal is to show how the quantization
approach outperforms Monte Carlo, both in terms of accuracy and computational
efforts.
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A Quantization Overview to
Credit Counterparty Risk
Andrea Principe

Giacomo Vigo

n 2007 credit crisis began, it strikes in a severe and long-lasting way. Most of the regulation
produced in the following years was aimed at the over-the-counter (OTC) derivatives market
where aspects such as counterparty risk and liquidity risk were shown to be significant in
the global financial crisis. Actually, Counterparty risk started taking prominence in the late
1990s, after some crisis (i.e. Asian crisis, LTCM and Enron) which highlighted that particular
risk as probably the single most important variable in determining whether and with what speed
financial disturbances (defaults in relation to derivative contracts) become financial shocks with
potential systemic traits. Regardless, the risk was largely underestimated being a significant source
of contagion during the global financial crisis. To avoid events repetition, the US Dodd-Frank
Wall Street Reform and Consumer Protection Act, Public Law No: 111-203, and European Market
Infrastructure Regulation (EMIR), No 648/2012, were implemented, aimed at increasing the stability of
the over-the-counter (OTC) derivative markets. On other hand Basel III rules strengthened capital
requirements specifically for Counterparty risk, see BCBS (2006-2011) [2]-[6] and BCBS-IOSCO (2020)
[7], such as new requirements setting on liquidity and leverage, see BCBS (2013-2014) [3]-[4]-[5]. In
addition, G20 leaders decided to reform the structure and transparency of OTC derivative markets.
Specifically, all standardized OTC derivative contracts should be traded on exchanges or electronic
trading platforms, where appropriate, and cleared through central counterparties (CCPs). Net of
the new regulatory framework, further implications came out, the fundamental pricing assumption
whereby the discounting rate could be appropriately proxied by LIBOR was no longer true. OIS
(overnight indexed spread) was actually a more appropriate discounting rate and was also a closer
representation of the “risk-free rate”. Counterparty risk is the risk that the entity with whom one
has entered into a financial contract will fail to fulfil their side of the contractual agreement, for
example, if they default, see Gregory (2015) [16]. Then the part with credit exposure will suffer, if no
collateral was posted, the cost for the replacement of the defaulted position. Such type of risk is
of particular interest within those markets which are characterized by having transactions settled
directly between the two counterparties and outside the stock exchange. Two aspects differentiate
Counterparty risk from traditional Credit risk, despite, the cause of a loss is the obligor being unable
or unwilling to meet contractual obligations in both cases:

I

• The MTM value of a derivative at a potential default date will be the net present value of all
future cashflows required under that contract. This future value can be positive or negative,
and is typically highly uncertain, as seen from today.
• Each counterparty in a derivatives transaction has risk to the other, the value of the contract
could be positive or negative. The above statement is not valid for OTC Single Option Deal
since the sell side does not imply any counterparty risk.
Counterparty risk is typically bilateral. It could be split by two components: market risk, which
defines the exposure and credit risk that defines the counterparty credit quality.
The most common approach to quantify expected exposure is Monte Carlo simulation. Such an
approach exhibits remarkable difficulties from a numeric efficiency perspective, particularly when
the problem dimension increase.
The article introduces quantization approach as a new numerical technique alternative to
standard Monte Carlo with the goal to show how the quantization approach outperforms it, both in
www.iasonltd.com
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terms of accuracy and computational efforts, see also Bonollo et al (2020) [9]. The paper is organized
as follows: in Section 1 we introduce the Expected Exposure, the Expected Positive Exposure and the
Potential Future Exposure; in Section 2 we give a review of the Monte Carlo Method; in Section 3
we provide a description of the quantization approach; in Section 4 we describe the main point of
the case study taken in consideration; in Section 5 we give the set-up of the associated numerical
experiments, reporting the obtained numerical results with their interpretation. Among practical
cases we focused on Single Option trade, Portfolio of European Options on same underlying and
Portfolio of European Options on different underlyings.

1.

Exposure and EPE

Counterparty risk refers to Pre-settlement risk, as a risk that a counterparty will face default before
the final settlement of the transaction, BCBS (2006) [1]. For this reason is important to determine
the cost of replacing the contract in case of default. With that purpose, assess the risk exposures,
financial institutions can choose whether to apply the so called standard models, established by
Regulators, or to build their own models, which have to be validated by Central Banks. On a
regulatory side, Basel II and Basel III framework, BCBS (2006) [1] BCBS (2011) [2], provide a set of
indicators to evaluate the risk exposure: the Exposure At Default (EAD), the Probability of Default (PD),
the Loss Given Default Default (LGD) and the Recovery Rate (RR).
The EAD, under standard model, for a given transaction, see BCBS (2006) [1], is computed
according to:
EAD = max( MtM, 0) + AddOn.
The AddOn is calculated, for each single transaction, as the product of the transaction notional
and the add-on factor, which is determined based on the remaining maturity and the underlying
asset class (e.g. interest rates, foreign exchange, etc.), refer to regulation (EU) n. 575/2013 article 274
for details. Such approach clearly captures in essence the differing exposure profiles for derivatives
based on their asset class and maturity, even though is not especially risk-sensitive.
The most widespread method used, among international banks, to calculate EAD is the internal
model method (IMM), BCBS [1], which defines EAD, measured at the netting set level, as:
EAD = α · max( EEPE, Stressed EEPE).
It is the most risk-sensitive approach for EAD calculation available under the Basel framework.
Effective EPE (EEPE) is, by definition, more conservative than EPE and is intended to capture the
roll-off impact for transactions that are close to maturity but may, in practice, be replaced. α factor is
set equal to 1.4, supervisors have the discretion to require a higher alpha based on a bank’s CCR
exposures, banks may seek approval to compute it, subject to a floor of 1.2.
Stressed Effective EPE is computed on a time window with significant stress for the markets and
for the bank portfolio. This is to embody in the model the wrong-way risk, i.e. a possibly positive
correlation between the MtM and the PD dynamics.
We give an account of the intermediate quantities used to estimate the EAD, according to the
specifies given in Basel III, BCBS [2], refer also to regulation (EU) n. 575/2013 article 283 and
subsequents.
Indicating by τ the default time, the replacement cost, the current exposure, is defined as the larger
of zero or the current value of the financial contract. Formally, supposing to divide a derivative
time to maturity (T) into time steps t0 < t1 < . . . < tk < . . . < t T , it’s possible to compute the
Mark-to-Market (MTM) for each time steps MtM(tk , Stk ), with Stk as underlying’s value at time step
tk . Given that,
Definition 1.1 (Current Exposure (CE)). The Current Exposure at tk is
CEtk = max( MtM(tk , Stk ), 0).
If we have multiple deals characterized by the same counterparts and different underlings, current exposure at
tk is

6
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pt f
CEtk

N

= max

∑ MtM(tk , Stk ,n ), 0

!
,

n =1

where Stk ,n , n = 1, . . . , N is the value of the n-th underlying at time bucket tk .
Current exposure can be calculated at any future date of our time bucket, however takes into
account just one stochastic dynamic scenario of its related market parameters. Being that possible
counterpart’s default is an uncertain event both in time and its magnitude, the current exposure is a
rough measure of the credit exposure for one party. Indeed, it is even more important the Expected
exposure (EE).
Definition 1.2 (Expected Exposure (EE)). The Expected exposure at time tk represents the expectation of
the future MtM value, taking into account the stochastic dynamics of its related market parameters:




EEtk := E CEtk = E max MtM(tk , Stk ), 0 .
When we have a single option, the max(·, 0), i.e. the positive part, is redundant as the fair value
of the option is always positive.
If we are analyzing a derivative portfolio with netting clauses, considering the value of n-th
underlying at tk , Stk ,n , n = 1, . . . , N, the expected exposure is
pt f
EEtk

=E

h

pt f
CEtk

i

"

N

∑ MtM(tk , Stk ,n ), 0

= E max

!#
.

n =1

Given that, we can define the Expected Positive Exposure (EPE):
Definition 1.3 (EPE). The weighted average of the EE across time is the so called Expected positive exposure
EPE =

∑kT=1 EEtk · ∆tk
,
T

where ∆tk = tk − tk−1 .
If the time buckets are equally spaced, then
EPE =

1
K

K

∑ EEk .

k =1

Therefore EPE value gives the time average of EEk (the average exposure at future date tk among
all tk current exposures obtained through market parameters’ scenarization).
If we set EEE1 := EE1 and EEEk := max EEk , EEEk−1 , k = 1, . . . , K, where EEEk is the Effected
Expected Exposure, the EEPE can be defined by
EEPE :=

∑kK=1 EEEk · ∆k
,
T

where ∆k = tk − tk−1 is the time space between two consecutive time bucktes.
By convention exposure is represented by positive future values, but the expected exposure from
a counterparty’s point of view can be measured conversely through Negative Expected Exposure
(NEE), whose weighted average is given by Expected Negative Exposure (ENE).
Contextually is always used as a reference metric on CCR the so called Potential Future Exposure
(PFE), it responds at the question “what would be the worse exposure that we could have at a certain
time in the future” with reference to a certain confidence level.
Definition 1.4 (PFE). Potential Future Exposure PFEq (t) of a position Π(t, T ) defined as the q-quantile as
seen from current time 0 of the random variable Ex (t) = (Et [Π(t, T )])+ under the physical measure P.
www.iasonltd.com
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2.

Monte Carlo Method

Monte Carlo is a stochastic methodology based on random numbers generation. It is a method
that in the case of a high-dimensionality netting set can realistically be used with a relatively
large number of risk factors and their correlations. Simple to be implemented, scalable and easily
extensible. On the other hand, a disadvantage of Monte Carlo simulation is computation time.
First of all, it’s necessary to define the relevant risk factors and decide on the models to be used
for their evolution, taking care to mix up practicality and effectiveness.
When the evolution of each risk factor is assigned to a specific model, it is necessary to generate
our risk factors future values. Each scenario will be a single joint realization of risk factors at various
points in time, known as simulation dates.
The number of simulation dates must be reasonably large and the final simulation date must
obviously be greater than or equal to the longest maturity transaction under consideration. The time
steps of the grid should not be homogeneous for reasons such as roll-off and identifying settlement
risk.
In addition, since intervals between simulation points are greater than the margin period of risk’s
length, it may be necessary to include additional “look-back” points for the purposes of simulating
the impact of collateral. Once the revaluation step has been completed, we will have future values as
a function of trade-id, simulation-id and time-step-id. This information may need to be aggregated
at some level (i.e. netting set level). Given the purpose of our test we fall into a more simplified use
of Monte Carlo approach in Finance, indeed, since our investigation is on Simple Equity Options,
we just define a stochastic process for the underlying. The computation of an Option price can be
regarded as a path integral where the paths are all the possible future realization of the underlying,
see P. Jackel [17]. If we denote with P the pay-off for a specific path j the Option price f is:
h
i
f = E e−rT P ,
where T is the time to maturity and r is the risk free rate.
We resort to a close form solution in order to define a stochastic process for the underlying
and calculate multiple scenarios N by repeatedly sampling the possible path evolution for the
underlying.
We assume an Option life (T) equal to 1 Year and to divide it into M, equal to 10, time intervals
with no-homogeneous length. Compute the future (stochastic) values of the underlying, until the
Option maturity is reached, as:


S(ti + ∆t) = S(ti )e

2

r − σ2



√
∆t+σ ∆tw

,

where w is sampled from a gaussian distribution, ∆t is the length of time step between ti and ti+1 , r
is the rate of return and σ is the volatility measure.
The standard Monte Carlo error is:
σ
err MC = √ ,
N
σ2 =

1
N

N

∑ [ f i − f ]2 .

i =1

1

In Monte Carlo simulations the error scales as: N 2 This behavior is independent from problem
dimension. There are some ways to improve Monte Carlo method through Variance reduction
techniques and Low discrepancy sequences, P. Jackel (2002) [1]. The first way leverages on Antithetic
sampling, for any path obtained by a gaussian variate vector draw wi , we generate a mirror image
by changing the sign of all random numbers wi → −wi . Then we compute the pay-off along the
two paths. The second mirrored path has the same probability of the original one. The Monte Carlo
error for the improved estimate is:
q
err MCvr =

8

σ

√

1+ ρ
2

N

,
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ρ is the correlation between the original path and the mirrored path. The error is smaller√than the
standard Monte Carlo one. In the standard Monte Carlo the error decreases slowly, as 1/ N, with
number of samples, N, because draws do not fill in the space in a regular way. Indeed some gaps
are present (clustering effects). In Low discrepancy sequences the points are chosen in order to fill
in the space more regularly and uniformly, without inhomogeneities. As a result the function to
be integrated converges not as one over the square root of the number of samples (N) but much
more closely as one over N (Quasi Monte Carlo). The most famous algorithms to generate low
discrepancy numbers are the Sobol and Halton sequences. The discrepancy is a measure of how
inhomogeneous a set of D-dimensional vectors of random numbers fills in a unit hypercube. By
definition, in a low discrepancy sequence (in D dimension), the discrepancy scales with the number
of draws, N, as:
!
logd N
dN ∝ O
.
N
For a given precision, a lower number of scenarios are needed.

3.

Quantization Overview

Quantization is a widely used technique in information theory, cluster analysis, pattern and
speech recognition, numerical integration, data mining and numerical probability. The birth of
optimal quantization dates back to the 50’s, when the necessity to optimize signal transmission, by
appropriate discretization procedures, arose, see e.g. Bennett (1948) [8]; Panter and Dite (1951) [25]. In
the financial framework it was introduced as a quadrature formula for numerical integration in the
early 1990’s and for conditional expectation approximationd in the early 2000’s, to price multi-asset
American style options. It has been introduced in order to have an alternative to the standard Monte
Carlo methods; see, e.g., Callegaro et al., (2017) [14]; Pag and Sagna (2015) [22]; McWalter et al. (2018)
[19] for a general description of the method, Callegaro et al., (2015) [12] concerning local volatility
models, Callegaro et al., (2016) [13]; Rudd et al. (2017) [26] regarding fully stochastic volatility models,
and Sagna (2012) when barrier options are taken into account.
Quantization of random vectors can be considered as a discretization of the probability space,
providing in some sense the best approximation to the original distribution. It is therefore crucial
for a given distribution to optimize the geometric location of these points and to evaluate the
resulting error. Some numerical procedures have been developed in order to get optimal quadratic
quantization of the Gaussian (and even non Gaussian) distribution in high dimension, mostly based
on stochastic optimization algorithms, see e.g. Gersho and Gray (1992) [15], Pag and Printems (2003)
[20], Pag and Yu (2013) [24]. Over the years many other application fields have been discovered,
such as, in the 90’s, numerical integration. This opened the door, especially in France, Germany
and Italy, to new research perspectives in Numerical Probability and applications to Mathematical
Finance. For a comprehensive introduction to optimal vector quantization and its applications to
Counterparty Credit Risk, we refer to Bonollo et al. (2020) [10] and references therein.
Let (Ω, A, P) be a probability space and let X : (Ω, A, P) → Rd be a random vector. The
quantization problem consists in the study of the best approximation of X by random vectors taking
at most N fixed values x1 , . . . , x N ∈ Rd .
Definition 3.1. .
1. {N-quantizer} The subset Γ = { x1 , . . . , x N } ⊂ Rd is called N − quantizer or grid.
2. {Voronoi cell]} The Borel partition (Ci (Γ))1≤i≤ N of (Rd , B(Rd )) is a Voronoi partition of Rd induced
by the N-quantizer Γ if, ∀i ∈ {i, . . . , N },


d
Ci (Γ) ⊂ ξ ∈ R : |ξ − xi | = min |ξ − x j | ,
i≤ j≤ N

with

i=1,. . . ,N.

www.iasonltd.com
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Definition 3.2 (Quantization function). A quantization function, or quantizer, is a Γ-valued Borel function
q : Rd → Γ, such that q(X) =: X̂ is X approximation taking N values in Γ ⊂ Rd .
Definition 3.3. Let Γ = { x1 , . . . , x N }. The nearest neighbor projection ProjΓ : Rd → { x1 , . . . , x N } induced
by a Voronoi partition (Ci ( x ))i=1,...,N is defined by:
N

∀ ξ ∈ Rd ,

ProjΓ (ξ ) :=

∑ xi 1{ξ ∈Ci (Γ)} .

i =1

The optimal choice of q and Γ represents the core of quantization. For what concerns q, one
easily checks that, given ξ ∈ Rd , |ξ − q(ξ )| is minimized, i.e., if and only if q is the nearest neighbour
projection on Γ.
The resulting quantization of X is
X̂ Γ = ProjΓ ( X ) :=

N

∑ xi 1{X∈Ci (Γ)} .

i =1

The error induced when replacing X by X̂ Γ is

| X − X̂ Γ | = dist( X, { x1 , . . . , xn }) = min | X − xi |,
i ≤i ≤ N

and does not depend on the selected nearest neighbour projection on Γ. When X has a strongly
continuous distribution, i.e. P( X ∈ H ) = 0 for any hyperplane H of Rd , the boundaries of the
Voronoi cells Ci (Γ) are P-negligible so that any two quantizations induced by Γ are P-a.s. equal.
In this way is possible to define a probabilistic setting for the d−dimensional discretized version
X̂ 1 if its continuous counterpart X. In particular, we obtain a probability space (Ω, F , PX̂ ), where
the set of elementary events is given by Ω̂ := { x1 , . . . , x N } and the probability measure
PX̂ is 0 < PX̂ ( xi ) : P( X ∈ C ( xi )) =: pi ,

i = 1, . . . , N.

As a consequence, in view of our application to quantitative finance, integrals of the form
E [ f ( X )] (for a given Borel function f : Rd → R) can be approximated by the finite sum


E [ f ( X )] ∼
= E f ( X̂ ) =

N

∑ f ( xi ) · pi .

i =1

The L p error induced by the quantization function is called L p −quantized error and it is defined
as follows. [L p −quantized error] The mean quadratic quantization error induced by an N-quantizer
Γ ⊂ Rd is defined as the quadratic norm of the pointwise error, i.e.


X − X̂

2

= E min | X − xi |

2

1

2

1≤ i ≤ N

=

Z

2

Rd

min |ξ − xi | Px (dξ )

1≤ i ≤ N

1
2

.

An important quantity related to the choice of the optimal quantizer is the so called distortion
function defined as
Definition 3.4. The quadratic distortion function at level N is the squared mean quadratic quantization
errore on (Rd ) N :


2
Q2,N : x =( x1 , . . . , x N ) 7→ E min | X − xi |
1≤ i ≤ N

= X − X̂ Γx
1 We

2
2

.

will use the notation X̂ Γ or X̂ to denote the Voronoi Γ−quantization of X.

10
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Remark
• If Γ = { x1 , . . . , x N } is an N-quantizer, then Q2,N ( x1 , . . . , x N ) = X − X̂ Γ

2
;
2

• The quadratic distortion function clearly satisfies
inf

x ∈(Rd ) N

Q2,N



= in f

2

X − X̂ Γ

2


, Γ ⊂ Rd , | Γ | ≤ N ,

since any grid Γ with cardinality at most N can be "represented" by an N-tuple by repeating
some components in an appropriate way.
Theorem 3.1 (Existence of optimal N-quantizer). Let X ∈ L2Rd (P) and let N ∈ N∗ .
1. The quadraticn distortion functionoQ2,N at level N attains a minimum at an N-tuple x ( N ) ∈ (Rd ) N
(N)
and Γ x( N ) = xi , i = 1, . . . , N is an optimal quantizer at level N 2 .
N ) has pairwise
2. If the support of the distribution P X of X has at least N elements, then x ( N ) = ( x1 , . . . , x N
(
N
)
distinct components, P ( X ∈ Ci ( x ) > 0, i = 1, . . . , N (and minx∈(Rd ) N −1 Q2,N −1 ( x ) > 0).
Furthermore, the sequence 7→ infx∈(Rd ) N Q2,N converges to 0 and is (strictly) decreasing as long as it
is positive.

The following theorem, originally stated in Zador (1963, 1982) [27]-[28], then generalized in
Bucklew and Wise (1982) [11] and revisited in Pag et al., (2004) [21] in its non asymptotic version as a
reformulation of the Pierce lemma, gives a quantitative result about the distortion magnitude.
Theorem 3.2 (Zador). Let d ∈ N ∗ and let p ∈ ( x, + inf).
p+δ

1. [Sharp Rate] Let X ∈ LRd (P) for some δ > 0. Let PX (dξ ) = ϕ(ξ )λd (dξ ) + ν(dξ ), where ν ⊥ λd .
∼

Then there is a constant J p,d ∈ (0, +∞) such that
1

lim N d
∼

= J p,d

X − X̂ Γx

min

N →+∞

x ∈(Rd ) N

Z

1+1
p

d

Rd

p

ϕ d+ p dλd

d

.

2. [Non − Asymptotic Upper − Bound] Let δ > 0. ∃ a real constant Cd,p,δ ∈ (0, +∞) such that,
∀ Rd -valued random vector X,
∀ N ≥ 1,

min

x ∈(Rd ) N

X − X̂ Γx

1

p

≤ Cd,p,δ σp+δ ( X ) N − d ,

where for r ∈ (0, +∞), σr ( X ) = mina∈Rd k X − akr ≤ +∞.
Remark
∼

• The real constant J p,d clearly corresponds to the case of the uniform distribution U ([0, 1]) over
the unit hypercube [0, 1]d for which the following slightly more precise statement holds:
1

lim N d
N

min

x ∈(Rd ) N
1

= inf N d
N

min

X − X̂ x

x ∈(Rd ) N

2 It’s

p

X − X̂ x

∼
p

= J p,d .

cardinality may be lower than N:
if supp(Px ) is finite, say supp(Px ) = x1 , . . . , x N0 ⊂ Rd , N0 ≥ 1 (with pairwise distinct xi ), then x ( N0 ) = ( x1 , . . . , x N0 is an
optimal quantizer at level N0 and minx∈(Rd ) N0 Q2,N0 = 0 and ∀ level N ≥ N0 , minx∈(Rd ) N Q2,N = 0.
www.iasonltd.com
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• Zador’s theorem holds true for any general possibly non-Euclidean norm on Rd and the value
∼

of J p,d depends on the norm on Rd under consideration. When d = 1 and p = 2, case we focus
∼

on, elementary computations show that J2,1 =

1
√
.
2 3

• To compare numerical results obtained by quantization versus those obtained by Monte Carlo
techniques, we analyze the order of convergence to zero of
parameter. In

 the distortion
2

particular we have that the quadratic distortion is of order O M− d .


Regarding the accurancy of the approximation E f ( X̂ ) , by means of the distortion’s properties,
we have the following proposition.
Proposition 3.1. .
1. [Lipshitz case] Assume the function F : Rd → R is Lipschitz continuous on Rd with Lipschitz
coefficient [ Lip] F , then

|E[ F ( X )] − E[ F ( X̂ )]| ≤ [ Lip] F X − X̂
≤ [ Lip] F X − X̂

2

1

.

2. [Smoother Lipshitz derivative case] If F is assumed to be continuously differentiable with Lipschitz
continuous differential DF, then, performing the quantization exploiting an optimal quadratic grid Γ
and thanks to the associated Taylor expansion, we have:

|E[ F ( X )] − E[ F ( X̂ )] ≤ [ Lip] DF ( X − X̂

2

)2 .

3. [Convex case] If F is a convex function and X is stationary, i.e. E[ X | X̂ ] = X̂, then by Jensen
inequality, we have:
E[ F ( X̂ )] = E[ F (E[ X | X̂ ])] ≤ E[ F ( X )],
hence, the quantization approximation is always a lower bound for the true value of E[ F ( X )].
3.1

EPE Calculation

The analysis is focused to the EPE calculation for option derivatives in Black-Scholes setting.
Therefore the underlying is described by the stochastic differential equation:
St = rSt t + σSt Wt , St0 = S0 ,
with solution


St = S0 exp

σ2
r−
2




t + σWt ,

where r > 0, σ > 0, (Wt )t≥0 is a Brownian motion and S0 = S(t0 ) is the initial value of the
underlying St .
When we consider non path-dependent3 derivatives, the EE calculation, and therefore EPE, is based
on the choice of the parameter ( Nk )k∈{1,...,K } for quantization size at each time bucket tk k = 1, . . . , K
and compute the quantization approximation4 :
EEkQ =
EPEQ =

Nk

∑ MtM



tk , S( xik )

+

pik ,

(1)

i =1

Q
∑kK=1 EEk ∆k
=
T


∑kK=1

N
∑i=k1

(2)


+ 
MtM tk , S( xik )
pik

=

T

,

3 We

consider as ndp derivatives not only plain European options but also European and American option with exotic
payoff such as spread option, mixed digital continuous, etc...
4 Indicated by Q.
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where pik = P( Xk ∈ C ( xik )). Therefore, starting from S0 , the procedure is to compute the MtM for
each time bucket tk and for each quantizer xik , then it is weighted by the probability pik . After that
EEQ and EPEQ are simply computed by the formula above.
As for the theoretical aspect of this approximation, we have:
Proposition 3.2. Let f be the pricing function of an option in the Black-Scholes setting, with d=1. Assume f
is Lipschitz continuous or continously differentiable with a Lipschitz continuous differential and defined the
EPE : = | EPE − EPE Q |2 . If the mesh ∆ is regular, then
distortion parameter D N
k
when f is Lipschitz continuous, we have:
EPE
DN
∝ N −2 K −1 ,

and when f is continously differentiable with a Lipschitz continuous differential,
EPE
DN
∝ N −4 K −1 .

The main hypothesis of the proposition concern the function f. In our case the function f is
MtM = E[ Payo f f ] which has good properties; indeed the MtM for a call option is convex and
twice differentiable, and for a put option is bounded and Lipschitz. Therefore the example taken in
cosideration the hypothesis on f are valid. On the other hand, even if in the practice the ∆k are not
equal, the first ∆k are shorter, the regularity mesh assumption ensures that no ∆k is dominant in the
set of the time steps.
Furthermore, if we consider the price function f as the basic variable of the EPE calculation, the
computational complexity of quantized approach is ∑k Nk . It can be compared with the number of
Monte Carlo simulations, MK.

4.

Case Study

In this section we give an application of quantization method in CCR, calculating EE, EPE and PFE.
As mentioned in the previous sections, we focus our analysis to European option derivatives
assuming that the dynamic of the underlying St = {St }t∈[0,T ] , where T ∈ R+ is a finite maturity, is
given by a geometric Brownian motion, i.e.:
St = rSt t + σSt Wt ,
where r is the risk free interest rate (associated to the bank account), σ is the volatility of the
underlying and W := {Wt }t∈[0,T ] is a R-valued brownian motion on the filtered probability space
(Ω, F , Ft , P), where {Ft }t∈[0,T ] is the filtration generated by Wt .
We consider European call and put options with strike price K ∈ R+ and maturity T, written in
St as above. Then the fair value, for example, for a call option is given by:


Ceu (S0 , r, K, σ, T ) := exp(−rT )E (St − K )+ =
"



+ #
σ2
= exp(−rT )E S0 exp
r−
T + σWT − K
,
2

and the explicit solution is given by Black-Scholes formula.
In particular we have focused our study on the following cases:
1. Single underlying - single European call option;
2. Single underlying - portfolio of European call and put option;
3. Multiple underlying.
In each of three cases we have calculated EE, EPE and PFE by Monte Carlo and quantization
methods in order to compare the two techniques in terms of precision and efficiency.
www.iasonltd.com
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4.1

Quantization Approach

Since in the standard Black-Scholes model the random component is the Brownian motion, one of
the most intersting points is to find the optimal quantizer for a d-dimensional Gaussian random
variable. The procedure, algorithms that perform this point are explained in Gersho and Gray (1992)
[15], Luschgy and Pag (2006) [18], Pag et al. (2004) [21], Pag and Wilbertz (2012) [23]. In our analysis
we did not deal with this point, indeed, when d ≤ 10 there is a well-known literature dealing
with the search for an optimal quantizer in the Gaussian world, same references mentioned above.
In particular, in our implementation we use the Gaussian optimal grids available in The Optimal
Quantization Web Site.
To determine the market valuation, we can proceed with a simulation approach for the underlying.
To obtain the simulated paths we can proceed in two different ways:
• (PDS) we can perform a path dependent simulation, i.e. generate for each simulation n a path
with an array of points ( xn,tk );
• (DJS) for each time bucket we can jointly generate our N · K points, where N and K.
We use the PDS approach implementing the steps below:
Step 1 Select according to the computational effort constraints the grid size N and the dimension d
to the time buckets cardinality, d = K;
Step 2 Map each point of the quantization grid ( NxK ) to obtain a correct Brownian motion increment realization:

√
xi,k → xi,k ∆k = ∆W̃,
∀i ∈ {1, . . . , N }, k ∈ {1, . . . , N }.
Step 3 Use the above increment in the Black-Scholes diffusion to generate the N possible underlying
paths Stk , according to the time buckets tk , k = 1, . . . , d.
Step 4 Calculate Payoff, MtM and all other quantities of interest (EE,EPE,..) using the probability
mass pi , i = 1, . . . , N, k = 1, . . . , d.

5.

Numerical Application

In this section we analyze and illustrate the three cases mentioned in the previous section, that is:
1. Single underlying - single European call option;
2. Single underlying - portfolio of European call and put option;
3. Multiple underlying.
For what concern the parameters of the diffusion process we set S0 ∈ {90, 100, 110}, r = 2%, σ ∈
{10%, 20%, 30%}, K = 100, T = 1 year. As regards the time buckets, we consider the first, the
second, the third and the fourth week and the the second, the third, the sixth and twelfth month of
the year, i.e.


1 2 3 4 2 3 6 9
B T,K = 0, , , , , , , , , 1 .
52 52 52 52 12 12 12 12
Remark
The code used to evaluate the three cases was produced in Matlab.
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5.1

Case 1: Single Underlying - Single European Call Option

In this section compare the EE, EPE and PFE computed with the standard Monte Carlo method
and the quantization one. We analyze several cases, indeed we consider several moneyness and
volatilities. In addition to such method we also calculate the quantities of interest by the Monte
Carlo-Sobol method. We use N = 103 for Monte Carlo and Monte Carlo-Sobol simulations and for
the quantization grid.
In addition, we also consider a numerical approach, in particular we use the Gauss-Legendre
method with a scheme of n = 103 points.
Since we are considering a European call option in the Black-Scholes risk neutral framework, at
any time bucket tk , we can evaluate the EE associated to the underlying Sk with the closed formula:
EEkA = E[ MtM(tk , Sk )+ ] = exp{r (tk − t0 )} MtM(t0 , S0 ),

(3)

where MtM(t0 , S0 ) is calculated with the Black-Scholes formula 3.
For this reason, in this case, we also consider the analytical evaluation and we use it as benchmark.
To simulate the underlying paths we use the exact formula



p
σ2
(4)
S j,i+1 = Si,j exp
r−
∆ti + zi,j σ ∆ti ,
2
where i and j refer to the size of the time bucket and simulation, respectively. The variable z is a
normal standard variable in the case of Monte Carlo simulation, a quasi-random variable based on
the Sobol sequence in the case of Monte Carlo-Sobol simulation and a point of the quantization grid
in the of Quantization method.
Once the underlying paths are obtained, we calculate EEk , k = 0, . . . , 9 (we have 10 time buckets)
averaging on the number N of simulation in cases Monte Carlo and Monte Carlo-Sobol, via formula
1 for quantization. Finally we evaluate the EPE, for quantization we use the formula 2.
To compare the efficiency of the mentioned procedure we evaluate the deterministic percent
relative error ε with respect to the analytical value given by 3. Regarding the Monte Carlo method
we consider the percent relative standard error (RSD).
To give an idea of the simulated paths of the underlying Skn (k = 0, . . . , 9 is related to the time
buckets, n = 1, . . . , N is the n-th simulation) obtained via the three different techniques, we report
in the figures 1-3 the paths generated in the case ATM and σ = 20% for Monte Carlo, Monte
Carlo-Sobol and Quantization prospectively.
In tables 1-9 there are the Expected Exposure evaluated for any time bucket tk , the Expected Positive
Exposure and errors calculated with the method taken in consideration. Each table refers to one of
the possible combinations given by S0 ∈ {90, 100, 110}, σ ∈ {0.1, 0.2, 0.3}.
Just to give an example, in figure 4 there is the plot of Expected Exposure evaluated with Analytical,
Numerical, Monte Carlo, Monte Carlo-Sobol and Quantization methods, and in figure 5 the Potential
Future Exposure evaluated in the case ATM and σ = 20%5 .
As can be seen from the illustrated results, i.e. by comparing the Expected Exposure and Expected
Positive Exposure values calculated via Monte Carlo, Monte Carlo-Sobol and Quantization methods
with the benchmarks, those calculated analytically, the Quantization provides better results: the EE
and EPE calculated are very close to the analytical ones. This is also evident from the graphs of the
EPE errors reported in figure 6-8. Furthermore, analyzing the errors the Monte Carlo relative errors
RSD increase when we consider the OTM case while the quantization relative error is stable.
5.2

Case 2: Single Underlying - Portfolio of European Call/Put Options

In this section we generalize the previous case by considering a portfolio of European options. We
calculate both EE and EPE. The portfolio may consist of call and put options, included in a group of
transaction with a single counterparty, which are subject to a bilateral netting agreement, the so
called netting set. In this case the EE is:
!+
D

EEt =

∑ MtMd (t, St ) − Vt

,

d =1
5 The

plots of the other cases have not been inserted so as not to weigh the elaborate down.
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where D is the number of options and Vt is the collateral amount posted by the debtor. In what
follow we consider Vt = 0.
We consider D = 10 European options defined in table 10.
Since in this case is not possible to calculate EE analytically, a closed Black-Scholes pricing
formula for a portfolio with D > 1 does not exist, we a Monte Carlo-Sobol method with 106 points
as benchmark.
We consider the following parameters:
• Spot price S0 ∈ {90, 100, 110};
• Interest rate r = 3%;
• Volatility σ ∈ {15%, 25%, 30%};
• Maturity T = 1 year;
• Time buckets:
B T,K =


0,


1 2 3 4 2 3 6 9
, , , , , , , ,1 .
52 52 52 52 12 12 12 12

As in the previous section, we compare the EE and EPE values calculated via Monte Carlo and
Quantization with the benchmarks (EE and EPE evaluated with Monte Carlo-Sobol with N = 106 ).
We also analyze the percent relative standard error (RSD) via the Monte Carlo method toghether
with the percent relative error ε for the quantization technique.
Numerical results are present in tables 11-19; observing the values we note the greater accuracy
of the quantization compared to the Monte Carlo. In figure 9 and 10 we plotted the percent relative
standard error RSD and the percent relative error ε to highlight how quantization overperforms the
Monte Carlo method. Furthermore for some OTM situation the Monte Carlo method show a huge
RSD, particularly when EE is close to zero6 .
5.3

Case 3: Multiple Underlyings

In this section we generalize the cases proposed in the previous section. Indeed, now we introduce
and analyze the quantization technique in the d-dimensional case with d > 1. This case can be
represented by a basket, for example a portfolio of trades on different underlyings.
When d ≥ 2 the optimal quantizer does not reflect the unit variance property in the marginal
of the normal distrubution; precisaly, as illustrated in Lohndorf (2015), the variance decreases as
the dimension increases. This because the d-quantizer are distribuited over a surphace of a sphere
centred around the mean and inside the sphere defined by the covariance matrix.
The vanilla basket option is a simple example to see the variance effect. As matter of fact, the
Black-Scholes formula, for both call and put, is increasing in the volatility, then discretizing the
basket components outcomes by the marginals of the 2-dimensional quantizer, we underestimate
the basket value because of the biased from below underlying component volatility.
In order to continue adopting the quantization technique also when d > 1, we use the following
approaches, Bonollo et al (2020) [10]:
• Adjusted Straight Quantized (ASQ) The method consists of applying a linear transformation to
the quantized grid in order to obtain a quantized coherent with the covariance matrix Σ. The
procedure is the following:
1. Dilatation step. In order ensure that the second moments of the quantizer are unbiased,
(1)

(2)

(d,A)

:=

(1)

(2)

we replace the original quantization grid X = {( x1 , x1 ), . . . , ( x N , x N )} with a new
(1,A)

one X A = {( xi

(2,A)

, xi

)}, i = 1, . . . , N, where xi

(d)

xn

(d) ,

σN

(d)

d = 1, 2 and σN is the

standard deviation of the d-th marginal component of the quantization vector.
2. Decomposition step. we decompose the covariance matrix Σ; Σ = Q T Q where Q is a
square root matrix.
6 In this case no significant counterparty risk has to be faced, so the huge error is not as relevant as it appears from
numerical point.
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3. Replacement step. We define the correlated quantized vector Z := QX A .
• Discrete combined Monte Carlo-Quantization (DMCQ) The procedure consists in two steps:
1. Monte Carlo-Quantized step: starting from an adjusted 2-dimensional or two times from
the same 1-dimensional grid of size N, we simulate xn1 and xn2 , n = 1, . . . , N. It is none
other than extract a Monte Carlo sample from the discrete random vector.
2. Cholesky step. Combine the outcomes xn1 and xn2 by standard Cholesky calculation
q
z1n = xn1 , z2n = ρxn1 + 1 − ρ2 xn2 ,
where ρ is the target correlation of the original model.
The adjustment step (point 1 of ASQ procedure) is necessary only if we simulate starting
from the d = 2 grid. When d > 2 we apply the general Cholesky transformation or the
square root matrix Q.
• Continuous combined Monte Carlo-Quantization (CMCQ) This procedure is referred by Lohndorf2015 as VMCM - Voronoi Cells Monte Carlo, which is a stratified sampling. It is similar
to the previous procedure, the difference is in the Monte Carlo step. Here instead of just
picking the discrete random outcome xn , we also extract a continuous random value without
adjusting from its Voronoi tessel C ( xn ) with some simple mechanism, i.e. exploiting the
uniform distribution or the Gaussian one.
When in the tessel we use the Gaussian shape for the second step, the methods is an improved
Monte Carlo.
2-Dimensional Case
In this section we propose the simplest example to deal with the quantization for mutidimensional
case. To do this we consider functional based on the Gaussian processes that well represent the issue
related to the multidimensional option derivatives: we evaluate, by the aforementioned techniques,
V := E[max( X − Y, 0)], where X and Y are N (0, 1) with correlation ρ. The error, ε or RSD, according
to the technique taken in consideration,
is determined by comparing the simulated value V with the
q
1− ρ

true one E[max( X − Y, 0)] =
π .
Results are reported in table 20 with N = 200 and N = 1000 in the case of quantization and
Monte Carlo respectively7 . As visible the ASQ procedure provides very good values by comparing
with the true value.
In addition, in table 21 we report the computational saving ratio (CS ratio) between ASQ and MC.
Fact 1. If we consider d > 2 the ASQ provides good performance despite the fact that as the dimension d
increases the asymptotic convergence quality decreases as stated by Zador theorem.
Fact 2. As regards the CS ratio, it is obviously lower when N is big, according with the convergence property
1
of MC (N 2 ) versus the quantization distortion given by the Zasor theorem. This means that when N goes to
the asymptotic case, the MC performances tends towards the quantization ones.

6.

Conclusions

In the present paper we introduced quantization approach with the purpose to show how outperforms the classical Monte Carlo methods in the counterparty risk field. To reach our scope we
compared both methods in Expected Positive Exposure estimation, being a framework that has
been interested by an increasing attention, in the last years, especially determined by problems of
theoretical and practical nature. We refer to the fact that a proper assessment of the CCR exposure
requires, in practice, costly sophisticated mathematical solutions. Consider that a medium bank
easily has D = O(104 ) derivatives deals and banking authorities for validating internal models for
EPE ask, at least, K = 20 time steps and N = 2000 simulations, that implies a large computational
7 ASQ∗

is ASQ obtained by switching the two marginals.
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effort. Feasible solutions are improving the hardware resources as well as the algorithmic methodologies. We would like to signal that, although, the present work analyse simple derivatives and
small dimension portfolios It gives promising feedbacks regarding the efficiency of quantization
approach with respect to the standard Monte Carlo technique, as well as some of its refinements,
such as the Sobol sequences. In our study, however, we didn’t make a precise comparison oriented
on computational costs since dependent on the hardware and the language used for algorithm
production. Possible further research might be focused to treat, through quantization method, more
structured portfolios, respectively more complex payoffs, as well as possible applications on xVA
and SIMM frameworks.
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Annex
A.

Case 1: Numerical Results

Below we reported the numerical results of first case.

FIGURE 1: MC: simulated paths in the case ATM and volatility= 20%

FIGURE 2: MC-Sobol: simulated paths in the case ATM and volatility= 20%
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FIGURE 3: Quantization:simulated paths in the case ATM and volatility= 20%

TABLE 1: ATM,vola=10%: EE, EPE and relative errors

TABLE 2: ATM,vola=20%: EE, EPE and relative errors
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TABLE 3: ATM,vola=30%: EE, EPE and relative errors

TABLE 4: 10% ITM,vola=10%: EE, EPE and relative errors

TABLE 5: 10% ITM,vola=20%: EE, EPE and relative errors
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TABLE 6: 10% ITM,vola=30%: EE, EPE and relative errors

TABLE 7: 10% OTM,vola=10%: EE, EPE and relative errors

TABLE 8: 10% OTM,vola=20%: EE, EPE and relative errors
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TABLE 9: 10% OTM,vola=30%: EE, EPE and relative errors

FIGURE 4: EE: ATM and volatility= 20%

FIGURE 5: PFE: ATM and volatility= 20%
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FIGURE 6: Monte Carlo: EPE error

FIGURE 7: Monte Carlo-Sobol: EPE error

FIGURE 8: Quantization: EPE error
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B.

Case 2: Numerical Results

Below we reported the numerical results of second case.

TABLE 10: Portfolio composition

TABLE 11: Spot price 90, σ = 15%: EE, EPE and errors
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TABLE 12: Spot price 90, σ = 25%: EE, EPE and errors

TABLE 13: Spot price 90, σ = 30%: EE, EPE and errors
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TABLE 14: Spot price 100, σ = 15%: EE, EPE and errors

TABLE 15: Spot price 100, σ = 25%: EE, EPE and errors
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TABLE 16: Spot price 100, σ = 30%: EE, EPE and errors

TABLE 17: Spot price 110, σ = 15%: EE, EPE and errors
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TABLE 18: Spot price 110, σ = 25%: EE, EPE and errors

TABLE 19: Spot price 110, σ = 30%: EE, EPE and errors
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FIGURE 9: MC: EPE RSD error for portfolio

FIGURE 10: Quantization: EPE error ε for portfolio
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C.

Case 3: Numerical Results

Below we reported the numerical results of third case.

TABLE 20: 2-dimensional case: techniques comparison

TABLE 21: 2-dimensional case: CS ratio ASQ vs MC
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